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ANlIOT AT ION 

This  volume covers  methods f o r  c a l c u l a t i n g  t h e  b a l l i s t i c  des ign  ! 
.i 

c h a i - a c t e r i s t i c s  of i n t e r p l a n e t a r y  v e h i c l e s  and de termining  t h e  most f 
f 

f avorab le  launch d a t e s  f o r  f l i g h t s  t o  t h e  p l a n e t s .  We examine ; 
1 

p o s s i b l e  schemes of s p a c e c r a f t  f l i g h t  t o  o t h e r  p l a n e t s  both  wi th  

and wi thout  r e t u r n  of t h e  v e h i c l e s  t o  t h e  E a r t h .  We a l s o  
cons ider  s p e c i a l  schemes of s p a c e c r a f t  f l i g h t  t o  t h e  Sun and p l a n e t s  ' I., 
when t h e  g r a v i t a t i o n a l  f i e l d s  of  o t h e r  p l a n e t s ,  s p e c i f i c a l l y  Venus 
and J u p i t e r ,  a r e  used t o  improve t h e  b a l l i s t i c  c h a r a c t e r i s t i c s .  

Optimal s o l u t i o n  s e a r c h  methods based on pa tched  co9ic  approxi-  
mation of t h e  i n t e r p l a n e t a r y  t r a j e c t o r i e s  a r e  c o n s t r u c t e d  w i t h  

account f o r  both  impuls ive  v e l o c i t y  change and f i n i t e  powered 

segment d u r a t i o n .  Approximate s o l u t i o n s  a r e  g iven  f o r  t h e  d i f f e r e n -  
t i a l  equa t ions  of s p a c e c r a f t  motion which permi t  f i n d i n g  opt imal  

s p a c e c r a f t  des ign  s o l u t i o n s  wi th  good accuracy and cons ide rab le  r e -  

duc t ion  of t h e  d i g i t a l  computer t ime.  

Extens ive  c a l c u l a t i o n s  a r e  p r e s e n t e d  of  t h e  va r ious  c h a ~ a c t e r i s -  

t i c s  of i n t e r p l a n e t a r y  v e h i c l e s  which can perform f l i g h t s  t o  t h e  
s o l a r  system p l a n e t s  i n  t h e  f o r e s e e a b l e  f u t u r e .  

The bork i s  in t ended  f o r  s c i e n t i s t s ,  e n g i n e e r s ,  and s p e c i a l i s t s  

i n  sevei-hl b ~ a n c h e s  of i n d u s t r y .  I t  w i l l  a l s o  be u s e f u l  t o  It! 
c o l l e g e  s t u d e n t s  . 

Reviewer: P r o f .  M . K .  Tikhonravov, Doctor of Techn ica l  Sc iences  1 



Modern cosmonaut ics  i s  deve lop ing  a l o n g  t h r e e  b a s i c  d i r e c t i o n s .  

The f i r s t  i s  use  o f  s p a c e c r z f t  f o r  t h e  n a t i o n a l  economy, f o r  

example,  f o r  communications,  wea the r  p r e d i c t i o n ,  marine and a e r i a l  

n a v i g a t i o n ,  E a r t h  r e s o u r c e  s t u d i e s ,  and o t h e r  pu rposes .  

The second  i s  e x p l o r a t i o n  of cosmic s p a c e  w i t h  t h e  a i d  o f  

p i l o t e d  v e h i c l e s .  By e x p l o r a t i o n  of cosmic s p a c e  we mean a c t i o n s  

d i r e c t e d  toward l e a r n i n g  t o  l i v e  and work in s p a c e ,  t o  become a  

permanent r e s i d e n t  r a t h e r  t h a n  a  t r a v e l e r  i n  i n t e r p l a n e t a r y  s p a c e .  

I n  t h e  n e a r  f u t u r e  l o n g - l i v e d  p i l o t e d  o r b i t a l  s t a t i o n s ,  t h e  p r o t o -  

t y p e  of which i s  t h e  S o v i e t  S a l y u t  o r b i t a l  s t a t i o n ,  w i l l  be  assembled 
and f u n c t i o n  i n  near -Ear th  space .  

The o r b i t a l  s t a t i o n s  can a l s o  per form t a s k s  c h a r a c t e r i s t i c  of 
t h e  f i r s t  and, a s  w i l l  be  s e e n  l a t e r ,  t h i r d  d i r e c t i o n s .  These 

s t a t i o n s  w i l l  i n i t i a t e  t h e  long-term s e t t l e m e n t s  i n  space  which 

Ts io lkovsk iy  and h i s  s u c c e s s o r s  dreamed o f .  Var ious  s c i e n t i f i c  

l a b o r a t o r i e s ,  f o r  example,  space  b i o l o g y  and medicine, geophys i c s  
and a s t r o p h y s i c s  w L l l  f u n c t i o n  aboa rd  t h e s e  s t a t i o n s  and a s t r o n o m i c a l  
o b s e r v a t o r i e s  w i l l  be s e t  up. These s t a t i o n s  w i l l  become t h e  
s t a r t i n g  p o i n t s  f o r  f l i g h t s  t o  t h e  o t h e r  p l a n e t s .  

The t h i r d  d i r e c t i o n  i n c l u d e s  s y s t e m a t i c  s c i e n t i f i c  s t u d i e s  and  

exper iments  i n  s p a c e  w i t h  t h e  a i d  of  a u t o m a t i c  v e h i c l e s  and  p i l o t e d  

s p a c e c r a f t .  

FOREWORD 

S p e c i a l i z e d  i n t e r p l a n e t a r y  v e h i c l e  s c i e n t i f  i c  sys tems  have 

been developed i n  a  compara t i ve ly  s h o r t  p e r i o d .  The o u t s t a n d i n g  



new n a t u r a l  s c i e n c e  f i e l d s :  space  b io logy  and medic ine ,  p h y s i c s  of 
t h e  p l a n e t s  and i n t e r p l a n e t a r y  space .  Many branches of e n g i n e e r i n g  
have acqu i red  t h e  l a b e l  space :  space  engine  c o n s t r u c t i o n ,  space  

e l e c t r o n i c s ,  space  m a t e r i a l  s c i e n c e .  The rocke t  and space  i n d u s t r y  

and c o s m o n a u t i c ~  a r e  i n t i m a t e l y  a s s o c i a t e d  wi th  t h e  s c i e n t i f i c  and 
t e c h n i c a l  r e v o l u t i o n  which mankind i s  l i v i n g  through,  a c t i n g  a s  ? 

$ 

both  t h e  i n i t i a t o r  and s t i m u l a t o r  of t h i s  r e v o l u t i o n .  Z 

We need t o  i n t r o d u c e  d i v i s i o n  o f  t h e  t a s k s  f a c i n g  s c i e n c e  and 

cosmonautics i n t o  two groups:  s t u d i e s  i n  near space ,  space  n e a r  
t h e  E a r t h ,  and s t u d i e s  of more d i s t a n t  o b j e c t s  of t h e  s o l a r  system 
such a s  t h e   planet,^. 

I n  t h e  f i r s t  group, t h e  Moon and nea r - luna r  space  have become 
a  unique s c i e n t i f i c - e n g i n e e r i n g  t e s t i n g  ground. Here v a r i o u s  

s c i e n t i f i c  s t u d i e s  a r e  c a r r i e d  out  and i n t e g r a t e d  hardware check- 
out  i s  performed. Both f i x e d  and mobile au tomat ic  equipment can 
o p e r a t e  s u c c e s s f u l l y  on t h e  Moon as a i d s  t o  e x p e d i t i o n s  organized  
w i t h  t h e  p a r t i c i p a t i o n  of  s c i e n t i s t s .  The hardware i n t e n d e d  f o r  

f u t u r e  s tudy  of Venus, Mars, Mercury, and t h e  o t h e r  p l a n e t s  can 
be i n v e s t i g a t e d  on t h e  Moon. 

The second group i n c l u d e s  s t u d i e s  p r i m a r i l y  of t h e  nearby 

p l a n e t s  such a s  Venus and Mars and a l s o  t h e  a s t e r o i d s ,  t h e  p l a n e t s  
Mercury and J u p i t e r  and t h e  more d i s t a n t  p l a n e t s .  Broad p o s s i b i l i -  

t i e s  f o r  s tudy o f  t h e  o t h e r  c e l e s t i a l  bod ies  o f  t h e  s o l a r  system 

such a s  comets and p l a n e t a r y  s a t e l l i t e s  w i l l  open up i n  t h e  f u t u r e .  

The p r e s e n t  volume i s  devoted t o  s o l v i n g  t h e  problems of 

t h e  second group. 4 
: 

One can s c a r c e l y  f i n d  today any s k e p t i c s  who would deny t h e  
# 

tremendous importance of an< urgent  n e c e s s i t y  f o r  s tudy  of  t h e  Sun, 1 



p l a n e t s ,  and o t h e r  c e l e s t i a l  bodies  and i n t e r p l a n e t a r y  space  i t s e l f .  

D i r e c t  s tudy  of  t h e  s o l a r  system i s  a  p r e r e q u i s i t e  f o r  i t s  exp lo ra -  

t i o n  by man. Among t h e  more impor tant  and i n t e r e s t i n g  s c i e n t i f i c  
problems whose s o l u t i o n  i s  t h e  purpose of i n t e r p l a n e t a r y  f l i g h t s  

we can i n c l u d e :  s tudy of t h e  g e o l o g i c a l  development of t h e  p l a n e t s ,  

s ea rch  f o r  unknown forms of  l i v i n g  m a t t e r  on t h e  o t h e r  p l a n e t s ,  

de termining  t h e  p o s s i b i l i t y  of t h e  o r i g i n  of l i f e  under ambient con- 
d i t i o n s  which d i f f e r  r a d i c a l l y  from t h o s e  on E a r t h ,  s tudy of s o l a r  
system o r i g i n  and e v o l u t i i :  I, sttidy of t h e  n a t u r e  of g r a v i t y ,  

s t u d i e s  of t h e  problem of p rov id ing  f o r  autonomous e x i s t e n c e  of 

man, t e r r e s t r i a l  p l a n t s ,  and animals  beyond t h e  E a r t h ,  Many s e c r e t s  
of t h e  E a r t h  may be d iscovered  more e a s i l y  on t h e  Moon, Venus, Mars, 
and o t h z r  c e l e s t i a l  bodies  of t h e  s o l a r  system. Who can be s o  b o l d  
as  t o  p r e d i c t  even t h e  beginning  of t h e  end of t h e s e  i n v e s t i g a t i o n s ?  

The r e s u l t s  of space s t u d i e s  may a l t e r  r a d i c a l l y  our  views and 
e s t a b l i s h e d  concepts .  I n  t h i s  connect ion  it i s  d i f f i c u l t  t o  f o r e s e e  

i n  advance e x a c t l y  which d i r e c t i o n s  w i l l  have t h e  maximal s c i e n t i f i c  

and p r a c t i c a l  e f f c c t .  The sequence f o r  s tudy ing  t h e  bod ies  of t h e  
s o l a r  system i s  determined by t e c h n o l o g i c a l  c a p a b i l i t i e s  and 

s c i e n t i f i c  i n t e r e s t s .  

I n  t h e  s o l u t i o n  of s c i e n t i f i c  problems i n t e r p l a n e t a r y  v e h i c l e s  

a r e  only a t o o l .  However, t h e  s c i e n t i f i c  g o a l s  o f  s o l a r  systen:  s tudy  
impose requirements f o r  t h e  improvement of t h e  t e c h n i c a l  hardware 

f o r  s t u d y i n g  space .  It  i s  n o t  p o s s i b l e  t o  determine t h e  s tudy 

c a p a b i l i t i e s  wi thout  c l a r i f y i n g  t h e  c a p a b i l i t i e s  of t h e  space  t o o l s  
f o r  s t u d y i n g  and e x p l o r i n g  cosmic space .  

k i t  t h e  p r e s e n t  t ime automat ic  equipment f o r  s t u d y i n g  space  i s  

widely used. 

The dimensions and weight o f  t h e  au tomat ic  v e h i c l e s  depend 
b a s i c a l l y  on t h e  expe r imen ta l  t a s k s  and b o o s t e r  c a p a b i l i t i e s ;  t h e  



automat ic  equipment can o p e r a t e  and p rov ide  i n f o r m a t i o n  under  
extremely v a r i e d  cond i t ions .  

The s c i e n t i f i c  e f f e c t i v e n e s s  o f  t h e  s t u d i e s  performed aboard 
such v e h i c l e s  and t h e  in fo rma t ion  a c q u i s i t i o n  r a t e  depend n o t  only 
on t h e  choice  of  s c i e n t i f i c  o b j e c t i v e , b u t  a l s o  on t h e  methods and 
sequence of  c a r r y i n g  ou t  t h e  s t u d i e s .  

Analys is  of t h e  development of  space-borne equipment and p re -  
l iminary  r e s u l t s  of s tudy  of  t h e  Moon and c i r ~ u n l u n a r  space ,  Venus, 
and Mars have shown t h a t  t h e  p l a n e t a r y  s tudy  program can be r e -  
p r e s e n t e d  approximately a s  c o n s i s t i n g  of t h e  fo l lowing  s t a g e s .  

P re l imina ry  s t u d i e s  a r e  f irst  made us ing  i n t e r p l a n e t a r y  v e h i c l e s  
f l y i n g  a long  f lyby  t r a j e c t o r i e s .  They make i t  p o s s i b l e  t o  o b t a i n  
p re l imina ry  in fo rma t ion  on t h e  g e n e r a l  c h a r a c t e r i s t i c s  of t h e  
p l a n e t s  such a s ,  f o r  example, s t r u c t u r e  of t h e  p l a n e t a r y  s u r f a c e ,  
presence  of magnetic f i e l d  and r a d i a t i o n  b e l t s ,  and t h e  necessa ry  
d a t a  on t h e  atmosphere.  

Then o r b i t a l  f l i g h t s  are made by v e h i c l e s  which permi t  more 
d e t a i l e d  and thorough s t u d i e s ,  i n c l u d i n g  mapping, compwison of  
v a r i o u s  r eg ions  of t h e  p l a n e t ,  more profound s tudy  of t h e  atmos- 
phe re ,  and s o  on. 

Then descent  and l and ing  of v e h i c l e s  a t  s p e c i f i e d  p o i n t s  of 
t h e  p l a n e t a r y  s u r f a c e  a r e  accomplished i n  accordance w i t h  t h e  
s c i e n t i f i c  importance of t h e s e  r e g i o n s ,  de termined on t h e  basis of 
o r b i t a l  o b s e r v a t i o n s .  A f t e r  s u c c e s s f u l  r e s o l u t i o n  of t h e  l a n d i n g  
problem automated v e h i c l e s  can be  landed w i t h  equipment f o r  moving 
over  t h e  s u r f a c e  of  t h e  planet,whose movement can be c o r r e c t e d  
remotely from t h e  E a r t h .  



F i n a l l y ,  t h e  problems of automated equipment r e t u r n  t o  t h e  
Ear th  a r e  r e so lved .  We hardly  need say t h a t  t h i s  i s  a  q u a l i t a t i v e l y  
new s t a g e  and i t s  r e s o l u t i o n  i s  t h e  triumph of space automation. 
This  o p e r a t i o n  r e q u i r e s  automated launch from t h e  p l a n e t ,  i n j e c t i o n  
i n t o  o r b i t  around t h e  p l a n e t  and, i f  nesessa ry ,  docking wi th  t h e  
primary s p a c e c r a f t ,  launch from a r b i t  and i n j e c t i o n  i n t o  t h e  r e t u r n  
t r a j e c t o r y  f o r  encounte2 wi th  t h e  E a r t h ;  r e t u r n  t r a j e c t o r y  cor- 
r e c t i o n s  must be made a t  t h e  r e q u i r e d  t imes  and t n e  E a r t h ' s  atmos- 
phere i s  used t o  reduce t h e  hyperbol ic  e n t r y  v e l o c i t y  and l and  t h e  
v e h i c l e  i n  t h e  d e s i r e d  r e g i o n  of t h e  Ear th .  

Th i s  sequence may b e  a l t e r e d .  C e r t a i n  s t a g e s  may be e l imina ted ,  
depending on t h e  des ign  of t h e  automat ic  c o n t r o l  equipment and 
t h e  space v e h i c l e s  themselves.  

However, au tomat ic  v e h i c l e s  cannot support  a l l  s c i e n t i f i c  
s t u d i e s  i n  cosmic space .  Automatic v e h i c l e s  opera te  i n  accordance 
wi th  a program s p e c i f i e d  by man i n  advance an6 r e c o r d  t h e  magnitude 
and n a t u r e  of parameters  which a r e  determined i n  advance. Automatic 
v e h i c l e s  can acqu i re  a l l  s o r t s  of d a t a  b u t  only t h o s e  d a t a  which 
have been planned i n  advance. The program can obviously be a l t e r e d  
by r a d i o  but we need t o  know how t o  a l t e r  t h e  program, what new 
informat ion  the automatic  v e h i c l e  i s  t o  r e c o r d ,  and how t o  do t h i s .  
And i n  o r d e r  t o  know t h i s  we need t o  be on t h e  s p o t ,  which i s  
impossible i f  only automatic  v e h i c l e s  f l y  i n  space f o r  s tudy pur- 
poses.  

Therefore  we need p i l o t e d  f l i g h t s  dur ing  which man can p a r t i c i -  
p a t e  a c t i v e l y  i n  c a r r y i n g  out  t h e  s t u d i e s ,  pe rce ive  and sense  
completely new phenomena which were not  suspected  i n  advance, when 
man himself  can d i r e c t  t h e  work of t h e  automat ic  ins t ruments  t o  
r ecord  t h e  most important  parameters  and newly encountered and 
poss ib ly  p rev ious ly  unknown m a n i f e s t a t i o n s  of t h e  n a t u r e  of space .  



S t r i c t l y  speaking,  t h e  need f o r  p i l o t e d  t l i g h t s  does nut  
r e q u i r e  any proof .  Automatic s 3 a c e c r a f t  w i l l  a s s i s t  i n  c a r r y i n g  
o u t  s c i e n t i f i c  s t u d i e s  t o  t h e  degree they a r e  capable of doing 
th i s ,  and t o  a g r e a t e r  degree t h e  more e x t e n s i v e l y  and profoundly 
man understands n a t u r e .  Moreo.rer, au tomat ic  v e h i c l e s  w i l l  always 
have p r i o r i t y  i n  v i s i t i n g  placer; which a r e  i n a c c e s s i b l e  t o  man. 
P i l o t e d  v e h i c l e s  wi th  s c i e n t i f i c  personnel  aboard a r e  capable of  
more Lhoro?;gh and f a s t e r  s tudy of  space and, most impor tant ,  they  
w i l l  be c a l l e d  on t o  explore  i n t e r p l a n e t a r y  space ,  which i s  an 
urgent problem f o r  t h e  f u t u r e  o f  mankind. 

The mutual p o s i t i o n i n g  of t h e  p l a n e t s  changes wi th  time as 
a  consequence of  t h e i r  motion. Depending on t h e  p o s i t i o n  of t h e  
p l a n e t s  a t  t h e  time of launch and a r r i v a l ,  t h e  t r a j e c t o r y  o f  t h e  
i n t e r p l a n e t a r y  t r i p  of  a  s p a c e c r a f t  from one p l a n e t  +d another  
w i l l  be d i f f e r e n t  and t h e  energy expendi tures  r e q u i r e d  f o r  t h e  
t r i p  change. Therefore  t h e  r e s u l t s  of i n t e r p l a n e t a r y  f l i g h t  v e h i c l e  
b a l l i s t i c  des ign  depend t o  a  cons ide rab le  degree on t h e  launch 
and a r r i v a l  t imes .  Today one of t h e  primary l i m i t i n g  f a c t o r s  i n  
i n t e r p l a n e t a r y  s p a c e c r a f t  launch time s e l e c t i o n  i s  t h e  l i m i t e d  range 
of powerplant s p e c i f i c  t h r u s t .  S e a r c ? ~  f o r  t h e  most economical 
f l i g h t  methods t o  reach t h e  ass igned  o b j e c t i v e  i s  becoming very 
important .  Such methods i n c l u d e ,  f o r  example, f l i g h t s  u t i l i z i n g  
t h e  g r a v i t a t i o n a l  f i e l d s  o f  J u p i t e r ,  Venus, and t h e  o t h e r  p l a n e t s .  

The comparative r a r i t y  of f avorab le  launch windows -. t h e  
range of opt imal  launch d a t e s  f o r  f l i g h t  t o  t h e  p l a n e t s  - imposes 
l i m i t a t i o n s  on t h e  problem of d i r e c t  s tudy of t h e  p l a n e t s  us ing  
s p a c e c r a f t .  P r e d i c t i o n  of  t h e  b a l l i s t i c  des ign  c h a r a c t e r i s t i c s  i s  
based on optirnal f l i g h t  t r a j e c t o r y  sea rch  methods and f i n d i n g  t h e  
opt imal  des ign  parameters  of t h e  i n t e r p l a n e t a r y  f l i g h t  v e h i c l e .  
The approximate s o l u t i o n  o f  t h e  d i f f e r e n t i a l  equa t ions  of c o n t r o l l e d  
s p a c e c r a f t  motion descr ibed i n  t h e  p resen t  work i s  o r i g i n a l  and 
f r u i t f u l .  It pe rmi t s  f i n d i n g  opt imal  s p a c e c r a f t  des ign  s o l u t i o n s  



w i t h  good accuracy  and s i g n i f i c a n t  r e d u c t i o n  of t h e  d i g i t a l  computer 
t ime r e q u i r e d  f o r  t h e  c a l c u l a t i o n s .  

I n  t h e  book we examine v a r i o u s  schemes of  i n t e r p l a n e t a r y  v e h i c l e  
f l i g h t  t o  v a r i o u s  p lane ts ,  bo th  wi th  and wi thou t  v e h i c l e  r e t u r n  
t o  t h e  E a r t h  and e v a l u a t e  t h e s e  schemes. S p e c i a l  schemes of space-  
c r a f t  f l i g h t  t o  t h e  p l a n e t s  and Sun a r e  s t u d i e d  i n  which t h e  g r a v i -  
t a t i o n a l  f i e l d s  of  t h e  o t h e r  p l a n e t s  a r e  used t o  improve t h e  
b a l l i s t i c  c h a r a c t e r i s t i c s .  Extens ive  r e s u l t s  a r e  p r e s e n t e d  o f  c a l -  
c u l a t i o n s  of  t h e  v a r i o u s  c h a r a c t e r i s t i c s  of  i n t e r p l a n e t a r y  v e h i c l e s  
which may i n  t h e  f u t u r e  make f l i g h t s  t o  t h e  p l a n e t s  o f  t h e  s o l a r  
system. 

The book i s  based on o r i g i n a l  m a t e r i a l  o b t a i n e d  by t h e  a u t h o r s  
i n  t h e  f i e l d  of  s p a c e c r a f t  b a l l i s t i c  des ign  and us ing  p u b l i c a t i o n s  
i n  t h e  f o r e i g n  and S o v i e t  p r e s s .  T h i s  book d i f f e r s  from o t h e r  
works i n  t h i s  f i e l d  i n  t h a t  t h e  e n t i r e  complex of  i n t e r p l a n e t a r y  
f l i g h t  v e h i c l e  des ign  problems i s  examined from t h e  same s c i e n t i f i c  
viewpoint wi th  account f o r  energy e x p e n d i t u r e s ,  launch windows, and 
s e n s i t i v i t y  o f  t h e  t r a j e c t o r i e s  t o  d e v i a t i o n s  from t h e  t h e o r e t i c a l  
v a l u e s .  

M.K.  Tikhonravov 



FROM THE AUTEORS 

The r a p i d  development of  cosmonautics  has  confronted  a c i e n c e  
wi th  s e v e r a l  very complex problems i n  c a r r y i n g  ou t  s p a c e c r a f t  i n t e r -  
p l a n e t a r y  f l i g h t s .  The p lann ing  of  new s p a c e c r a f t  f l i g h t s  t o  t h e  
p l a n e t s  of t h e  s o l a r  system l e a d s  t o  t h e  n e c e s s i t y  f o r  f u r t h e r  
s tudy  of t h e  p o s s i b l e  f l i g h t  schemes, energy e x p e n d i t u r e s ,  and 
o t h e r  i n t e r p l a n e t a r y  v e h i c l e  c h a r a c t e r i s t i c s .  

S t u d i e s  have r e c e n t l y  appeared i n  t h e  p e r i o d i c  p r e s s  i n  t h e  
Sov ie t  Union and abroad I n  which t h e  b a l l i s t i c  problems of  space- 
c r a f t  i n j e c t i o n  i n t o  c i rcumplanetary  o r b i t  and descent  of l a n d e r s  
t o  t h e  p l a n e t ,  t h e  problems of  s p a c e c r a f t  r e t u r n  from t h e  d e s t i n a -  
t i o n  p l a n e t  t o  t h e  E a r t h ,  and s o  on ha,ve been examined. I n  s e v e r a l  
p u b l i c a t i o n s  t h e  problems of  u s i n g  t h e  g r a v i t a t i c n a l  f i e l d s  of  
t h e  p l a n e t s  t o  improve t h e  b a l l i s t i c  c h a r a c t e r i s t i c s  of t h e  i n t e r -  
p l a n e t a r y  v e h i c l e  have been d i s c u s s e d  e x t e n s i v e l y .  These a n a l y s e s  
have inc luded ,  f o r  example, f l i g h t s  t o  Mercury and Mars us ing  the 
g r a v i t a t i o n a l  f i e l d  of Venus, and f l i g h t s  t o  t h e  Sun and o t h e r  
p l a n e t s  u s i n g  t h e  g r a v i t a t i o n a l  f i e l d  o f  J u p i t e r .  A t t e n t i o n  has  
been devoted t o  t h e  importance o f  r educ ing  t h e  v e l o c i t y  of recover-  
a b l e  v e h i c l e  e n t r y  i n t o  t h e  E a r t h ' s  atmosphere,  which can be 
achieved ,  f o r  example, by s p e c i a l  mane;vers i n  t h e  h e l i o c e n t r i c  
segment of  t h e  r e t u r n  s p a c e c r a f t  f l i g h t .  S e r i o u s  problems a r i s e  
i n  s o l v i n g  t h e  problems of i n t e r p l a n e t a r y  f l i g h t  c&imization. 

The o b j e c t i v e  of t h z  p r e s e n t  book i s  t o  s y s t e m a t i z e  t h e  
problems of i n t e r p l a n e t a r y  v e h i c l e  b a l l i s t i c  des ign  and p r e s e n t  
some methods f o r  t h e  s o l u t i o n  of t h e s e  problems; s p e c i a l  a t t e n t i o n  
i s  devoted t o  pa tched  conic  ap?roximation of  t h e  i n t e r p l a n e t a r y  
t r a j e c t o r y  and a ~ n r o x i m a t e  s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n s  



o f  c o n t r o l l e d  motion i n  t h e  form of f i n i t e  a n a l y t i c  express ions .  
The c l a s s i f i c a t i o n  of i n t e r p l a n e t a r y  f l i g h t  schemes used i n  t h e  
book made i t  p o s s i b l e  t o  s y s t e m a t i z e  t h e  s o l u t i o n  of t h e  p r e v i o u s l y  
known and new problems o f  s p a c e c r a f t  b a l l i s t i c  d e s i g n  under t h e  
t r a d i t i o n a l  assumption,  when t h e  p l a n e t s  a r e  cons ide red  t o  be  non- 
g r a v i t a t i n g  c e n t e r s  i n  c a l c u l a t i n g  t h e  h e l i o c e n t r i c  t r a 3 e c t o r y  
segments. The opt imal  des ign  s o l u t i o n  s e a r c h  nt.;hods p r e s e n t e d  
a r e  c o n s t r u c t e d  w i t h  account  f o r  bo th  impulsl.ve f l i g h t  v e l o c i t y  
change and f i n i t e  d u r a t i o n  of t h e  powered segments.  

The problem of "mating" t h e  h e l i o c e n t r i c  t r a j e c t o r y  segment 
wi th  t h e  p l a n e t o c e n t r : ~  aegments i s  examined i n  a new f a s h i o n  i n  
t h e  book and o p t i m i z a t i o n  of  t h e  s p a c e c r a f t  b a l l i s t i c  c h a r a c t e r i s -  
t i c s  and b a s i c  des ign  parameters  i s  c a r r i e d  ou t  J o i n t l y .  

Accounting f o r  t h e  g rav i sphe re  dimens ions  of c e r t a i n  p l a n e t s  
becomes necessary  i n  p r a c t i c e  i n  s e v e r a l  problems of  coemnY ~ ~ t i c s .  
Therefore  we examine h e r e  t h e  op t ima l  s p a c e c r a f t  b a l l i r  , es ign  
methods, account ing  f o r  t h e  i n f l u e n c e  of p l a n e t a r y  g r a  . . e r e  
on t h e  h e l i o c e n t r i c  segment. 

Chap:ers 1, 2 ( 5  1, 31, 3 ,  4 ( 5  1) and 7 ,  9 ( 5  3 ,  4 )  
were w r i t t e n  by Ye.V. Tarasov and Chapters  2 ( 5  2,  4), 4 ( 5  2 ,  

3) 5 ,  6 ,  8 ,  9 ( 5  1, 2 )  and 1 0  by Ts.V. Solovlyev .  

The a u t h o r s  wish t o  thank a l l  t h e i r  coworkers who a s s i s t e d  
i n  w r i t i n g  and puS l i sh ing  t h i s  volume. 

The a u t h o r s  a r e  deeply i n d e b t e d  t o  t h e  rev iewer  P r o f .  M.K.  

Tikhonravov, Doctor of  Tech. S c i . ,  f o r  s e v e r a l  v a l u a b l e  s u g g e s t i o n s  
which made it p o s s i b l e  t o  improve t h e  con ten t  of t h e  book. 

The a u t h o r s  w e  p a r t i c u l a r l y  g r a t e f u i  t o  A.V.  Leshchinko, A.M. 

Potapov, and N.F. Shmakova f o r  t h e i r  a s s i s t a n c e  i n  developing  some 
of  t h e  methods and c t i r ry ing  out  t h e  c a l c u l a t i o n s .  
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NOTATIONS 

a  - o r b i t  semimajor a x i s  

b  - o r b i t  demiminor a x i s  

C U f ,  Co  - c o n s t a n t s  of  i n t e g r a t i o n  

C - o r b i t  chord 
cx - aerodynamic drag  c o e f f i c i e n t  

c  - aerodynamic l i f t  c o e f f i c i e n t  
Y 
E - e c c e n t r i c  anomaly 

e  - o r b i t  e c c e n t r i c i t y  
F - force; a u x i l i a r y  v a r ~ a b l e  

f  - g r a v i t y  cons tan t  
G - weight ( g r a v i t y  f m c e j  
g  - g r a v i t a t i o n a l  a c c e l e r a t i o n  

h ,  H - f l i g h t  h e i g h t  

H - argument of hyperbola  
i - o r b i t  p l ane  4 r ~ c l t l n & t i o r ~  t o  r e f e r e n c e  p lane  
K - aerodynamic e f f i c i e n c y  

L ,  1 - f l i g h t  range (a,ngular o r  l i n e a r )  
M - t r a j e c t o r y  ang le  ; i n s t an taneous  s p a c e c r a f t  mass ; 

mean anomaly 

m - mass of  m a t e r i a l  p o i n t ;  p l a n e t a r y  mass 

n  - l o a d  f a c t o r  

nx - a x i a l  h a d  f a c t o r  
no - i n i t i a l  s p a c e c r a f t  th rus t -weight  r e t i o  

k - s p a c e c r a f t  powerplant t h r u s t  f o r c e  

P s ~  
- engine  s p e c i f i c  t h r u s t  

p  - o r b i t  f o c a l  paramster ;  a u x i l i a r y  ang le  
Q - i n t e g r a l  thermal  f l u x  

q - s p e c i f i c  thermal  f l u i  
R - d i s t a n c e  from Sun t o  m a t e r i a l  p o i n t  
r - d i s t a n c e  from c e n t e r  o f  p l a n e t  t o  s p a c e c r a f t  



synodic p e r i o d  
A r t i f i c i a l  P l a n e t  S a t e l l i t e  (APS) r e v o l u t i o n  
pe r iod ;  tempera ture  

f l i g h t  t ime 

s p a c e c r a f t  f l i g h t  t ime from i n i t i a l  t o  f i n a l  
p o i n t  o f  o r b i t  icofi ic  s e c t i o n  curve; 

f o r c e  f u n c t l o n  
angu l3 r  d i s t a n c e  from o r b i t  node (argument of  
l a t i t u d e )  

v e l o c i t y ;  v e l o c i t y  of  body r e l a t i v e  t o  t h e  Sun 
hyperbo l i c  excess  v e l c  c i t y  
t o t a l  c h a r a c t e r i s t i c  v e l o c i t y  

d i scha rge  v e l o c i t y  of war!-ing f1ul.d g roduc t s  
from engine  nczz le  

aerodynamic drag  f o r c e  
aerodynamic l i f t  f o r c e  
L a r t e s i a n  coord ina te s  of m a t e r i a l  p o i n t  

ang le  between v e l o c i t y  v e c t o r  and t h r u s t  v e c t o r ;  
angle  of a t t a c k ;  a u x i l i a r y  ang le  i n  Lambert 2 

equa t ion  f o r  h y p e r b o l i c  > t i o n ;  r i g h t  a scens ion  
c e n t r a l  angle  of  i n j e c t i o n  segment; a u x i l i a r y  i 

angle  i n  Lambert equa t ion  f o r  h y p e r b o l i c  motlon; .? JI 

l o g a r i t h m i c  g r a d i e n t  o f  d e n s i t y  ), 
% 

d e c l i n a t i o n  

i n c l i n a t i o n  of E a r t h ' s  e q u a t o r i a l  p l ane  t o  t h e  3 
plane  of t h e  e c l i p t i c ;  cons tan t  o f  p l a n e t a r y  '4 

f l a t t e n i n g  
t r a j e c t o r y  angle  

p i t c h  ang le  
long i tude  of p r o j e c t i o n  of p o i n t  on base  p lane ;  
Lagrange v m i a b l e  c o e f f i c i e n t  
s p a c e c r a f t  r e l a t i v e  ins t an taneous  mass ; g r a v i t a -  
t i o n a l  cons tan t  

cons tan t  of i n t e g r a t i o n  c h a r a c t e r i z i n g  t ime of 
s p a c e c r a f t  passage through o r b i t a l  ~ e r i c e n t e r  

angular  range  of s p a c e c r a f t  f l i g h t  a long  con ic  
s e c t  i o n  curve 
ang le  of hyperbo l i c  o r b i t  asymptote 

x i v  



v - t r u e  anomaly 
S l  - ascending node longitude 
o - angular d i s tance  of o r b i t  pe r i cen te r  from l i n e  

of ascending node 



CHAPTER 1. FUNDAMENTALS OF SPACECRAFT MOTION THEORY 

§ 1. ELEMENTS OF ATTRACTION THEORY 

The cosmos ( i n t e r p l a n e t a r y  space )  i s  a mediwn i n  which of a l l  - ,'ll* 

t h e  f o r c e s  of n a t u r e  a c t i n g  on a f l i g h t  v e h i c l e  t h e  primary f o r c e  
is  t h a t  of  a t t r a c t i o n  of  c e l e s t i a l  bod ies .  The t h e o r y  of a t t r a c -  

t i o n ,  t h e  co rne r s tone  of  which i s  Newtcnts law of u n i v e r s a l  g r a v i -  

t a t i o n ,  p e r m i t s  q u a n t i t a t i v e  e v a l u a t i o n  of t h e  f o r c e  of a t t r a c t i o n  
of d i f f e r e n t  m a t e r i a l  bod ies .  Knowledge of  t h e  fundamental view- 

p o i n t s  of  t h i s  theory  and i t s  b a s i c  r e s u l t s  i s  necessa ry  f o r  under- 
s t a n d i n g  t h e  fundamentals of t h e  s p a c e c r a f t  motion theory .  

MATERIAL POINT. NEWTON'S LAW OF UNIVERSAL GRAVITATION 

We sha1.l  examine t h e  concept of t h e  s t e r i a l  p o i n t ,  s i n c e  

i n  g r a v i t y  theory  and i n  mechanics every  m a t e r i a l  body i s  cons ide red  

i n  t h e  form of e j t h e r  a m a t e r i a l  p o i n t  c r  an ensemble of  m a t e r i a l  

p o i n t s .  A m a t e r i a l  p o i n t  i s  a p o r t i o n  o f  m a t t e r  of  i n f i n i t e s i m a l l y  

small dimensions which, however, may have f i n i t e  mass. Therefore ,  
we can t a k e  a  geometr ic  p o i n t  of  f i n i t e  mass a s  a m a t e r i a l  p o i n t .  

From t h e  a c t u a l  viewpoint  t h i s  concept i s  p u r e l y  f i c t i t i o u s ,  t~owever,  

i n  t h e  mechanical s e n s e  t h e r e  e x i s t  p o i n t s  having i d e n t i c a l  meaning 
w i t h  t h e   ater rial p o i n t  of f i n i t e  mass. A c t u a l l y ,  if a  body moves 

under t h e  a c t i o n  o f  a  f o r c e  a p p l i e d  t o  t h e  c e n t e r  o f  mass t h e  motion 
w i l l  be completely independent  of t h e  d e n s i t y  and dl . p o s i t i o n  o f  
t h e  m a t e r i a l  and body shape and w i l l  depend only on t h e  amount of  

m a t t e r  i n  t h e  body, i . e . ,  t h e  c e n t e r  of  mass moves as i f  t h e  mass 

of t h e  e n t i r e  body were concen t ra t ed  B t  t h i s  p o i n t .  I n  t h i s  we s e e  

t h e  r e a l i z a t i o n  of  t h e  m a t e r i a l  p o i n t  concept .  

* Nmbers  i n  t h e  margin i n d i c a t e  p a g i n a t i o n  i n  o r i g i n a l  f o r e i g n  t e x t .  



I n  t h e  CGS ( cen t ime te r ,  gram, s ~ c o n d )  system t h e  a t t r a c t i o n  

c o n s t a n t ,  determined from t h e  c a l c u l a t i o n s ,  i s  

f =6.669.lO-d. 

Mater ia l  p o i n t s  a t t r a c t  one another .  I n  accord  wi th  Newton's 

law of u n i v e r s a l  g r a v i t y  any two m a t e r i a l  p o i n t s  a t t r a c t  one a n o t h e r  
wi th  a f o r c e  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  product of t h e  masses of 

t h e s e  p o i n t s  and i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  square of t h e i r  

r e l a t i v e  d i s t a n c e .  The magnitude of t h e  f o r c e  of a t t r a c t i o n  i s  
found from t h e  formula 

where ml i s  t h e  mass of  one m a t e r i a l  p o i n t ;  

m2 i s  t h e  mass of t h e  o t h e r  m a t e r i a l  p o i n t ;  
A i s  t h e  d i s t a n c e  Letween t h e  m a t e r i a l  p o i n t s ;  
f i s  a  cons tant  of p r o p o r t i o n a l i t y ,  termed t h e  a t t r a c t i o n  

cons tant  o r  g r a v i t y  c o n ~ t a n t  . 

The numerical va lue  of t h e  a t t r a c t i o n  cons tant  f ,  whose d i -  

mensions a r e  de f ined  by t h e  e q u a l i t y  
[fl = m-'IS/-9, 

depends on t h e  choice of t h e  b a s i c  u n i t s  of mass, l e n g t h ,  and t ime.  

If we t a k e  t h e  as t ronomical  system o f  measurement u n i t s ,  i n  
which t h e  mass o f  t h e  Sun i s  taken a s  t h e  mass u n i t ,  t h e  l eng th  

u n i t  i s  t h e  mean d i s t a n c e  between t h e  Sun and t h e  c e n t e r  of mass 
u n i t  i s  t h e  mean s o l a r  

where 

of t h e  E a r t h  + Moon system, and t h e  time 
2 day, then  t h e  cons tant  f=k [30, p .  341, 

k = 0.0 1 720209895. 

I n  t h i s  case  t h e  c o e f f i c i e n t  k i s  c  

cons tan t .  
a l l e d  t h e  Gaussian g r a v i t y  



The c o e f f i c i e n t  f i s  u s u a l l y  de termined experiment a l l y ,  which 

y i e l d s  

I n  t h e  

f = 6 . 6 7 3 . 1 0 - ~  ~ m ~ / ( ~ * s )  [30, p.  343. 

s o l u t i o n  of  cosmonautic problems, i n  whi .e Sun o r  

some p l a n e t  i s  t aken  a s  t h e  c e n t r a l  c e l e s t i a l  body, i t  i s  convenient  

t o  use t h e  s o - c a l l e d  h e l i o c e n t r i c  g r a v i t a t i o n a l  c o n s t a n t  GS=fmo 

o r  t h e  p l a n e t o c e n t r i c  g r a v i t a t i o n a l  cons tan t  GMn,=fmn,. Only t h e  

h e l i o c e n t r i c  and g e o c e n t r i c  g r a v i t a t i o n a l  c o n s t a n t s  a r e  i n c l u d e d  

i n  t h e  new system of a s t ronomica l  c o n s t a n t s  and t h e i r  numer ica l  
va lues  a r e  t a k e n  t o  be [3O, p .  341 

The va lue  of t h e  p l a n e t o c e n t r i c  g r a v i t a t i o n a l  c o n s t a n t  f o r  t h e  

remaining p l a n e t s  can be determined by m u l t i p l y i n g  f by t h e  mass 

m of  t h e  cor responding  p l a n e t .  
PI 

i 
f Formula (1.1.1) i s  symmetric r e l a t i v e  t o  t h e  p o i n t s  M. and M2 
? I 

i and i s  independent  of  t h e  choice of  coord inz te  system. However,in 
I t h e  problems of spac  - ? r a f t  f l i g h t  mechanics and c e l e s t i a l  mechanics 

I we examine t h e  components of t h e  a t t r a c t i o n  f o r c e  a long c e r t a i n  

f c o o r d i n a t e s .  

We s e l e c t  t h e  C a r t e s i a n  coord ina te  system Oxyz (F igure  1.1.1). 

The magnitude of  t h e  f o r c e  v e c t o r  F with  which t h e  m a t e r i a l  p o i n t  

M1(xlr Y1s z ) 13 d e t e r -  zl)  a t t r a c t s  t h e  m a t e r i a l  p o i n t  M2(x2. y2, 

mined by t h e  Formula (1.1.1). The d i s t a n c e  A between t h e  p o i n t s  

i s  by convention always cons idered  t o  be d i r e c t e d  f r o m t h e  a t t r a c t i n g  
poi.!it t o  t h e  a t t r a c t e d  p o i n t .  The re fo re  t h e  d i r e c t i o n  o f  t h e  
f o r c e  i s  oppos i t e  t h e  d i r e c t i o n  of  t h e  v e c t o r  A and we have t h e  

e q u a l i t y  

and - 
F -- F,S 4- FJ -1- ~ , i .  
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The f o r c e  f i e l d  caused by mutual a t t r a c t i o n  of  t h e  m a t e r i a l  I 

p o i n t s  M1 and M2 corresponds t o  t h e  f o r c e  f u n c t i o n  

ff=fl!m ; 
A * .  

(10 1-31 

which i s  a  f u n c t i o n  of a l l  s i x  coord ina tes  of t h e s e  p o i n t s .  I n  
t h i s  connect ion t h e  a t t r a c t i o n  f o r c e  v e c t o r  can be de f ined  by t h e  
formula 

The d e r i v a t i v e  of t h e  f o r c e  f u n c t i o n  w i t h  r e s p e c t  t o  an  
a r b i t r a r y  d i r e c t i o n  has  t h e  form 

w -. 
-== IF1 cos (F ,  1). 
dl 

The f o r c e  f u n c t i o n  U i s  always p o s i t i v e ,  f i n i t e ,  continuous,  
and single-valued f o r  any noncoinciding l o c a t i o n s  of t h e  p o i n t s  - / 1 4  
M1 and Mp. If t h e s e  p o i n t s  approach t h e  same p o i n t  M of  space ,  s o  
- 

t h a t  MI + M and M2 + M ,  t h e  f u n c t i o n  U i n c r e a s e s  wi thout  bound 
and i ts  l i m i t  approaches i n f i n i t y .  I f  t h e  p o i n t s  M1 and M2 s e p a r a t e  
from one ano the r  t o  i n f i n i t y  t h e  f u n c t i o n ' s  d e r i v a t i v e s  wi th  
r e s p e c t  t o  t h e  coord ina tes  approach ze ro .  The f o r c e  f u n c t i o n  U 

i s  a n a l y t i c ,  i .e. , it has  continuous d e r i v a t i v e s  of a l l  o r d e r s  and 
i s  r e g u l a r  at  i n f i n i t y .  

The f o r c e  f u n c t i o n  U has  
a d e f i n i t e  p h y s i c a l  meaning. 
I f  we judge by i t s  dimension, 
we s e e  from (1.1.3)  t h a t  the 

Figure  1.1.1. Diagram of e f f e c -  dimension o f  t h e  f o r c e  f u n c t i o n  
t i v e  m a t e r i a l  f o r c e s  



coincides with t h e  dimension of energy and work. The value of 
t h e  fo rce  func t ion  U coincides with t h e  value of t h e  work which 
must be expended t o  overcome the  a t t r a c t i o n  o f  t h e  a t t r a c t i n g  mass 

ml and remove t h e  a t t r a c t e d  mass m2 t o  an i n f i n i t e l y  great  d i s tance  
from t h e  mass ml. The quan t i ty  U(x, y, z )  is  c a l l e d  t h e  f i e l d  
p o t e n t i a l  energy a t  t h e  po in t  

ATTRACTION OF MATERIAL POINT BY A BODY 

I n  studying the  motion of a  spacecra f t  i t  i s  usua l ly  taken 
t o  be a  ma te r i a l  po in t .  I n  most cases t he  p l ane t s  must be considered 
a s  m a t e r i a l  bodies ,  having q u i t e  extensl  ve geometric dimensions 
and d e f i n i t e  shapes with s p e c i f i c  mass d i s t r i b u t i o n .  I n  t h i s  
case we cannot apply d i r e c t l y  t h e  law of un ive r sa l  g r av i ty  t o  
ca l cu l a t e  t h e  a t t r a c t i o n  of t h e  spacecra f t  by a  c e l e s t i a l  body, 
s i nce  it ( t h e  body) i s  now an a t t r a c t i n g  system consis%ing of an 
i n f i n i t e  s e t  of ma te r i a l  po in t s .  

I n  order  t o  determine t h e  magnitude of t he  a t t r a c t i o n  fo rce  
wi th  which a  c e l e s t i a l  body (ma te r i a l  po in t )  P a c t s  on t he  space- 
c r a f t  (ma te r i a l  p o i n t )  A and t o  deterinine t h e  fo rce  f i e l d  caused 
by t h e  presence of t h e  body P we break f t  down i n t o  a  l a rge  number 
of  very small elements of mass dm concentrated a t  t h e  po in t s  

3 '  
J . These ma te r i a l  po in t s  a t t r a c t  t h e  ma te r i a l  point  A with a  

force  which can be determined from t h e  law of un ive r sa l  g r av i ty .  

Passing t o  t h e  l i m i t  of the  sum of the  a t t r a c t i o n  fo rce s  with 
unbounded increase  of t h e  number of elementary masses and unbounded 
reduct ion of t h e i r  volumes, we ob ta in  a  d e f i n i t e  i n t e g r a l  taken 
over t h e  e n t i r e  a t t r a c t i n g  mass m i n  t he  form 



Moreover, t h e  p a r t i a l  de r iva t i ve s  of t h e  fo rce  func t lon  with re-  
spect  t o  the  coordinates coincide w i t h  t he  p ro j ec t i ons  of t he  

I 
1 / '  ! I 

I 

a t t r a c t i v e  fo rce  on t h e  corresponding axes. Thus, f o r  t h e  x, y ,  
I 

I I 
I I I ii i '  I . - _J  . _ . .... . 

I z Cartes ian caordinate system we have 1 

J-' 

, 
1 

. ' 1  
.-"- ---- -- .- - -1, . - .- . a '  

I. 

The form and a n a l y t i c  s t r u c t u r e  of t h e  force  func t ion  U ,  
I 
I 

expressed by t h e  d e f i n i t e  i n t e g r a l  (1 .1 .7) ,  i n  which t h e  space- 
c r a f t  and c e l e s t i a l  body coordinates play t h e  r o l e  of parameters,  1 

!. - ' 
I 

I may be very complex and var ied  and i t  can be ca l cc i a t ed  i n  e l e -  

I 

mentary funct ions  only i n  c e r t a i n  except ional  cases and i s  i n  
genera l  completely noncalculable [12] .  The sub jec t  mat ter  of 
a t t r a c t i o n  theory i s  study of t h e  p rope r t i e s  and na tu re  of fo rce  

and thereby we f i n d  t h e  body force  func t ion  

u- - /M] * ,  A (1.1.7) 
' (In) 

where t h e  i n t e g r a t i o n  extends over t h e  e n t i r e  a t t r a c t i n g  mass and /15 
A i s  t h e  d i s tance  of t h e  a t t r a c t e d  ma te r i a l  point  spacecra f t  A 
j 

from t h e  a t t r a c t i n g  mass element dm, which i s  equal  t o  t h e  product 
of t h e  dens i ty  by the  volume element, expressed i n  the  corresponding 
coordinates .  The express ion f o r  t h e  fo rce  func t ion  of t h e  c e l e s t i a l  
body P at  t he  point  A(x, y ,  z ) ,  which def ines  t h e  spacec ra f t  posi -  

I 

funct ions  defined by i n t e g r a l s  of t h e  form (1.1.7) and development 1 

I t i o n ,  depends on t h e  shape of the  body, i t s  i n t e r n a l  s t r u c t u r e ,  
I 

and t h e  p o s i t i o n  of t h e  c e l e s t i a l  body r e l a t i v e  t o  the  adopted 
coordinate system. However, t h e  t o t  a 1  mass of the  a t t r a c t i n g  body 
i s  defined i n  a l l  cases by  t h e  formula 

rn= (dm. (1.1.8) 
(m) 

of methods f o r  t h e i r  approximate represen ta t ion  and ca l cu l a t i on  
C12, 181. U t i l i z i n g  t h e  r e s u l t s  of a t t r a c t i o n  theory,  we t u r n  3 



d i r e c t l y  t o  d i scuss ion  of t h e  p rope r t i e s  of  t h e  fo rce  func t ion  U ,  
def ined by t h e  i n t e g r a l  form ( l . l . 7 ) ,  i n  ou t e r  space. 

The force  funct ion i s  unique, bounded, and continuous i n  a l l  
space and i s  a n a l y t i c  outgide of t h e  a t t r a c t i n g  masses. The com- 
ponents of t h e  a t t r a c t i v e  fo rce  a c t i n g  on t h e  spacecra f t  (po in t  
A ( x ,  y,  2 ) )  , considered as  a func i ton  of the  coordinates of t h e  
point  A,  a r e  f i n i t e ,  continuous, and single-valued.  

Let A be the  d i s tance  between t h e  ma te r i a l  point  A and a 
po in t  constant ly  assoc ia ted  with t h e  body P. Then with unbounded 
increase  of t h e  d i s tance  A t h e  product AU approaches a d e f i ~ i t e  
l i m i t  equal  t o  fMm. It follows from t h i s  proper ty  t h a t  when the  
d i s tance  A i s  s u f f i c i e n t l y  l a rge  i n  comparison wi%h t h e  l i n e a r  - /16 
dimensions of t h e  c e l e s t i a l  body P t h e  approximate e q u a l i t i e s  hold  

This r e s u l t  i s  understanable:  f o r  d i s t a r z e s  between t h e  
ma te r i a l  point  A and t h e  c e l e s t i a l  body P considerably g r e a t e r  
than t h e  l i n e a r  dimensions of t h e  body P ,  i n  t h e  in tegrand  of  (1.17) 
A can be averaged and i n  connection with (1.1.9)  we ob ta in  t h e  
r e l a t i o n  ( 1 . 1 . 1 0 ) .  

Corollary 1. A c e l e s t i a l  body P of any shape and any s t r u c -  
t u r e  a t t r a c t s  a  spacecra f t  (ma te r i a l  point  A )  very d i s t a n t  from 
it a s  If t h e  e n t i r e  mass of t h e  body were concentrated a t  a  s i n g l e  
point  w .  

A spacecra f t  may perform maneuvers near a p lane t .  I n  t h i s  
case t h e  fo rce  funct ion and t h e  a t t r a c t i v e  fo rce  of t h e  p lane t  

it For c e l e s t i a l  bodies we can show analogously t h a t  two c e i e s t i a l  
bodies ,  completely a r b i t r a r y  i n  shape and s t r u c t u r e ,  which a re  
suf f  i c i e n t l y  d i s t a n t  from one another a r e  mutually a t t r a c t e d  near ly  
as  two ma te r i a l  po in t s  wi th  the  corresponding masses [12 ] .  



w i l l  delend no t  only on t h e  d i s t a n c e  from t h e  s p a c e c r a f t  t o  t h e  

I c e n t e r  of t i le  p l a n e t  but  a l s o  on t h e  shape,  dimensions, and mass 

I d i s t r i b u t i o n  of t h e  p l a n e t .  I n  t h e  f i r s t  approximation p l a n e t s  
can be taken t o  be spheres  wi th  s p h e r i c a l  " o r  uniform d e n s i t y  
d i s t r i b u t i o n .  This  permi ts  t a k i n g  t h e  i n t e g r a l  i n  formula (1 .1 .7)  

I i n  e x p l i c i t  form an , l  o b t a i n i n g  

I 
i 

and 

where A i s  t h e  d is ta l lce  from t h e  c e n t e r  of t h e  sphere  tc, t h e  
m a t e r i a l  poi i l t .  

Corol lary  2.  A p l a n e t  ( m a t e r i a l  p o i n t )  having t h e  shape of  
a  sphere  wi th  s p h e r i c a l  o r  uniform d e n s i t y  d i s t r i b u t i o n  a t t r a c t s  - 
a s p a c e c r a f t  ( e x t e r n a l  m a t e r i a l  p o i n t )  a s  i f  a l l  t h e  mass of 
t h e  p lane t  were concent ra ted  a t  i t s  c e n t e r .  

These r e s u l t s  a r e  widely used i n  s p a c e c r a f t  f l i g h t  mechanics 
and permit c a l c u l a t i o n  of c e l e s t i a i  body a t t r a c t i v e  f o r c e  i n  
convenient and simple form, The assumptions adopted he re  satisfy 

completely t h e  a c c u r a c i e s  which a r e  necessary  i n  s tudy ing  space- 
c r a f t  b a l l i s t i c  des ign  c h a r a c t e r i s t i c s  i n  t h e  pre l iminary  des ign  
s t a g e .  

I n  s tudy ing  and p r e d i c t i n g  t h e  motion of a r t i f i c i a l  p l a n e t a r y  - /17 
s a t e l l i t e s ,  p a r t i c u l a r l y  those  t r a v e l i n g  i n  low o r b i t s ,  more exac t  
informat ion  on t h e  g r a v i t a t i o n a l  f i e l d  of t h e  p l a n e t  i s  necessary  
and t h e  assumptions adopted p rev ious ly  on p l a n e t  mass d i s t r i b u t i o n  
and shape may be t o o  approximate. For example, even d i r e c t  o p t i c a l  
obse rva t ions  show t h a t  t h e  f l a t t e n i n g  of t h e  p l a n e t s  J u p i t e r  
and Sa tu rn  i s  an o r d e r  o f  magnitude g r e a t e r  t h a n  t h a t  of  t h e  Ear th .  

"pherical d e n s i t y  d i s t r i b u t i o n  i s  d e n s i t y  v a r i a t i o n  a s  a  f u n c t i o n  
of t h e  d i s t a n c e  t o  t h e  c e n t e r  of a  sphere .  



A t  t h e  p r e s e n t  t ime complete informat ion  on t h e  shape and dimen- 
s i o n s  of t h e  E a r t h  as a geoid  and of  t h e  o t h e r  p l a n e t s  i s  no t  
a v a i l a b l e .  However, we can sugges t  p h y s i c a l  models of t h e  p l a n e t s  
which approximate w i t h  p r a c t i c a l l y  any degree of accuracy t h e  
p l a n e t  shape and p o t e n t i a l  a s  a f u n c t i o n  of t h e  o r d e r  of smal lness  
of  t h e  d i sca rded  and r e t a i n e d  terms.  I n  a d d i t i o n  t o  t h e  s p h e r i c a l  
p o t e n t i a l ,  we can cons ider  a s  p l a n e t a r y  p o t e n t i a l  models t h e  
p o t e n t i a l s  of  a spheroid ,  t r i a x i a l  e l l i p s o i d ,  asymmetric sphero id ,  
t r l a x i a l  asymmetric e l l i p s o i d ,  and s o  on. The s e l e c t e d  model i s  
u s u a l l y  termed t h e  normal g r a v i t a t i o n a l  p o t e n t i a l  and i t s  d e v i a t i o n s  
from t h e  a c t u a l  p o t e n t i a l  a r e  termed g r a v i t y  anomalies.  The cnoice 
of t h e  normal p o t e n t i a l  i s  determined by t h e  posed problem and 
t h e  r e q u i r e d  l e v e l  of s o l u t i o n  accuracy.  

For t h e  problems of b a l l i s t i c  des ign  and long-term p r e d i c t i o n  
of circumplanetary o r b i t s  t h e  assumption on a x i a l  symmetry of 
t h e  bod ies ,  i . e . ,  on symmetric mass d i s t r i b u t i o n  r e l a t i v e  t o  t h e  
p l a n e t ' s  a x i s  of r o t a t i o n ,  i s  v a l i d  and y i e l d s  good r e s u l t s .  I n  
t h i s  case ,  a s  a  r e s u l t  of expansion of  t h e  p l a n e t a r y  p o t e n t i a l  
i n  s p h e r i c a l  f u n c t i o n s  t h e  p r a v i t y  p o t e n t i a l  U can be represen ted ,  
r e t a i n i n g  two terms of t h e  expansion,  i n  t h e  form [l] 

where R i s  t h e  mean e q u a t o r i a l  r a d i u s  of t h e  p l a n e t ;  
PI 

r ,  6 ixre t h e  s p a c e c r a f t  p l a n e t o c e n t r i c  r a d i u s  v e c t o r  and 
i n c l i n a t i o n ;  

3 sin2 b - l P, = 
2 i s  t h e  second-order Legendre polynomial ; 

J i s  a dimensionless  cons tan t  c h a r a c t e r i z i n g  t h e  shape 
of t h e  p l a n e t a .  

-- - - - - - 

2 For t h e  Ear th  I,= K~=0.m10827 PU], Mars J-0.002920, J u p i t e r  J=0.02206, 
Sa tu rn  J=0.02501 [ l o ] .  



ATTRACTION OF MATERIAL POINT BY A FINITE NUMBER OF MATERIAL BODIEZ - /If 

During spacecra f t  f l i g h t  i n  t h e  s o l a r  system it  i s  acted on 
by t h e  a t t r a c t i v e  fo rce  of no t  one but  many c e l e s t i a l  bodies.  It 
is  important t o  be able  t o  ca l cu l a t e  t h e  r e s u l t a n t  of t he se  fo rce s  
and i t s  coinponents along t h e  coordinate  axes. I f  we consider 
es t imat ing the  r e s u l t a n t  of t he  a t t r a c t i v e  fo rces  of many c e l e s t i a l  
bodies we can speak of l a r g e  spacecra f t  d f s tance  from them. Other- 
wise we can with good approximation consider only t he  a t t r a c t i v e  
fo rce  of t h e  p lane t  near which t h e  spacecra f t  i s  located.  Then, 
denoting by - 

Q ~ - - ~ J + Y J + z ~ J ,  G ~ = X ~ ~ + ~ , J + Z >  
t h e  r ad ius  vec to r  of  t h e  spacecra f t  and t h e  rad ius  vector  of t h e  
10th  c e l e s t i a l  body i n  t h e  i n e r t i a l  Car tes ian  coordinate system, 
i n  accord wi th  Corollary 1 the  r e s u l t a n t  of t he  a t t r a c t i v e  fo rce s  
i s  represented i n  the  form 

where Ua=M 
$1 2 

i s  t he  fo rce  function of the  system of m a t e r i a l  bodies *; 
~ a j = I G a - d = \ ( & - P ~ )  (Pa-G1)I1'; 

n i s  t h e  number of mate r ia l  bodies of t h e  system. There and i t s  

components can be w r i t t e n  as - i ~ = - f ~ h  (Pa- 6,). 
j - I  

* The force  funct ion of a system of f r e e  ma te r i a l  p o i n t s ,  which 
c e l e s t i a l  bodies a r e  taken t o  be,  d i f f e r s  fundamentally from Ua 
and i s  equal  t o  

u = - ~ , . $ $ " .  2 ,-, -, w e e  , + I  [,4. 



5 2.  SPACECRAFT RELATIVE MOTION I N  GRAVITY FIELD OF THE /19 
SUN AND PLANETARY SYSTEMS. PLANETARY GRAVISPHERES 

Spacecra f t  motion t a k e s  p lace  under t h e  i n f l u e n c e  o f  f o r c e s  o f  
va r ious  n a t u r e ;  c e r t a i n  f a r c e s  whose n a t u r e  and c h a r a c t e r  o f  
a c t i o n  a r e  known can be eva lua ted  q u a n t i t a t i v e l y ,  o t h e r s  can be 
eva lua ted  e i t h e r  very approximately o r  a r e  no t  a i e n a b l e  t o  quant i -  
t a t i v e  e s t i m a t i o n  a t  a l l .  I n  t h e  g e n e r a l  case t h e  f o r c e s  a c t i n g  
on a s p a c e c r a f t  can be represen ted  as c o n s i s t i n g  of t h e  t h r u s t  
f o r c e  P, c e l e s t i a l  body a t t r a c t i v e  f o r c e  F,  and e x t e r n a l   medium^ 

r e s i s t a n c e  fo rce  Q, whose components a r e  no t  a l w ~ y s  amenable t o  quan- 
t i t a t i v e  e s t i m a t i o n ,  s i n c e  t h e  laws and n a t u r e  of t h e i r  manifes ta-  
t i o n  have been poor ly  s t u d i e d  o r  a r e  n c t  known at  a l l .  The d i f -  
f e r e n t i a l  equa t ion  of s p a c e c r a f t  motion i n  v e c t o r  form i s  w r i t t e n  as 

where M i s  t h e  s p a c e c r a f t  mass; - 
Pa is  t h e  s p a c e c r a f t  v e c t o r .  

I n  s tudy ing  i n t e r p l a n e t a r y  s p a c e c r a f t  f l i g h t s  t h e  e x t e r n a l  
medium r e s i s t a n c e  f o r c e  i s  f r e q u e n t l y  neglec ted ,  s i n c e  s p a c e c r a f t  
motion t akes  p lace  b a s i c a l l y  o u t s i d e  t h e  atmosphere and t h e  othei* 

* The f o r c e s  of  r e s i s t a n c e  of t h e  e x t e r n a l  medium inc lude ,  f o r  
example, t h e  p lane ta ry  atmosphere r e s i s t a n c e  f o r c e ,  t h e  s o l a r  ray  
p r e s s u r e  f o r c e ,  t h e  e lec t romagne t i c  f o r c e s  which a r i s e  as a r e s u l t  
of t h e  presence of va r ious  e lec t romagne t i c  f i e l d s  i n  i n t e r p l a n e t a r y  
space,  and ao an. 



componente of  t h e  f o r c e  Q have very " t t l e  i n f l u e n c e  on t h e  f l ight  
* (and t h e i r  q u a n t i t a t i v e  e v a l u a t i o n  i s  p r a c t i c a l l y  i m p o ~ . .  Lble) . 
Therefore, t h e  d i f f e r e n t i a l  equa t ion  of s p a c e c r a f t  motion i n  v e c t o r  
form w i l l  be w r i t t e n  as 

M;.=P +F. 

Spacecraf t  motion desc r ibed  by (1.2.2)  is  termed c o n t r o l l e d  
mr.:ion, s i n c e  it can be a l t e r e d  by c o n t r o l l i n g  t h e  rocket; engine 
t h r u s t  f o r c e  vec to r .  With powerplarf o f f  s p a c a c r a f t  motion i s  
desc r ibed  by t h e  d i f f e r e n t i a l  equa t ion  

This  mot i o n  i s  c a l l e d  b a l l i s t i c   controlled led) s p a c e c r a f t  motion. 

If we t a k e  t h e  Sun and p l a n e t  systems a s  m a t e r i a l  ? o i n t s ,  
t h e n  

( s e e  (1.1.12) and (1.1.13) ,  where i s  t h e  r a d i u s  v e c t o r  of t h e  3  
j - t h  c e l e s t i a l  body (3-0, 1, . . . , 9) ; A - 1 i s  t h e  d i s t a n c e  

a J 
between t h e  j - th  c e l e ~ t i a l  body and t h e  s p a c e c r a f t .  

The c o n t r o l l e d  motion or t h e  a c t i v e  a c c e l e r a t i o l l  and d e c e l e r r -  
t i o n  - segment8 on which t h e  energy l e v e l  r e q d r e d  f o r  t h e  v e h i c l e  
t o  perform t h e  s p e c i f i e d  maneuver i s  reached has  a  d e f i n i t e  
i n f l u e n c e  on s e l e c t i o n  of t h e  b a l l i s t i c  des ign  c h a r a c t e r i s t i ~ a  f o r  
i n t e r p l a n e t a r y  flights. However, t h e  d u r a t i o n  o f  t h e  a c t i v e  segments 

"or example, f o r  convent ional   sat^ l l i t e s  t r a v e l i n g  along q u i t e  
h igh  c i r c u l a r  o r b i t s  wi th  va lues  of t h e  c o e f f i c i e n t  A ,  express ing  
t h e  r a t i o  of s a t e l l i t e  c h a r a c t e r i s t i c  a r e a  t o  mass, i n  t h e  range 
0.003-0.3 m'/kg*s2 t h e  d i s tu rbances  from l i g h t  p ressure  a r e  equa l  
w i t h  r e s p e c t  t o  r e v o l c t i o n  p e r i o d  t o  ~ ~ = 5 ~ 1 0 " ~ - 5 * 1 0 - ~  Rec and wi th  
res e c t  t o  r a d i u s  change f o r  a  s i n g l e  r e v o l u t i o n  Armax-0. 02-0.2 m 
c5oq. 



of t h e  i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r y  may be q u i t e  d i f f e r e n t ,  
depending on s p a c e c r a f t  powerplant type .  S p a c e c r a f t  w i t h  l i q u i d  
rocket  engine  powerplants  have l a r g e  t h r u s t  a c c e l e r a t i o n s ,  and 
t h e r e f o r e  t h e  r e q u i r e d  energy l e v e l  i s  reached i n  a few minutes  
nea r  t h e  depa r tu re  o r  a r r i v a l  p l a n e t .  However, b a l l i s t i c  f l i g h t  
may last  s e v e r a l  months o r  even y e a r s ,  depending on t h e  d e s t i n a -  
t i o n  p l a n e t .  Spacec ra f t  w i t h  e l e c t r o r o c k e t  [ERE] 

powerplants have very small t h r u s t  a c c e l e r a t i o n s ,  and t h e r e f o r e  
t h e  a c t i v e  a c c e l e r a t i o n  ( d e c e l e r a t i o n )  segment i s  commensurate 
with t h e  b a l l i s t i c  segment. The methods f o r  s o l u t i o n  o f  t h e  
d i f f e r e n t i a l  equa t ion  of  c o n t r o l l e d  motion (1 .2 .2)  a r e  determined 
t o  a  cons ide rab le  dzgree by t h e  d u r a t i o n  of t h e  a c t i v e  segments. 
We s h a l l  examine s p a c e c r a f t  w i t h  l i q u i d  rocke t  engines  i n  t h e  
p resen t  volume. This  makes i t  p o s s i b l e  t o  demonstrate  and 

eva lua te  s p e c i f i c  methods f o r  de termining  t h e  a c t i v e  segments as 
a  f u n c t i o n  of  t h e  r e q u i r e d  computat ional  accuracy .  

,n o r d e r  t o  f i n d  t h e  s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  
of c c n t r o l l e d  ( 1 . 2 . 2 )  o r  b a l l i ~ t i c  (1 .2 .3)  motion w e  need t o  have 

informat ion  on v a r i a t i o n  of t h e  p l a n e t  r a d i u s  v e c t o r  p as a func-  
j 

t i o n  of t h e  f l i g h t  t ime t .  This  in fo rma t ion  can be ob ta ined  i n  
va r ious  ways. The s imples t  technique  invo lves  t h e  assumption cf 
Kepler ian motion of t h e  p l a n e t s  around t h e  Sun ( i . e . ,  motion of  
t h e  p l a n e t s  under t h e  a c t i o n  of t h e  Sun's  a t t r a c t i v e  f o r c e )  and on 
: so la tedness  of t h e  s o l a r  system ( i . e . ,  r e c t i l i n e a r  and uniform 
motion of t h e  s o l a r  system mass c e n t e r ) .  Fo r  more e x a c t  ca l cu la -  
t i o n s  t h e  Equat ions (1.2.2)  and (1 .2 .3 )  should  be cons ide red  t o -  
ge the r  wi th  t h e  d i f f e r e n t i a l  equa t ions  of  motion of t h e  p l a n e t s  
and t h e  Sun, 

However, s tudy of s p z c e c r a f t  motion wi th  account  f o r  t h e  
in f luence  of t h e  a t t r a c t i o n  f o r c e s  of  s e v e r a l  c e l e s t i a l  bod ies  i n  
t h e  a b s o l u t e  coordina te  system i s  inconvenient  and d i f f i c u l t  , /2 1 - 
sine? as t r cnomica l  ~ b s e r v a t i o n s  y i e l d  only t h e  r e l a t i v e  p o s i t i o n s  



and v e l o c i t i e s  of t h e  c e l e s t i a l  bodies.  Proposals have been made 
i n  t e x t s  on c e l e s t i a l  mechanics [13, 481  t h a t  motion of t h e  celes-  
t i a l  bodies (p l ane t s )  be s tud i ed  i n  t h e  r e l a t i v e  ( f o r  example, 
h e l i o c e n t r i c )  coordinate system, when t h e  coordinate o r i g i n  is  
loca ted  a t  t h e  mass cen t e r  of one of t h e  c e l e s t i a l  bodies ( t h e  
Sun, f o r  example). Therefore it i s  b e t t e r  t o  convert t o  t he  
d i f f e r e n t i  11 equations of spacecra f t  r e l a t i v e  motion, when t h e  
mass cen t e r  of  t h e  c e n t r a l  body * i s  taken a s  t h e  coordinate  o r ig in .  

I n  o rder  t o  ob ta in  t h e  d . . f f e r e n t i a l  equat ion of t h e  con t ro l l ed  
r e l a t i v e  motion we sub t r ac t  from t h e  l e f t  and r i g h t  s i d e s  of 
(1 .2 .2) ,  r e spec t ive ly ,  t h e  l e f t  and r i g h t  s i d e s  of t h e  d i f f e r e n t i a l  
equat ion of motion of t h e  c e n t r a l  body 

- 
m0~,,==F,,, 

which y i e ld s  

Hence t h e  d i f f e r e n t i a l  equat ion of con t ro l led  spacecra f t  
r e l a t i v e  motion takes  t h e  form 

where 

A s  a  consequence of v a l i d i t y  of t he  r e l a t i o n  

where is  t h e  g rad ien t  operator  with respec t  t o  t h e  components 

The c e n t r a l  body i s  a  c e l e s t i a l  body r e l a t i v e  t o  which t h e  motion 
i s  examined. 



o f  t h e  v e c t o r  Rg, we o b t a i n  

I '  ' 'I: 

The s c a l a p  f u n c t i o n  

c h a r a c t e r i z e s  t h e  a t t r a c t i o n s  of  t h e  c e l e s t i a l  bod ies  excer:  f o r  

t h e  c e n t r a l  body and t h e r e f o r e  i t  may b e  c a l l e d  t h e  p e r t u r b i n g  
f u n c t i o n ,  s i n c e  t h e  c e n t r a l  body a t t r a c t i t e  f o r c e  i s  dominant. 

Th i s  name i s  g iven  R by analogy -:;ith t h e  p e r t u r b i n g  f u n c t i o n s  
P 

which a r i s e  i n  c e l e s t i a l  mechanics i n  s t u d y i n g  r e l a t i v e  motion 
of  t h e  p l a n e t s  113, p. 1101. The d i f f e r e n t i a l  Equat ion  (1 .2 .4)  

d e f i n e s  t h e  c o n t r o l l e d  r e l a t i v e  motion. The b a l l i s t i c  r e l a t i v e  

motion is d e s c r i b e d  by t h e  d i f f e r e n t i a l  equa t ion  

ob ta ined  

i n  t h e  r i  

te rm 10% 
from t h e  

from ( 1 . 2 . 4 ) .  If t h e  c e n t r a l  body i s  s e l e c t e d  p r o p e r l y ,  
g h t  s i d e s  of (1 .2 .4 )  and (1 .2 .5 )  l - $ : @ a ~ > ~ f ~ p ~  and t h e  

I can be t r e a t e d  a s  t h e  p e r t u r b i n g  a c c e l e r a t i o n  a r i s i n g  
p e r t u r b i n g  f o r c e s  - t h e  a t t r a c t i v e  f o r c e s  of  t h e  c e l e s -  

t i a l  bodies  except  f o r  t h e  c e n t r a l  body. On t h e  b a s i s  o f  t h i s  
t r ea tmen t  of t h e  a t t r a c t i v e  f o r c e s  of  t h e  c e l e s t i a l  bodies  (except  

f o r  t h e  c e n t r a l  body) t h e  r e l a t i v e  motion d e s c r i b e d  by (1 .2 .4)  
and (1 .2 .5)  i s  f r e q u e n t l y  cons idered  a s  t h e  p e r t u r b e d  r e l a t i v e  
s p a c e c r a f t  motion. T h i s  makes i t  p o s s i b l e  t o  apply s p e c i f i c  

a n a l y t i c  and numer ica l  methods t d  s o l v e  ( 1 . 2 . 4 )  and ( 1 . 2 . 5 ) ,  which 

a r e  examined i n  p e r t u r b e d  motion t h e o r y ,  ( s e e ,  f o r  example [13, 

P a r t  3 ,  Chapters  7-91). 

The d i f f e r e n t i a l  e q u a t i o n s  of r e l a t i v e  s p a c e c r a f t  motion 

(1 .2 .4)  and (1 .2 .5)  cannot be i n t e g r a t e d  i n  f i n i t e  form. Various 

numer ica l  i n t e g r a t i o n  t echn iques ,  a n a l y t i c  and q u a l i t a t i v e  methods 



of c e l e s t i a l  mechanics a r e  used t o  o b t a i n  t h e  s o l u t i o n  ~ n p  space- 
c r a f t  motion c h a r a c t e r i s t i c s .  I n  many cases  t h e  a n a l y t i c  r - t h o d s  
make i t  p o s s i b l e  t o  f i n d  t h e  g e n e r a l  o r  p a r t i c u l a r  s o l u t i m  of 
t h e  b a s i c  d i f f e r e n t i a l  e q u a t i o n  of  motion (1 .2 .5)  i n  i n f l n i t ~  
converging s e r i e s  form, which pe rmi t s  f i n d i n g  t h e  numeric .l 
values  of  t h e  r e q u i r e d  c h a r a c t e r i s t i c s  of t h e  motion wi th  any 
degree of  accuracy. The q u a l i t a t i v e  methods made it p o s s i b l e  
t o  e s t a b l i s h  t h e  g e n e r a l  p r o p e r t i e s  o f  s p a c e c r a f t  motion charac- 
t e r i s t i c s  without  knowledge of t h e  g e n e r a l  s o l u t i o n  of Lhe 
d i f f e r e n t i a l  equa t ion  of motion. The d i s t i n z t i v e  f e a t u r e  of t h e  
numerical i n t e g r a t i o n  methods i s  t h e i r  u n i v e r s a l i t y .  While 
a p p l i c a t i o n  of  t h e  a n a l y t i c  methods has d e f i n i t e  l i m i t a t i o n s  
caused by smal lness  of t h e  p e r t u r b a t i o n s ,  l i m i t s  i n  t h e  va lues  
of  s p a c e c r a f t  o r b i t  parameters  and s o  on, i n  numerical  i n t e g r a -  
t i o n  of t h e  d i f f e r e n t i a l  equa t ions  of motion no q u e s t i o n  a r i s e s  
concerning the n a t u r e  of t he  s p a c e c r a f t  o r b i t s  o r  magnitude of  
t h e  p e r t u r b a t i o n s .  However, t h e  s y s t e n a t i c  accumulation of  e r r o r  
i n  t h e  i n t e g r a t i o n  p rccess  may i n  c e r t a i n  cases  l i m i t  t h e  pos- j , 

I s i b i l i t i e s  of t h e  numerical  methods i n  comparison wi th  t h e  a n a l y t i c  
i 

methods, which a r e  f r e e  of t h i s  drawback. When s o l v i n g  s p e c i f i c  
I i n t e r p l a n e t a r y  s p a l e c r a f t  f l i g h t  prablems a l l  t h e  methods (analy-  
j t i c ,  numerical ,  and q u a l i t a t i v e )  should b e  used i n  conjunct ion  i n  

1 

i 
order  t o  o b t a i n  more informat ion  on t h e  motion c h a r a c t e r i s t i c s .  
When o b t a i n i n g  t h e  s o l u t i o n s  of t h e  d i f f e r e n t i a l  equat ions  of 
s p a c e c r a f ~  r e l a t i v e  motion ( 1 . 2 . 4 )  and (1 .2 .5 )  we must not  f o r g e t  i 

t h a t  they a r e  approximate. The approxir . .a t ions are caused by  two i 
i 

d i f f e r e n t  f a c t o r s  a s s o c i a t e d  w i t h  t h e  p h y s i c a l  and mathematical 
n a t u r e  of t h e  problem s o l u t i o n .  The p h y s i c a l  reasons f o r  t h e  

approximation a r e  due t o  our  l e v e l  of knowledge of t h e  f o r c e s  
a c t i n g  ~ . n d  neg lec t  ( o r  i m p o s s i b i l i t y  of t a k i n g  i n t o  account)  of 
some of  them. The mathematical reasons  f o r  t h e  approximations 
are caused by t h e  methods used t o  s o l v e  t h e  equa t ions  of  motion. 
If a l l  t h e s e  approximations a r e  rbepresented c l e a r l y  and proper ly  
understood,we can avoid excess ive  accuracy and unnecessary 



d i f f i c u l t i e s  i n  t h e  process of f i nd ing  t h e  engineeri.1g so lu t i ons  
and ana lys i s  of t h e  b a l l i s t i c  design c h a r a c t e r i s t i c s  of i n t e r -  
p lanetary  spacecra f t .  

The way t o  improvement and s i m p l i f i c a t i o n  of t h e  numerical 
i n t e g r a t i o n  cf  t h e  d i f f e r e n t i a l  equations of r e l a t i v c  sp '-enraft  
motion l i e s  i n  determining t h e  reg ion  of dominant in f luence  on 
t h e  spacecra f t  of t h e  a t t r a c t i v e  f w c s  o f  t h e  ce7 - ; t i a l  body, 
which should then be considered t h e  c m t r a l  body. This body may 

L be t h e  Sun o r  any p lane t .  Such a  problem has previously a r i s e n  

i i n  c e l e s t i a l  mechanics i n  s tudying t h e  motion of comets. I ts  
s o l u t i o n  has been reduced t o  d e t e m i n i n g  the  p lane t  sphere of 
ac t i on  *. 

PLANET SPHERE OF ACTION 

The pegion of space i n  which,vhen ca l cu l a t i ng  per tu rba t ions ,  
it i s  advisable  t o  t ake  t h e  p lane t  as the  c e n t r a l  body and the  
Sun as t h e  per tu rb ing  body i s  c a l l e d  t h e  p lane t  sphere of ac t ion .  
Q u a n t i t a t i v e  eva lua t ion  of t h i s  region depends on t he  es t imate  of 
t h e  per tu rb ing  acce le ra t ion  r a t i o  t o  t h e  c z n t r a l  body a t t r a c t i v e  
fo rce  acce l e r a t i on  when reducing t h e  general  problem t o  t h e  
problem of  three-bodies:  spacecra f t  ( o r  c e l e s t i a l  body of very 
small  mass),  p l ane t ,  and Sun. Let 6s be t h e  per tu rb ing  acczlera-  
t i o n  created by t h e  a t t r a c t i v e  fo rce  of t h e  Sun, and l e t  F be t h e  
acce l e r a t i on  from t h e  a t t r a c t i v e  fo rce  of t h e  p lane t  when regarded 
a s  the  c e n t r a l  body; 6F i s  t h e  per tu rb ing  acce l e r a t i on  c rea ted  by 
t h e  a t t r a c t i v e  force of t h e  p lane t  and S  i s  t h e  acce l e r a t i on  from 
the  a t t r a c t i v e  fo rce  of t h e  Sun when taken as  t h e  c e n t r a l  body. 

* The concept of p lane t  "sphere of ac t i onv  was introduced i n t o  
c e l e s t i a l  mechanics by Laplace i n  connection with study of t h e  
motion of comets as  they approach J u p i t e r .  



The bounding s u r f a c e  of  t h e  sphere  o f  a c t i o n  i s  expressed  by t h e  
e q u a l i t y  

The s u r f a c e  de f ined  by t h i s  equa t ion  i s  very c l o s e  t o  a . 

sphere  wi th  c e n t e r  a t  t h e  c e n t e r  of t h e  p l a n e t  and r a d i u s  

where R i s  t h e  mean r a d i u s  o f  t h e  p l a n e t  I s  o r b i t .  The va lues  of  
AL f o r  t h e  p l a n e t s  a r e  g iven  i n  Table  1.1. 

TABLE 1.1. PLANETARY GRAVISPHERE R A D I I *  

P lane t  

- - - .  

Mercury 
Venus 
E a r t h  
Mars 
J u p i t e r  
S a t  urn 
Uranus 
Neptune 
P l u t o  

Gravisphere r a d i u s  i n  10 km 

* T r a n s l a t o r ' s  no te :  Commas i n  numbers r e p r e s e n t  decimal  p o i n t s .  

It should be  noted  t h a t  t he  in t roduc t io r i  of t h e  ophere of 
a c t i o n  concept i n  c e l e s t i a l  mechanics was d i r e c t e d  toward ach iev ing  
more exact  numerical  i n t e g r a t i o n  r e s u l t s ,  s i n c e  t h ? s  makes it, 
p o s s i b l e  t o  avoid excessively l a r g e  va lues  of t h e  terms i n  t h e  
r i g h t  s i d e  of  t h e  d i f f e r e n t i a l  equa t ions  of  motion of t h e  comets. 

I n  cosmonautics improvement o f  t h e  methods f o r  numerical  
i n t e g r a t i o n  of t h e  d i f f e r e n t i a l  equat ions  of  motion, corresponds 



t o  t h e  requirement f o r  f l i g h t  t r a j e c t o r y  c a l c u l a t i o n  accuracy 
improvement i n  t h e  f i n a l  s p a c e c r a f t  des ign  s t a g e .  Improvement 
of  t h e  s p a c e c r a f t  b a l l i s t i c  +.esign methods invo lves  s e a r c h  f o r  
s i m p l e r  techniques  f o r  ob t  a i n l n g  t h e  r e q u i r e d  s o l u t i o n  wi th  
accuracy requirements  corresponding t o  t h e  i n i t i a l  des ign  s t a g e .  
The s o l u t i o n s  of t h e  differential equa t ions  of s p a c e c r a f t  b a l l i s -  
t i c  motion can be ob ta ined  i n  c losed  form, i . e . ,  w e  can f i n d  
a l l  s i x  first i n t e g r a l s  i f  we n e g l e c t  t h e  p e r t u r b a t i o n s  and 
examine s p a c e c r a f t  motion under t h e  i n f l u e n c e  of  only t h e  c e n t r a l  
body a t t r a c t i v e  f o r c e .  The q u e s t i o n  a r i s e s  of how a c c u r a t e  i s  
t h i s  s o l u t i o n  and under what cond i t ions  i s  i t  necessary  when 
s tudy ing  t h e  i n t e r p l a n e t a r y  t r a j e c e o r y  t o  change over  from t h e  
p l a n e t  a s  t h e  c e n t r a l  body t o  t h e  Sun as  t h e  c e n t r a l  body, and 
v i c e  ve r sa .  The answer t o  t h i s  ques t ion  i s  of corisiderable 
i n t e r e s t ,  s i n c e  use of t h e  c losed  s o l u t i o n  of t h e  two-body (space-  /25 
c r a f t - c e l e s t i a l  body) problem i s  very appeal ing  and convenient  
i n  eng inee r ing  p r a c t i c e .  It i s  obvious t h a t  t h i s  s o l u t i o n  w i l l  

a l s o  be accep tab le  wi th  r e g a r d  t o  accuracy i n  t h e  case cf :mall 
i n f l u e n c e  of t h e  p e r t u r b a t i o n s  on t h e  exac t  s o l u t i o n .  Thus t h e  
problem a r i s e s  of how t o  minimize t h e  d e v i a t i o n s  from t h e  e x a c t  
s o l u t i o n  while  remaining wi th in  t h e  framework of  t h e  two-body 
problem s o l u t i o n s .  We a r e  t a l k i n g  about r ep re : , en t ing  t h e  s o l a r  
system g r a v i t a t i o n a l  f i e l d  i n  t h e  form of t h e  p r a v i t a t i o n a l  f i e l d  
of t h e  Sun, bounded by t h e  h e l i o g r a v i s u r f a c e  , and t h e  i n d i v i d u a l  
g r a v i t a t i o n a l  f i e l d s  of t h e  p l a n e t s ,  each of which i s  bounded 
by  t h e  p r a v i t a t i o n a l  s u r f a c e  of t h e  p l a n e t  ( p l a n e t o g r a v i s u r f a c e )  . 
Correc t  description o f  t h e  g rav i sphere  boundary s u r f  ace means 
f i n d i n g  t h e  minimum of t h e  d e v i a t i o n s  from t h e  - a c t  s o l u t i o n  f o r  
t h e  adopted s o l a r  system g r a v f t a t i o n a l  f i e l d  model. Here t h e  
fucdamental f a c t o r  i s  t h e  q u e s t i o n  of t h e  c r i t e r i o n  used t o  e v a l u a t e  
such d e v i a t l o n .  

Thtil r e c e n t l y  t h e  p l a n e t  sphere  of a c t i o n  de f ined  by Laplace 
was widely used as t h e  g rav i sphere  s u r f a c e  boundary i n  s p a c e c r a f t  



b a l l i s t i c  des ign  p r a c t i c e .  I n  t h i s  case  i t  was claimed t h a t  t h e  
d e v i a t i o n s  from t h e  exac t  s o l u t i o n  l i e  w i t h i n  l i m i t s  which a r e  
accep tab le  f o r  b a l l i s t i c  des ign .  However, a s  was mentioned 
p rev ious ly ,  t h e  i n t r o d u c t i o n  of t h e  concept of p l a n e t  sphere  of 
a c t i o n  o r  Laplace g rav i sphere  * was n o t  r e a l l y  in tended  f o r  
s o l u t i o n  of problems of t h i s  s o r t  - e v a l u a t i n g  t h e  two-body problem 
problem s o l u t i o n .  Therefore  u n c r i t i c a l  use of t h e  Laplace g rav i -  
sphere  i n  s p a c e c r a f t  b a l l i s t i c  des ign  p r a c t i c e  can l e a d  i n  t h e  
f u t u r e  t o  undes i rab le  sys temat ic  e r r o r s ,  p a r t i c u l a r l y  i n  connec- 
t i o n  wi th  i n c r e a s e d  requirements  on p re l iminary  a n a l y s i s  accuracy.  
It i s  t r u e  t h a t  t h e  q u e s t i o n  of opt imal  ( c o r r e c t )  p l a n e t  g r a v i t a -  
t i o n a l  s u r f a c e  geometr ic  d e s c r i p t i o n  s t i l l  remains an  open ques- 
t i o n .  K i s l i k  [26] examined t h i s  q u e s t i o n  i n  1964. 

K i s l i k  made use  o f  t h e  c a p a b i l i t i e s  r e s u l t i n g  from t h e  e x i s -  
t e n c e  of t h e  g e n e r a l i z e d  energy i n t e g r a l  (Jacobf t n t e g r a l )  i n  
t h e  r e s t r i c t e d  c i r c u l a r  three-body problem. The e r r o r  of t h e  
approximate c a l c u l a t i o n  of t h e  g e n e r a l i z e d  energy i n t e g r a l  con- 
s t a n t  (Jacob1 c o n s t a n t )  was taken a s  t h e  o p t i m a l i t y  c r i t e r i o n ,  
t h e  minimum of which was determined. Thereby an at tempt was 
made t o  approach as c l o s e l y  a s  p o s s i b l e  t h e  s o l u t i o n  of  t h e  
p rev ious ly  formulated g e n e r a l  problem. I n  f a c t ,  comparison of 
t h e  exac t  and approximate t r a j e c t o r i e s  showed t h a t  t h e  ca lcu la -  
t i o n  e r r o r s  of t h e  o t h e r  t r a j e c t o r y  parameters  (Aa, Be and s o  on) 
a t  t h e  K i s l i k  g rav i sphere  boundary became on t h e  average minimal 
f o r  f l i g h t  f r c m  one p l a n e t  t o  ano the r .  

* This  name f o r  t h e  p l a n e t ' s  sphere  o f  a c t i o n  pe rmi t s  c l e a r e r  
t e r m i n o l o g i c a l  d i f f e r e n t i a t i o n  between t h i s  and o t h e r  p l a n e t  
g rav i sphere  d e f i n i t i o n s .  
* #  K i s l i k  termed t h e  g rav i sphere  which he def ined t h e  "sphere of 
in f luence" .  However, t h e  sphere  of a c t i o n  (Laplace g rav i sphere )  
i s  sometimes c a l l e d  by t h i s  name i n  t h e  l i t e r a t u r e .  The names 
in t roduced  h e r e  permit  more c lea r -cu t  i d e n t i f i c a t i o n  of g rav i -  
.spheres d e f i n e d  i n  va r ious  ways. 



Without going i n t o  t h e  d e t a i l s  of t h e  d e r i v a t i o n  [26], we 
no te  t h a t  t h e  K i s l i k  g rav i sphere  boundary can be represen ted  as 
a sphere  whose c e n t e r  co inc ides  wi th  t h e  p l a n e t  and r a d i u s  AK 
i s  de f ined  by t h e  express ion  

The values  of AK a r e  given i n  Table 1.1. The r e l a t i o n s h i p  
between AL and AK i s  expressed by t h e  e q u a l i t y  

Comparison of  t h e  AK and AL va lues  shows t h a t  t h e  dimensions 
of t h e  K i s l i k  g rav i sghere  exceed those  of t h e  Laplace g rav i sphere  
by 2-3 t imes.  

Becuase of t h e  absence of a  s o l u t i o n  of t h e  genera l  problem 
on approximate s o l u t i o n  accuracy,  t h e  r e g i o n  of t h e  space around 
t h e  p l a n e t  which i s  t r e a t e d  a s  t h e  t h e o r e t i c a l  s a t e l l i t e  e x i s t e n c e  
p l a n e t  boundary i s  of  i n t e r e s t .  

HILL GRAVISPHERE 

A s  a  r e s u l t  of  s tudy of t h e  s o l u t i o n  o f  t h e  r e s t r i c t e d  c i r -  
c u l a r  three-body problem (spacecraf t -p lanet -sun)  t h e r e  a r e  found 
f i v e  s i n g u l a r  p o i n t s ,  t h e  so -ca l l ed  l i b r a t i o n  p o i n t s ,  a t  which 
i n  t h e  case  of ze ro  s p a c e c r a f t  f l l . g h t  v e l o c i t y  i t s  a c c e l e r a t i o n  
i s  a l s o  zero.  Such 3 s i n g u l a r  p o i n t  ( p o i n t  L1) a l s o  e x i s t s  on 
t h e  s t r a i g h t  l i n e  j o i n i n g  t h e  Sun wi th  t h e  p l a n e t ,  between t h e  Sun 
and t h e  p l a n e t .  

The d i s t a n c e  of t h e  l i b r a t i o n  p o i n t  L1 from t h e  p l a n e t  i s  
determined by t h e  fo l lowing formula [48, p ,  3121 



where 

The numerical  v a l u e s  of AH a r e  g iven  i n  Table  1.1. We t e rm 
t h e  r e g i o n  o f  space  wi th  c e n t e r  i n  t h e  p l a n e t  and r a d i u s  AH t h e  
H i l l  g r a v i s p h e r e .  

The s u r f a c e  of t h e  sphe re  i s  a s u r f a c e  of ze ro  v e l o c i t y .  
It has  s e v e r a l  o t h e r  i n t e r e s t i n g  p r o p e r t i e s .  Let t h e  J a c o b i  
c o n s t a n t  - g e n e r a l i z e d  energy i n t e g r a l  c o n s t a n t  i n  t h e  t h r e e -  /22 
body problem - on t h e  H i l l  g r a v i s p h e r e  s u r f a c e  be e q u a l  t o  C , .  

A 

I f  t h e  J a c o b i  cons tan t  of t h e  s p a c e c r a f t  b a l l i s t i c  motion i s  
l a r g e r  t h a n  t h e  cons tan t  C1, we can s t a t e  t h a t  it always remains 
i n s i d e  t h e  H i l l  g r a v i s p h e r e .  Such s t a b i l i t y  i s  termed H i l l  

s t a b i l i t y .  The s u r f a c e  of  t h e  H i l l  g r a v i s p h e r e  can be cons ide red  
t h e  t h e o r e t i c a l  boundary of  p l a n e t  s a t e l l i t e  e x i s t e n c e  *. 

For p o i n t s  l o c a t e d  on t h e  Laplace ,  H i l l ,  and K i s l i k  g r a v i -  
sphe re  s u r f a c e s  t h e  maximal va lues  o f  t h e  r a t i o  6S/F a r e  e q u a l  
t o ,  r e s p e c t i v e l y ,  

I n  connes t ion  wi th  t h e s e  v a l u e s  of t h e  r a t i o  GS/F, t h e  r e g i o n  
of space  around t h e  p l a n e t  bounded by t h e  s u r f a c e  on which t h e  
p e r t u r b i n g  a c c e l e r a t i o n  6s caused by t h e  a t t r a c t i v e  f o r c e  of  t h e  

1 It i s  remarkable t h a t  a l l  t h e  n a t u r a l  s a t e l l i t e s  of t h e  p l a n e t s  
i n  t h e  s o l a r  system, except  f o r  t h e  f o u r  s a t e l l i t e s  o f  J u p i t e r  
wich r e t r o g r a d e  motion (VI I I ,  I X ,  X I ,  X I I )  , a r e  H i l l  s t a b l e .  



Sun is e q u a l  t o  t h e  a c c e l e r a t i o n  F from t h e  a t t r a c t i v e  f o r c e  of  
t h e  p!.anet, when i t  i s  t aken  as t h e  c e n t r a l  body ia o f  i n t e r e s t .  
From. t h e  e q u a l i t y  6s-F he f i n d  [48] t h a t  t h i s  r e g i o n  d i f f e r s  ve ry  
l i t t l e  from a sphe re  wi th  c e n t e r  a t  t h e  c e n t e r  o f  t h e  p l a n e t  and 
r a d i u s  equa l  t o  

By convent ion we c a l l  t h e  sphe re  w i t h  r a d i u s  Aea t h e  g r a v i -  
sphe re  o f  e q u a l  g r a v i t a t i o n a l  a c t i o n s  o r  t h e  equa l -ac t ion  g r a v l -  
sphere .  

M I N I M A L  DEVIATION GRAVISPHERE 

Of i n t e r e s t  i s  t h e  f a c t  t h a t  i n  s p i t e  of  somewhat d i f f e r e n t  
b a s i c  assumptions t h e  K i s l i k ,  H i l l ,  and equa l -ac t ion  g r a v i s p h e r e s  
i n  t h e  first approximation a r e  d e s c r i b e d  w i t h  r e z a r d  t o  shape by I 

t h e  same e x p r e s s i o n  of  t h e  form [ see  (1 .2 .7 ) ,  ( 1 . 2 . 8 ) ,  (1 .2 .10)]  

where k1 a r e  e q u a l  t o  kK=1.15, k f0 .7 ,  k e a  r e s p e c t i v e l y *  I 

i 
Therefore,  t h e  assumption i s  v a l i d  t h a t  t h e  p l a n e t  g r a v i t a t i o n a l  
s u r f a c e  cor responding  t o  t h e  s o l u t i o n  of  t h e  p r e v i o u s l y  fo rmulz ted  
g e n e r a l  minimal d e v i a t i o n  problem can a l s o  be r e p r e s e n t e d  i n  t h e  
first approximation by a sphe re  whose r a d i u s  i s  expressed  by a - /2 8 
r e l a t i o n  o f  t h e  form (1 .2 .11 ) .  We s h a l l  c a l l  t h i s  t h e  minimal 
d e v i a t i o n  g r a v i s p h e r e .  

We sha l l  make s e v e r a l  remakks concerning t h e  p o s s i b l e  
q u a n t i t a t i v e  e e t l r s t e  of t h e  c o e f f i c i e n t  kl=kO f o r  de te rmin ing  
t h e  minimal d e v i a t  Ion  g rav i sphe re  r a d i u s .  We f i r s t  n o t e  t h a t  
t h e  c s e f f i c i e n t s  k1 change q u i t e  s lowly  i n  t h e  fo l lowing  sequence:  
0 .7,  1 .0 ,  1.15 and l i e  i n  a narrow range ,  t h e  maximal va lues  o f  

t h e  r a t i o s  (9) a t  t h e  H i l l ,  e ~ u a l - a c t i o n ,  and K i s l i k  g r a v i s p h e r e  . Inn8 



s u r f a c e s  i n c r e a s e  markedly i n  t h e  following sequence: 2/3, 1 .0 ,  
3.3. Thus t h e  va lues  of t h e  c o e f f i c i e n t s  ?hange by only a 

- 

f a c t o r  of  1.5, while  t h e  va lues  o f  ) chang! by a f a c t o r  of 
nu1 

f i v e .  Th i s  narrow range o f  t h e  c o e f f i c i e n t  k1 va lues  wi th  l a r g e  
sp read  of t h e  (Y) values  makes i t  p o s s i b l e  t o  assume t h a t  t h e  

mar 

va lue  of  ko a l s o  l i e s  i n  t h e  l i m i t s  0 . 7  L k0 s 1.2 .  However i f  
we t ake  i n t o  c o n s i d e r a t i o n  t h e  absence of a s o l u t i o n  of t h e  
p rev ious ly  formulated genera l  minimum d e v i a t i o n  problem,and t h e  
assumptions made i n  determining t h e  K i s l i k  g rav i sphere  r a d i u s  
[26] and t a k e  i n t o  account t h e  fundamental r o l e  of t h e  infl.uence 
of t h e  magnitude of  t h e  r a t i o  6S/F on t h e  o n ~ e t  of approximate 
s o l u t i o n  d e v i a t i o n  from t h e  exac t  s o l u t i o n ,  then  i t  i e  reasonable  
t o  s e l e c t  t h e  value o f  t h e  coefficient kO as  t h e  q u a d r a t i c  mean 

o f  kH, kea, kK. Then we o b t a i n  

Consequently , i n  t h e  f i rs t  approximation t h e  minimal d e v i a t i o n  
g rav i sphere  i s  q u i t e  c lose  t o  t h e  equal -ac t ion  g rav i sphere  and 
i t s  r a d i u s  i s  de f ined  by t h e  express ion  

§ 3.  CONTROLLED AND BALLSSTIC SPACECRAFT MOTION 
I N  GRAVITY FIELD OF A SINGLE CELESTIAL BODY 

Thus , so lu t ion  of  t h e  d i f f e r e n t i a l  equa t ions  (1 .2 .4)  and (1.2.5)  
o f  c o n t r o l l e d  and b s l l i s t i c  pe r tu rbed  motion makes i t  p o s s i b l e  
t o  o b t a i n  e s s e n t i a l l y  exac t  informat ion  on i n t e r p l a n e t a r y  f l i g h t  
t r a j e c t o r y  c h a r a c t e r i s t i c s .  If we ignore  t h e  e r r o r s  of c o n t r o l  
law hardware r e a l i z a t i o n  on t h e  a c t i v e  f l i g h t  segments, t h e  a c t u a l  
f l i g h t  t r a j e c t o r y  w i l l  d i f f e r  very little? from t h e  t h e o r e t i c a l  
t r a j e c t o r y .  Th i s  i s  evidence no t  only of t h e  o b j e c t i v i t y  o f  our 
knowledge bu t  a l s o  c o r r e c t  e v a l u a t i o n  of t h e  e x t e r n a l  f o r c e s  



a c t i n g  on t h e  spacecra f t  and, s p e c i f i c a l l y ,  t he  dominant r o l e  of 
the  a t t r a c t i v e  fo rce s .  However we should examine t h e  exnct solu-  /29 
t i o n s  only a f t e r  a t  l e a s t  t h e  prel iminary design r o r k  hbe been 
completed. 

During spacecra f t  prel iminary design s t u d i e s  i t  i s  not  r e a l l y  
necessary t o  have informat,on on t h e  motion c h a r a c t e r i s t i c s  more 
exact  than t h e  accuracy of t h e  spacecra f t  design weight charac- 
t e r i s t i c s  and t h e  d a t a  on cons t ruc t iona l  m a t e r i a l s ,  f u e l ,  and s o  
on. The problem a r i s e s  of ob ta in ing  approximate so lu t i ons  of 
t h e  d i f f e r e n t i a l  equations of spacecra f t  motion which permit 
evaluat ion of t h e  i n t e rp l ane t a ry  f l i g h t  c h a r a c t e r i s t i c s  q u i t e  

I 

simply but  with t he  accuracy necessary f o r  prel iminary analyses  
and determining spacecra f t  requirements. This can be accomplished 
by  slrnplifying t h e  r i g h t  s i d e s  of t h e  d i f f e r e n t i a l  equations of 
motion ( 1 . 2 . 4 )  and (1.2.5),  i f  we do not  take  i n t o  account t h e  
a t t r a c t i v e  forces  of those  c e l e s t i a l  bodies ( p l a n e t s ,  sun) which , 

f o r  one resson or  another  ( l a r g e  d i s tancee ,  smal ler  masses, and 
so .-n) have a weak inf luence on spacecra f t  motion. Of a l l  t he  
admissible so lu t i ons  t h e  s imples t  i s  achieved i n  t he  case when 
we neglect  t he  per turbing acce l e r a t i on ,  s e t t i n g  R 10. I n  t h i s  

P 
case we have f i c t i t i o u s  spacecra f t  motion a r i s i n g  under t h e  in -  
f luence of t h e  t h r u s t  fo rce  and t h e  c e n t r a l  body a t t r a c t i v e  fo rce ,  
which we c a l l  t h e  unperturbed motion. It approximates i n  t he  
f i r s t  approximation the  a c t u a l  motion. There e x i s t  d e f i n i t e  
boundaries ( see  § 2 )  wi thin  t h e  l i m i t s  of which i t  i s  p o s s i t l e  t o  

speak of good appror'mation of  t h e  unperturbed motion cha rac t e r i s -  
t i c s  t o  t h e  a c t u a l  ;notion. 

4 

i 

I n  accord with ( 1 . 2 . 4 )  t h e  con t ro l led  unperturbed spacecra f t  
mot ion i s  described by t h e  fol lowing d i f f e r e n t i a l  equat ion 



where R i s  t h e  s p a c e c r a f t  r a d i u s  v e c t o r ;  
M i s  t h e  ins tan taneous  s p a c e c r a f t  mass. 

S ~ l u t i o n s  of t h e  d i f f e r e n t i a l  equa t ion  of c o n t r o l l e d  un- 
pe r tu rbed  motion (1.3.1) can be found only i f  t h e  i n i t i a l  f l i g h t  
cond i t ions  and t h r u s t  v e c t o r  v a r i a t i o n  wi th  time a r e  s p e c i f i e d .  
Unfortunately t h e r e  a r e  no exac t  a n a l y t i c  s o l u t i o n s  of  t h i s  
equat ion .  However i f  we examlne t h e  d i f f e r e n t i a l  equa t ion  of 
b a l l i s t i c  unperturbed motion 

we can obtailz a l l  t h e  necessary  first i n ~ t e g r a l e ,  which d e s c r i b e  
completely t h e  motion. I n  f i n d i n g  t h e  f lrst  i n t e g r a l s  o f  t h e  
b a l l i s t i c  unperturbed motion we usua l ly  use  t h e  two-body problem 
s o l u t i o n  methods, s e e  f o r  example, [13, Chapter 4, 51, which 
have been we l l  developed i r , ,  c e l e s t i a l  mechanics. Here t h e  d i f -  130 
fe rence  i s  t h a t  one of  t h e  bodies  ( t h e  s p a c e d a r t )  i s  t aken  as 
a body of i n f i n i t e s i m a l l y  sinall mass. The b a l l i s t i c  unperturbed 
s p a c e c r a f t  mot i o n  i s  a l s o  sometimes termed Keplerian motion. 

I n  s o l v i n g  i n t e r p l a n e t a r y  f l i g h t  problems it is  y rocedura l ly  
more convenient t o  cons ide r  t h e  b e l l i s t i c  motion a s  t h e  p a r t i c u l a r  
c o n t r o l l e d  motion case wi th  which t h e  i n t e r p l a n e t a r y  f l i g h t  begins .  
Therefore  it would be d e s i r a b l e  t o  f i n d  an approach t o  t h e  so lu-  
t i o n  of t h e  d i f f e r e n t i a l  equa t ion  of c o n t r o l l e d  unperturbed motion 
i n  which t h e  c o n t r o l l e d  and b a l l i s t i c  motions a r e  compatible and 
t h e  f i rs t  i n t e g r a l s  of t h e  b a l l i s t i c  motion a r e  determined a s  a  
p a r t i c u l a r  case of t h e  genera l  s o l u t i o n .  

Let  us  examine ( 1 . 3 . 1 ) .  Taking b v ,  we w r i t e  i t  i n  t h e  form 

where v is  t h e  s p a c e c r a f t  v e l o c i t y  v e - t o r .  



ENERGY INTEGRAL 

Nul t ip ly ing  s c a l a r l y  t h e  l e f t  and r i g h t  s i d e s  of  (1.3.3) 
by 28,  we f i n d  - - 2f% - - 2 (F.:'). ~ ~ . V = - - ( R . H ) +  

R3 M 

Afte r  i n t e g r a t i o n  we f i n d  

where ho i s  a  cons tant  o f  i n t e g r a t i o n .  

and t s k i n g  i n t o  account Converting t o  r e l a t i v e  mass p=- 
'!IO 

t h e  e q u a l i t y  F = - ~ W M ,  where i s  t h e  t h r u s t  u n i t  v e c t o r ,  we o b t a i n  

s i n c e  hf(fd=:% and t h e r e f o r e  p(t,)=l . Taking 

we have 
I/, * f m o  -- -!la. 

R 

We s h a l l  c a l l  (1 .3 .7a)  t h e  c o n t r o l l e d  motion energy i n t e g r a l ,  /31 
showing t h a t  t h e  t o t a l  energy (sum of t h e  k i n e t i c  and p o t e n t i a l  
e n e r g i e s )  p e r  u n i t  s p a c e c r a f t  mass changes i n  t h e  a c t i v e  segment 
from ho t o  

Mf 

huf (1.3.6b) 

( p f  i s  t h e  r e l a t i n  f i n a l  s p a c e c r a f t  mass), while  on t h e  b a l l i s t i c  
f l i g h t  segment i t  remains cons tant  and equa l  t o  huf .  The change 
of t h e  t o t a l  energy p e r  u n i t  s p a c e c r a f t  mass dur ing  c o n t r o l l e d  
motion t akes  p lace  a s  a  r e s u l t  of t h e  work performed by t h e  rocke t  
engine t h r u s t  f o r c e .  I f  t h e  t h r u s t  f o r c e  i s  always normal t o  



t h e  ve loc i ty  vec tor ,  s i nce  (POP) = 0 t h e  engine t h r u s t  fo rce  
work w i l l  be equal  t o  zero  and t h e  t o t a l  energy per u n i t  space- 
c r a f t  mass w i l l  not change during the  e n t i r e  f l i g h t .  I n  o rder  
t o  ob t a in  maximal t o t a l  energy a t  t h e  end of t h e  a c t i v e  space- 
c r a f t  f l i g h t  segment it i s  necessary t o  con t ro l  t h e  t h r u s t  vec to r  
s o  t h a t  at  each moment 02 con t ro l led  f l i g h t  time ( f l = m a x u .  

M 

I n  t h e  b a l l i s t i c  motion case we represent  t h e  energy l n t e -  
g r a l  i n  t h e  form 

MOMENT OF MOMENTUM VECTOR INTEGRAL 

After  mul t ip lying t h e  l e f t  and r i g h t  s i d e s  of  (1.3.3)  vec- 
t o r i a l l y  by R we have 

and as a  r e s u l t  of i n t e g r ~ k i o n  we ob t a in  

where Go i s  a  constant  of in tegra t io r . .  

By analogy with t h e  t ransformat ions  performed previousl ,  
we reduce t h i s  equation t o  t h e  form 

Denoting 

h 

"It i s  a  mistake t o  assume t h a t  m a x ( P * v ) = ~ ~ ( t )  f o r  cos(Fv)=l .  
I n  t h i s  case t h e  f l i g h t  ve loc i ty  V( t )  w i l l  be l e s s  than t he  f l i g h t  
ve loc i t y  Vopt  ( t  ) with optimal t h r u s t  vector  con t ro l  and 
~~;t(t)cos(F~) opt> ~ ( t )  . 



we w r i t e  (1.3.9) a s  
- 
R x %ZU. 

We s h a l l  c a l l  t h i s  equa t ion  t h e  c o n t r o l l e d  f l i g h t  moment of mo- 
mentum v e c t o r  i n t e g r a l  * p e r  u n i t  s p a c e c r a f t  mass. It shows t h a t  
t h e  mozent of momentum v e c t o r  p e r  u n i t  s p a c e c r a f t  mass changes 

'+ f o r  c o n t r o l l e d  motion from To t o  CU, = Co-Wj (R*F)*d i n  p and 
0  

a f t e r  engine c u t o f f  (on t h e  b a l l i s t i c  motion seginent) i s  cons tant  
and equa l  t o  Cuf .  On t h e  c o n t r o l l e d  motion segment t h e  moment o f  
momentum v e c t o r  changes because o f  change of t h e  momect of momentum 
v e c t o r  of t h e  d i scharg ing  rocke t  e n g i n t  working f l u i d  p a r t i c l e s .  
If t h e  t h r u s t  c o n t r o l  law i s  such t h a t  t h e  t h r u s t  f o r c e  v e c t o r  
i s  always p a r a l l e l  t o  t h e  s p a c e c r a f t  r a d i u s  v e c t o r , t h e  moment of 
momentum veccor  p e r  u n i t  s p a c e c r a f t  mass does not  change and w i l l  

be equal  t o  F o  throughout t h e  e n t i r e  f l i g h t .  

For b a l l i s t i c  motion t h e  moment of momentum v e c t o r  i n t e g r a l  
i s  expressed i n  t h e  form 

- BLV ' 
Cuf (1.3.11b) 

EQUATION OF THE INSTANTANEOUS PLANE 

I f  we mul t ip ly  t h e  r i g h t  and l e f t  s i d e s  of  ( 1 . 3 . l a )  s c a l a r l y  

by a and 5y we o b t a i n  

Consequently t h e  moment of momentrun v e c t o r  F, p e r  u n i t  space- 
c r a f t  mass i s  always riormal t o  t h e  ins tan taneous  p lane  pass ing  

By analogy wi th  t h e  two-body c e l e s t i a l  mechanics problem i n t e -  
g r a l s  (1 .3 .8)  can be c a l l e d  t h e  v e c t o r  a r e a  i n t e g r a l .  
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through t h e  c e n t r a l  body c e n t e r  of mass, so  t h a t  both  t h e  space- 
c r a f t  r a d i u s  v e c t o r  a and t h e  v e l o c i t y  v e c t o r  l i e  i n  t h i s  p lane  
(Figure  1 .3 .1) .  The b a l l i s t i c  unperturbed motion t a k e s  p l a c e  
i n  a  s i n g l e  p lane ,  which i s  t h s  ins tan taneous  p lane  of t h e  end 
of t h e  a c t i v e  segment and is  def ined  by t h e  equa t ion  

- 
R ..Cuf = 0, a (1.3.14) 

where Aa is  t h e  r a d i u s  v e c t o r  of t h e  e1.d of t h e  a c t i v e  segment. 

The cos ine  of t h e  ins tan taneous  p lane  i n c l i n a t i o n  t o  t h e  
i n i t i a l  o r b i t  plane i s  ( s e e  Figure  1.3.1)  

- - 
cos q := (I.o.c, = C02 i- E0. ic) 

c0.c~ Co2 f Cde ' 

Therefore,  i n  accord wi th  (1.3.15)  t h e  b a l l i s t i c  motion o r b i t a l  
p lane  i n c l i n a t i o n  t o  t h e  i n i t i a l  o r b i t a l  p lane  w i l l  be 

- 'c' 
qf = arccos  Co uf 

Co ' %f' 

Figure  1.3.1. Determination of ins tantaneoue p lane  and t h e  v e c t o r  
v a r i a b l e  FU: 
1- ins tan taneous  plane;  2- i n i t i a l  p lane  



If t h e  t h r u s t  vector  is  cont ro l led  so  t h a t  t h e  vec tor  1, i s  
p a r a l l e l  t o  t h e  i n i t i a l  moment of momentum vector  Co ,  i n  accord 
with (1.3.15) q = O  and t h e  con t ro l l ed  and b a l l i s t i c  motions t ake  
p lace  i n  a s i n g l e  plane - i n  t h e  i n i t i a l  o r b i t a l  plane.  I n  
t h i s  case we have 

T h i s  equat ion corresponds t o  t h e  condi t ion cOeIc = 0 and there -  
f o r e  FO*P = 0. 

LAPLACE VECTOR INTEGRAL 

After  mul t ip lying t h e  r i g h t  and l e f t  s i de s  of (1.3.3)  
v e c t o r i a l l y  by Fu and i n  view of t h e  equa l i t y  

- 
H X  zn=4x ( R X  s) 

we obta in  

Since 

a f t e r  i n t e g r a t i n g  and cor-sidering t h e  equa l i t y  

J ( ? X F , ) ~ ~ = - J E , X ~ P = T X - ~ . - J V ~ ~ ~ ~ ,  
we have 

where i s  a  vec tor  constant  of i n t eg ra t i on .  



Denoting 
t 

P x F . )  dt, f m 3 ; = f m o ~ 0 + p x  e n +  M 

t b  

we t ransform t h e  l a s t  equa t ion  t o  the form 

and by analogy wi th  t h e  s o l u t i o n  of  t h e  two-body problam of 
c e l e s t i a l  mechanics we c a l l  i t  t h e  v e c t o r  - Laplace i n t e g r a l  
and we c a l l  t h e  v a r i a b l e  v e c t c r  f u = f m o i u  t h e  v a r i a b l e  Laplace 
v e c t o r  of t h e  c o n t r o l l e d  unperturbed niotion. Taking i n t o  account 
i n  accord wi th  (1 .3 .8)  and (1.3.11)  t h e  express ions  f o r  t h e  
v a r i a b l e  v e c t o r s  CU and CU, we r e p r e s e n t  t h e  v e c t o r  G, as 

Expanding t h e  express ion  f o r  t h e  t r i p l e  p roduc t ,  we o b t a i n  

o r ,  cons ider ing  t h e  va lue  of t h e  vec to r  P, w e  have 

For unperturbed b a l l i s t i c  f l i g h t  t h e  v e c t o r  gu becomes con- & 
s t a n t  and equal  t o  

and t h e  Laplace in tegraZ  has  t h e  form 



Figure  1.3.2.  Scheme of v e c t o r  r e l - a t ions :  
- K -  Ro- --; Zt, 

R % -z, 

The p o s i t i o n  of t h e  v e c t o r  5, i n  space can be determined by 
mult iphying t h e  l e f t  and r ight  s i d e s  of (1.3.17)  s c a l a r l y  by , 

I 
I FU, which l e a d s  t o  t h e  cond i t ion  
i - - 

Cn-en=O. (1.3.21)  

Thus t h e  Laplace v e c t o r  gUff i s  or thogonal  t o  t h e  v a r i a b l e  
moment of momer.tum i n t e g r a l  CU. Therefore  t h e  Laplace v e c t o r  - 
eu a l w a y s  l i e s  i n  t h e  ins tan taneous  p lane  (F igure  1.3.2)  de f ined  
by (1 .3 .12) .  

ORBIT EQUATION 

Mul t ip ly ing t h e  r i g h t  and l e f t  s i d e s  of (1.3.17)  s c a l a r l y  by 
and bea r ing  i n  mind t h e  e q u a l i t y  

( V X  q ) . 4 = ( a ~  v )en= is , . zn=~2 ,  

we f i n d  

T h i s  i s  the  equa t ion  of t h e  ins tan taneous  s u r f a c e  a t  one 
p o i n t  of which t h e  s p a c e c r a f t  i s  l o c a t e d  a t  t h e  g iven i n s t a n t  

I n  t h e  fo l lowing we s h a l l  a l s o  c a l l  t h e  v e c t o r  au t h e  Laplace 
vec to r  t o  s impl i fy  t h e  terminology.  



of time. Together with t he  equat ion of t h e  ins tantaneous  plane 
( l . 3 . l 2 ) ,  t h e  equat ion of t h e  ins tantaneous  sur face  (1 .3 .22)  
de f ines  the  instantaneous con t ro l l ed  motion o r b i t .  Therefore t h e  
two equations (1.3.12) and (1.3.22) represen t  t h e  genera l  
equation of t h e  ins tantaneous  o rb i t ,  a t  one po in t  of which t h e  
spacecra f t  i s  loca ted  a t  t h e  given moment. Equation (1.3.22) 
def ines  at each moment of time a  second-order sur face .  Let US 

examine t h e  form of t h e  sur face .  The family of p lanes  perpendi- 
cu l a r  t o  t h e  ins tantaneous  d i r e c t i o n  of 'he va r i ab l e  Laplace 
vector  eu i s  def ined by the  equation 

- - 
4-e ,=d ,  (1.3.23) 

where d i s  t h e  parameter of t h e  family. Then i n  accord with 
(1.3.22) w e  ob ta in  

i . e . ,  t h e  s ec t i ons  of t h e  ins tantaneous  second-order sur face  
(1.3.22) by t h e  family of planes perpendicular  t o  t h e  s t r a i g h t  
l i n e  d i r e c t e d  along the  ins tantaneous  Laplace vec tor  gu a re  
c i r c l e s .  Consequently,the ins tantaneous  sur face  (1.3.22) i s  
a  second-order sur face  of revolut ion around an ax i s  d i r e c t e d  - 
along e, and i s  e i t h e r  an e l l i p s o i d ,  paraboloid ,  o r  hyperboloid 
of  revo lu t ion .  - One focus of t h i s  sur face  coincides with t h e  
c e n t r a l  body cen te r  of mass. Since t h e  ins tantaneous  plane 
(1.3.12) passes through the  a x i s  of r o t a t i o n  of t h e  su r f ace ,  t h e  
ins tantaneous  con t ro l l ed  spacecra f t  motion o r b i t  i s  a  plane 
second-order curve, one focus of which coincides with t h e  cent* 
body cen te r  of mass and t h e  l i n e  of aps ides  ( p r i n c i p a l  o r  f o c a l  
a x i s )  of which coincides with t h e  d i r e c t i o n  of t h e  ins tantaneous  
Laplace vector .  

The ins tantaneous  Laplace vector gU i s  always d i r ec t ed  
toward the  o r b i t  ins tantaneous  pe r i cen t e r  - toward the  po in t  
on t h e  ins tantaneous  o r b i t  loca ted  c lo se s t  t o  the  c e n t r a l  body 
center  of mass, taken a s  t h e  right-hand o r b i t  focus.  Taking 



i 
i 

t h e  a n g l e  between t h e  i n s t a n t a n e o u s  s p a c e c r a f t  r a d i u s  v e c t o r  and : ! 

t h e  i n s t a n t a n e o u s  Laplace v e c t o r  e q u a l  t o  v ,  we write t h e  e q u a t i o n  
of t h e  i n s t a n t a n e o u s  o r b i t  i n  t h e  i n s t a n t a n e o u s  p l m e  i n  accord  
w i t h  (1.3.22)  i n  t h e  form i .  

\ 
R= Cn2/f 

1 f e,.cos o 
(1.3.25)  

This  equa t ion  i s  t h e  p o l a r  e q u a t i o n  of a  coni 2 s e c t i o n  i f  we t a k e  
2  

pu = CU / fmo t o  be t h e  i n s t a n t a n e o u s  o r b i t  f o c a l  parameter ,  e U  
t h e  i n s t a n t a n e o u s  o r b i t  e c c e n t r l . c i t y ,  v t h e  i n s t m t a n e o u s  o r b i t  
t r u e  anomaly. 

Thus t h e  f ami ly  of  three-d imens ional  c o n t r o l l e d  motion f l i g h t  
t r a j e c t o r i e s  i s  l o c a t e d  on a s u r f a c e  which i s  t h e  envelope o f  t h e  

i n s t a n t a n e o u s  e l l i p s o i d s ,  p a r a b o l o i d s ,  and hyperbolo ids  d e f i n e d  by 
(1 .3 .22)  ; i n  t h e  two-dimensional c o n t r o l l e d  motion case  t h e  f l i g h t  
t r a j e c t o r y  i s  t h e  envelope of  t h e  i n s t a n t r n e o u s  e l l i p s e s ,  p a r a b o l a s ,  /37 ' 

and hyperbolas  expressed  by (1 .3 .25) .  j 
L 
1 
I 

There fo re  t h e  i n s t a n t a n e o u s  conic  s e c t i o n  of t h e  end of  t h e  
a c t i v e  segment i s  t h e  unper turbed  b a l l i s t i c  motion o r b i t  expressed  I 

I 
by t h e  e q u a t i o n  

The o r b i t  i s  l o c a t e d  i n  t h e  p lane  d e f i n e d  by (1 .3 .14 ) .  

The ang le  x between t h e  i n i t i a l  and i n s t a n t a n e o u s  Laplace 
veckors  can be found from t h e  e q u a t i o n  

where 



Then t h e  i n c l i n a t i o n  o f  t h e  unperturbed b a l l i s t i c  o r b i t  motion 
Laplace v e c t o r  t o  t h e  i n i t i a l  v e c t o r  GO i s  

- 
The ins tan taneous  Laplace v e c t o r  e  w i l l  always be p a r a l l e l  u 

t o  t h e  i n i t i a l  v e c t o r  i f  t h e  t h r u s t  v e c t o r  c o n t r o l  law i s  such 
t h a t  t h e  e q u a l i t y  i s  s a t i s f i e d  

- 
eo X2,=2,)( 7,=O, 

which i s  s a t i s f i e d  when t h e  c o n d i t i o n  i s  met 

The r e l a t i o n  ob ta ined  can be s a t i s f i e d  f o r  two d l f f e r e n t  t h r u s t  
v e c t o r  c o n t r o l  laws. I f  t h e  t h r u s t  v e c t o r  and t h e  v e l o c i t y  v e c t o r  
a r e  both always p a r a l l e l  t o  t h e  r a d i u s  v e c t o r  d i r e c t e d  along t h e  
l i n e  of s p s i d e s  of t h e  i n i t i a l  o r b i t ,  t hen  i n  view of  &,xR=.z0x 

V==ZOX~=O t h e  r e l a t i o n  (1.3.30) i s  s a t i s f i e d  and & = & .  If t h e  
t h r u s t  v e c t o r  P is  p a r a l l e l  t o  t h e  v e l o c i t y  v e c t o r  v ,  which i s  

or thogonal  t o  t h e  r a d i u s  v e c t o r  d i r e c t e d  toward t h e  i n i t i a l  o r b i t  
p e r i c e n t e r ,  t h e  r e l a t i o n  (1.3.3G) w i l l  be s a t i s f i e d  i n  view of 
eoxn=O and ( p - B )  = ( V - R ) = O .  This  i s  p o s s i b l e  with l o c a t i o n  of t h e  
t h r u s t  v e c t o r  i n  t h e  o r b i t  p lane  and wi th  impulsive t h r u s t  change 
( l e e . ,  impulsive f l i g h t  v e l o c i t y  change) a t  t h e  ins tan taneous  
o r b i t  p e r i c e n t e r .  

For unperturbed b a l l i s t i c  f l i g h t  we may be i n t e r e s t e d  i n  t h e  
s p a c e c r a f t  v e l o c i t y  v e c t o r  d e p e ~ d e n c e  on t h e  r a d i u s  v e c t o r ,  which - /38 
can be obta ined a f t e r  v e c t o r  m u l t i p l i c a t i o n  of t h e  l e f t  and r i g h t  
s i d e s  of (1.3.20) by cuf and s e v e r a l  t r ans fo rmat ions  i n  t h e  form 



I t  i s  remarkable t h a t  t h e  * , e l o c i t y  v e c t o r  is expressed  as 
t h e  Rum of' two components, cons tant  i n  magnitude, one of which i s  
perpend icu la r  t o  t h e  r a d i u s  v e c t o r  and equa l  t o  fmo/Cuf  whi le  t h e  

fnL 
o t h e r  i s  pe rpend icu la r  t o  t h e  l i n e  o f  aps ides  and equa l  t o  2 

uf euf  
F u r t h e r ,  cons ide r ing  i n  accordance w i t h  t h e  d e f i n i t i o n  o f  t r u e  
anomaly t h e  express ion  

'O ) s i n  u ,  A0 = Gifcos u + ( F i f  euf  :1.3.31a) 

t h e  preceding equa t ion  may be w r i t t e n  i n  t h e  form 

fmo - 0  v = F [ (euf  + cos u ) C : ~  eU, - Z i f  s i n  u] ,  (1.3.31b) 
u  f 

which shows t h e  dependence of t h e  s p a c e c r a f t  -*e loc i ty  v e c t o r  f o r  
unperturbed b a l l i s t i c  motion on t h e  t r u e  anomaly and t h e  v e c t o r  - 
cons tan t s  of i n t e g r a t i o n  EUf and e u f .  

- 
INTERDEPENDENCE OF THE VECTOR VARIABLES Cu,  eu ,  hU 

- 
There i s  an interdependence between t h e  v e c t o r  v a r i a b l e s  cu, e u  

and t h e  v a r i a b l e  h,. Let us f i n d  i t .  Af te r  mul t ip ly ing  t h e  r i g h t  
and l e f t  s ides  of 3 . 1 )  s c a l a r l y  by 5, we have 

j m . ( ~ u . O u ) = ( P ~  Cu) .iu- A(@o,,). 
R 

S u b s t i t u t i n g  i n t o  t h i s  equa t ion  t h e  values of G u  and i n  
accord wi th  (1.3.17) and ( 1 . 3 . 2 2 )  and cons ider ing  t h e  e q u a l i t i e s  

we o b t a i n  

o r  



Hence we have t h e  e q u a l i t y  

( 1 * 3 * 3 2 b )  

BALLISTIC MOTION a 2  

It i s  a d v i s a b l e  t o  become more f a m i l i a r  wi th  t h e  c h a r a c t e r i e t l c s  1 
of t h e  b a l l i s t i c  motioc, s i n c e  i t  encompasses t h e  l o n g e s t  i n t e r p l a n e -  
t a r y  f l i g h t  t ime i n t e r v a l .  The czger tu rbed  b a l l i s t i c  motion i s  
d e s c r i b e d  by t h e  f i rs t  i n t e g r a l s  (1 .3 .7b) .  ( l . 3 . l l b ) ,  (1 .3.20) .  
The c o n s t a n t s  of i n t e g r a s i o n  h u f s  C u f s  f U f  determine completely 
t h e  o r b i t a l  p lane  p o s i t i o n ,  o r b i t  o r i e n t a t i o n  i n  t h e  p lane  of 
motion, and c r b i t  shape and dimensi,.is. It i s  c l e a r  t h a t  of  t h e  

i seven s c a l a r  q u a n t i t i e s  huf ,  c t f ,  f f i = l S  2 ,  3 )  only f i v e  a r e  
independent ,  s i n c e s i n  accord wi th  (1 .3 .21)  and (1.3.32),  t hey  a r e  
connected by t h e  fo l lowing r e l a t i o n s  

. 

Therefore  i n  o r d e r  t o  form t h e  g e n e r a l  i n t e g r a l  o f  t h e  v e c t o r  
equa t ion  of motion (1 .3 .2)  we need t o  f i n d  t h e  s i x t h  i n t e g r a l ,  
which c o n t a i n s  t i m  e x p l i c i t l y .  The cond i t ion  ( 1 . 3 . 1 4 ) ,  c h a r a c t e r i z -  
i n g  p l a n a r  b a l l i s t i c  motion, makes it p o s s i b l e  t o  r e p r e s e n t  t he  

moment of momentum h t e g r a l  (1.3.11b) i n  t h e  o r b i t  plan* i n  t h e  

form ~~g = C u f s  which makes i t  p o s s l b l e  w i t h  account f o r  she  o r b i t  

p o l a r  equat 'on (1 .3 .26)  t o  w r i t e  t h e  miss ing  ( s i x t h )  independent 
f i r s t  i n t e g r a l  i n  t h e  form 



I F u f I  i s  t h e  b a l l i s t i c  motion o r b i t  e c c e n t r i c i t y ;  where e 1 gUf 1 = 

T i s  t h e  time o f  s p a c e c r a f t  passage through t h e  o r b i t  prr i -  

c e n t e r ;  
ta i s  t h e  powerplant c u t o f f  time o r  t h e  i n i t l a l  b a l l i s t i c  

motion time termed t h e  i n i t i a l  epoch; 

'a i s  t h e  s p a c e c r a f t  ins tan taneous  o r b i t  t r u e  anomaly a t  
powerplant c u t o f f .  

The i n t e g r a l  (1.3.34)  i s  t a b u l a t e d .  However, i t  i s  taken d i f -  

f e r e n t l v  depending on t h e  type  of b a l l i s t i c  motion. 

I n  t h e  e l l i p t i c  motion case  C13, § 2 Chapter 5 1  (when va2 < - /4O 
2 fmo - and e < l ) ,  we o b t a i n  
Ra 

where E i s  t h e  e c c e n t r i c  anomaly, whose geometr ic  i n t e l i p r e t a t i o n  
i s  g iven I n  Figure 1.3.3;  

a i s  t h e  o r b i t  semimajor ax i s .  

Figure  1.3.3. Geometric i n t e r p r e -  Figure 1.3.4.  Geometric i n t e r -  
t a t i o n  of t r u e  anomaly u and ec- p r e t a t i o n  of t r u e  anomaly u and 
c e n t r i c  anomaly E of e l l i p t i c  o r b i t  a u x i l i a r y  v a r i a b l e  F o f  hyper- 

b o l i c  o r b i t  



2 fmo 
For  p y p t r b o l i c  motion [13,  4 2 Chapter  5 1  (when va2 \ and 

a 
e > 1) we have 

where F is an  a u x i l i a r y  v a r i a b l e  whose geomet r ic  i r ~ t e r p r e t e i . t i o n  i s  

shown i n  F i g u r e  1.3.4.  

If we i n t r o d u c e  a new a u ~ i l i ~ , ~ y  v a r i a b l e  H, connec ted  w i t h  . 
by t h e  r e l a t i o n  

sli 11 = tg F, 
we fiave 

n i t -  t , )=e ( shH-sh i f , )  - (H-  H,) ( 1 - 3 . 3 7 d  
o r  

I I ( ~  -r )=cshf f  -I!, (1 .3 .37b)  

I n  a d d i t i o n  t o  e l l i p t i c  and  h y p e r b o l i c  s p a c e c r a f t  motion it i s  
r -- 

p o s s i b l e  i n  p r i n c i p l e  t o  examine c i r c u l a r  (e-0, k3v e), p a r a b o l i c  - 
1 V 2 )  , and r e c t i l i n e a r  motion a s  unpe r tu rbed  motion.  

While t h e  last motion ( r e c t i l i n e a r )  can be t r e a t e d  a s  d e g e n e r a t e ,  we 
must approach t h e  c ix@cu la r  and p a r a b o l i c  motions a s  l i m i t i n g  c a s e s  
of ca ses  of Kep le r i an  motion.  I f  t h e  e l l i p t l c  o r b i t  e c c e n t r i c i t : :  
i s  ama l l  ( f o r  e rample ,  e < 0.02 f o r  Rav 10.000 km) i t  i s  con- 
v e n i e n t  t o  u t i l i z e  t h e  r e l a t i o n s  o f  c i r c u l a r  motion t h e o r y ,  con- 
s i d e r i n g  t h e  c i r c u l a r  motion as t h e  f i r s t  approximat ion  t o  th r  

e l l i p t i c  motion,  which p e r m i t s  r e p r e s e n t i n g  t h e  s p a c e c r a f t  c o o r d i n a t e s  
(and  v e l o c i t y  components) i n  t h e  form of  an e x p l i c i t  dependeAxce on 

o- A.l :-2c sin M, 
R-a(1  - e c o s ~ ) ,  



T where M = --p(t-T). I n  t h i s  c a s e , t h e  approximate e s t i m a t e s  f o r  

t h e  s p a c e c r a f t  p o s i t i o n  de te rmina t ion  l i n e a r  e r r o r s  AR i n  t h e  r a d i a l  
d i r e c t i o n  and AN a long t h e  normal t o  t h e  r a d i u s  ( l y i n g  i n  t h e  
o r b i t a l  p l ane )  may be c a l c u l a t e d  from t h e  r e l a t i o n s  [50] 

The changeover from t h e  e x a c t  e l l i p t i c  motion formulas  t o  

n e a r l y  c i r c u l a r  motion theory  can be  cons idered  completely j u s t i f i e d  

f o r  AR and AN va lues  n o t  exceeding 5-10 km, s i n c e  t h e  e r r o r s  

a r i s i n g  from t h e  unper turbed  motion assumption ( n e g l e c t  of t h e  

i n f l u e n c e  of  g r a v i t y  f o r c e  f i e l d  noncent r a l i t y  , aerodynamic d rag ,  
a t t r a c t i v e  f o r c e  of  t h e  sun ,  and s o  on)  may r e a c h  magnitudes on 

t h e  o r d e r  of t e n s  and even hundreds of k i l o m e t e r s .  It i s  c l e a r  

t h a t  c i r c u l a r  and n e a r l y  c i r c u l a r  motion theory  can be used i n  

s tudy ing  b a l l i s t i c  motion c h a r a c t e r i s t i c s  only f o r  a r t i f i c i a l  
s a t e l l i t e s  of t h e  p l a n e t s .  

P a r a b o l i c  s p a c e c r a f t  motion i s  t h e  l i m i t i n g  case  of e l l i p t i c  /42 
o r  hyperbo l i c  motion. I n  r e a l i t y  p a r a b o l i c  motion L 3 e x i s t  as a  

type  of motion only a  s i n g l e  i n s t a n t ,  t r ans fo rming  under t h e  

i n f l u e n c e  o f  even very small p e r t u r b a t i o n s  i n t o  a  d i f f e r e n t  t y p e :  
e l l i p t i c  o r  hyperbo l i c .  However t h e  p a r a b o l i c  motion and p a r a b o l i c  

- 
v e l o c i t y ,  determined from v,==~,,[- ,  a r e  o f  d e f i n i t e  t h e o r e t i c a l  

% 
i n t e r e s t  and make it p o s s i b l e  t o  f i n d  t h e  l i m i t i n g  a r t i f i c i a l  

p l a n e J a r y  s a t e l l i t e  motion c h a r a c t e r i s t i c s  and t h e  minimal i n t e r -  
p l a n e t a r y  f l i g h t s  energy p o s s i b i l i t i e s .  I n  t h e  p a r a b o l i c  motion 

- 
case ,  s i n c e  V - / 2 f " ' 0  and e  = 1 we o b t a i n  i n  accord  w i t h  (1.3.34)  

0 -  4. 



which makes i t  p o s s i b l e  t o  reduce  t h e  problem o f  de termining  t h e  
t r u e  anomaly u f o r  a g iven  moment o f  t ime t t o  s o l u t i o n  of t h e  
cub ic  e q u a t i o n  

a3+3s- M = 0 ,  (1.3.42)  

v which has  a s i n g l e  r e a l  s o l u t i o n .  Here o = tgZ, M = 6 n ( t - t a )  o r  
M = 6 n ( t - r ) .  

Thus t h e  r e l a t i o n s  (1 .3 .7b ) ,  (1 .3.11b) ,  (1 .3 .20) ,  (1.3.34) 

[or  i n  p l a c e  of (1.3.34)  t h e  equa t ions  (1 .3 .35) ,  (1 .3 .36 ) ,  ( 1 . 3 . 4 1 ) l  
pe rmi t  one t o  determine w i t h  account  f o r  (1 .3 .33)  t h e  s i x  indepen- 
dent  f i r s c  i n t e g r a l s ,  and the reby  form t h e  g e n e r a l  i n t e g r a l  of t h e  
v e c t o r  e q u a t i o n  of motion (1 .3 .2 ) .  Knowledge o f  t h e  seven inde-  

i pendent c o n s t a n t s  hu f ,  C u f ,  i fu r  (i = 1, 2 ,  3 )  and ta o r  r makes i t  

p o s s i b l e  t o  determine uniquely s p a c e c r a f t  p o s i t i o n  i n  space and a t  
a g iven  moment of t ime .  The s i x  cons t  a n t s  of  i n t e g r a t i o n  which make 
i t  p o s s i b l e  t o  determine s p a c e c r a f t  p o s i t i o n  uniquely a t  any i n s t a n t  
of t ime dur ing  unper turbed  b a l l i s t i c  motion a r e  c a l l e d  t h e  space-  
c r a f t  o r b i t a l  e lements .  The s u b j e c t  system of s p a c e c r a f t  o r b i t a l  
e lements  i s  complete.  Other  than  t h i s  system, i t  i s  p o s s i b l e  t o  
i n t r o d u c e  many o t h e r  complete sr l c e c r a f t  o r b i t a l  element systems 
[50, § 5.4,  5.61, [7 ,  5 1.81 ,  [52, § 3.7,  3.81, d e f i n i n g  them i n  
v a r i o u s  wags. For  t h e  s o l u t i o n  o f  s e v e r a l  problems p r e s e n t e d  i n  
t h e  subsequent chap te r s  i t  i s  impor tant  t o  r e p r e s e n t  t h e  b a l l i s t i c  
o r b i t  and motion c h a r a c t e r i s t i c s  as f u n c t i o n s  of  t h e  k inemat i c  
parameters  a t  t h e  end of t h e  a c t i v e  segment a d  ta. 

SYSTEM OF ELEMENTS A,, va, ta  - /43 

Assume t h a t  we use a s  o r b i t a l  e lements  t h e  r a d i u s  v e c t o r  fi a  and 

v e l o c i t y  v e c t o r  1, a t  t h e  moment ta of powerplant c u t o f f .  From t h e  



i n t e g r a l  r e l a t i o n s  (1.3.11) and (1.3.20) and t h e  e x p r e s s i ~ n  (1.3.32) 
we f i n d  t h e  constants  of i n t e g r a t i o n  i n  t h e  form 

Then we c m  f i n d  t h e  Keplerian o r b i t a l  e lenen ts  ( s ee ,  f o r  
example [13, § 3  Chapter 4 1 )  : foca l  parameter p ,  e c c e n t r i c i t y  e ,  
and o r b i t a l  semimajor ax i s  a  from the  fol lowing r e l a t i o n s  

71 7l < 0 < 7 (Figure 1 .3 .5 ) .  The elements p ,  e ,  a  charac te r ize  and - - 2 - 
t he  shape and dimensions of t he  o r b i t .  Considering t h e  d e f i n i t i o n  
of t r u e  anomaly, we f i n d  f 

3 

The value a  < 0 corresponds t o  t he  hyperbol ic  o r b i t ,  a r b i t r a r i l y  
replSesented i n  t h e  form of an imaginary e l l i p t i c  o r b i t  ( e l l i p s e  
with negative senimaj o r  ax i s  and imaginary semiminor a x i s )  , which 
permits  formal app l i ca t i on  t o  t h e  hyperbolic o r b i t  of a l l  t h e  
r e l a t i o n s  obtained f o r  motion i n  e l l i p t i c  o r b i t .  



Solv ing  (1 .3 .3 .a)  and (1.3.315) f o r  t h e  u n i t  v e c t o r s  g:f and -- /44 
- O  f o r  g iven  A,, va, v a ,  we o b t a i n  To = C i f  euf 

e 4- cos u, - Ra - 7-- Ra sin uaVa, - (1 .3 .48)  qf = 
P 1 fmop 

Here we must b e a r  i n  mind t h a t  t h e  v e c t o r  S:f i s  d i r e c t e d  from t h e  
c e n t e r  of  t h e  c e l e s t i a l  body toward t h e  o r b i t  p e r i c e n t e r  and t h e  
vec to r  i0 i s  pe rpend icu la r  t o  i t  i n  t h e  o r b i t a l  p l a r ~ e  f o r  a r i g h t -  
hand coord ina te  system (F igure  1 .3 .6 ) .  It i s  i n t e r e s t i n g  t o  n o t e  
t h a t  t h e  o r b i t  p e r i c e n t e r  r a d i u s  v e c t o r  fT i s  expressed  by t h e  
formula 

- - 
e + cos ua p Rasinva R. = p a - / -  - 

l i - e  fmo (!+el Kt 

e a s i l y  ob ta ined  from (1 .3 .48)  a f t e r  m c l t i p l y i n g  i t s  l e f t  and r i g h t  
s i d e s  by F$., w i t h  account f o r  t h e  e q u a l i t y  p=R,(l+e). 

3 ; ; r a f t  o r b i t  

c n 

Figure  1 .3 .5 .  Orbita!. p o l a r  co- F igure  1 .3 .6 .  O r b i t a l  coord ina te  
o r d i n a t e  system: system and i t 3  u n i t  v e c t o r s  
d- i s  t h e  t r u e  anomaly; a- i s  
t h e  d i s t a n c e  from t h e  c e n t e r  of 
t h e  c e l e s t i a l  body t o  t h e  
s p a c e c r a f t  ( p o i n t  A )  

Turning aga in  t o  (1 .3 .31a)  and (1 .3 .31b) ,  we can wi th  account 
f o r  t h e  r e l a t i o n s  ob ta ined  (1 .3 .48)  and (1 .3 .49)  r e p r e s e n t  t h e  
dependence of t h e  ins t an taneous  r a d i u s  v e c t o r  R and v e l o c i t y  v e c t o r  
v on Ra, Pa and t h e  d i f f e r e n c e  (u-ua)  i n  t h e  form 



Expressing cos u = cos[ (u-u,)+ual and cons ide r ing  t h e  r e l a t i o n  

f o r  convenience Ln c a l c u l a t i n g  t h e  r a d i u s  R we w r i t e  t h e  p o l a r  
equa t ion  o f  t h e  o r b i t  i n  t h e  form 

R= P 

I + (e - 1) cos (U - va) - - P - -  - (R,.v,) sin (u - nu) ( 1 3 54) 
Ra v ' - i  

I n  o r d e r  t o  determine t h e  dependence of t h e  i n ~ t a n t a n e o u s  
va lues  of R, R ,  on t h e  f l i g h t  t ime t f o r  g iven  Ra, va, ta it i s  

necessary  t o  u t i l i z e  t h e  equa t ions  (1 .3 .35a) ,  (1.3.37a)  - (1 .3 .39)  
and (1 .3 .41) ,  depending on motion t y p e .  However we can o b t a i n  
o t h e r  dependences of  R and V on t f o r  g iven  Aa, va,  ta, which a r e  
more convenient f o r  c a l c u l a t i o n s  bu t  w i l l  be d i r e c t l y  a s s o c i a t e d  
wi th  t h e  s p e c i f i c  motion type .  

ELLIPTIC MOTION 

Bearing i n  mind t h e  d e f i n i t i o n  of t h e  e c c e n t r i c  anomaly E ( s e e  
Figure  1 . 3 . 3 ) ,  we o b t a i n  

R=a(l -ecos  E), - 
cos E - e cos u- , sin u= 1 / 1  -e2 sin E 
1-ecosE 11-ecosE ' 

- 
e + cosv V 1 - el sin u cos E == , sin E= 
1 + e cos u l + e c o s u  ' 

( 1 - 3 . 5 7 )  

There fo re  we can w r i t e  



These r e l a t i o n s  permit  r e p r e s e n t i n g  (1.3.35a)  i n  t h e  fo l lowing  
form [7, 5 2.61 a f t e r  s e v e r a l  t r a n s f o r m a t i o n s  

S u b s t i t u t i n g  i n t o  (1.3.31)  and (1 .3 .48) ,  (1.3.49) t h e  va lues  - /46 ' I 
of cos u and s i n  u from (1.3.561, a f t e r  some t r ans fo rmat ions  we 
w r i t e  (1 .3 .31)  i n  t h e  form 

I + ( ( t -  ta)- - [ ( E -  Ea)-sin (E -  E,)]) va, 
/ 

HYPERBOLIC MOTION 

S i m i l a r l y ,  cons ide r ing  t h e  equa t ions  
R=a(ech H- 1). 

e-chH cos U= , sinu= V e 2 - h  H 
e c h H - 1  e c h H - 1  

c h ~ - -  'f 'OS" , shH= I / e m  sin u 
i + e  cos u  l f e c o s u  ' 

we t rans fo rm (1 .3 .31)  and (1 .3 .37a)  t o  t h e  form 

Thus we can determine s p a c e c r a f t  p o s i t i o ~ ,  i t s  v e l o c i t y ,  and 
v e l o c i t y  components a t  every i n s t a n t  of  t ime from t h e  va lues  o f  t h e  



kinemat ic  parameters  a t  t h e  end of t h e  a c t i v e  segment. There is  
one-to-one correspondence between t h e  s e t s  o f  k inemat ic  parameters  

a t  t h e  end of t h e  a c t i v e  segment and t h e  c o n s t a n t s  of  i n t e g r a t i o n  
and Kepler ian  elements .  

SPACECRAFT MOTION ALONG CIRCUMPLANETARY ORBITS I N  /4 7 - 
NORMAL GR.IVITY FIELD 

I n  many i n t e r p l a n e t a r y  f l i g h t  problems t h e  s p a c e c r a f t  must 

e n t e r  ( o r  l e a v e )  an e l l i p t i c  o r  c i r c u l a r  c i rcun ,p lane tary  o r b i t .  
The s e l e c t i o n  of s p a c e c r a f t  c h a r a c t e r i s t i c s  i s  i n s e p a r a b l y  l i n k e d  

wi th  c a l c u l a t i o n  of t h e  i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r y .  Moreover, 

i n  t h e  case  of  requi rement  f o r  d e f i n i t e  s p a c e c r a f t  s t a y  t ime i n  
o r b i t  t h e  problem a r i s e s  of  p r e d i c t i n g  i t s  motion, s i n c e  t h e  o r b i t a l  
e lements  change w i t h  t ime under t h e  i n f l u e n c e  of  t h e  a c t u a l  g r a v i t y  

f i e l d  of t h e  p l a n e t .  The re fo re  p r e d i c t i o n  of s p a c e c r a f t  motion i n  

c i rcumplanetary  o r b i t  i s  an i n s e p a r a b l e  p a r t  o f  t h e  i n t e r p l a n e t a r y  
f l i g h t  t r a j e c t o r y  c a l c u l a t i o n  problem. 

For t h e  motion p r e d i c t  i o n  accuracy l e v e l  r e q u i r e d  f o r  o r b i t  
des ign  problems we can r e p r e s e n t  t h e  normal p o t e n t i a l  o f  t h e  p l a n e t  

i n  t h e  form (1.1.11). Then i n  v e c t o r  form t h e  d i f f e r e n t i a l  e q u a t i o n  

of r e l a t i v e  s p a c e c r a f t  b a l l i s t i c  motion i n  t h e  normal p l a n e t a r y  
g r a v i t y  f i e i d  i n  accord  wi th  (1 .2 .3 )  i s  r e p r e s e n t e d  a s  fo l lows  

where 

and 

sin 8=PX T ( @ . i , ) = l  [ j ,  - (&~. ;~ ) i ; * ] ;  y ~ = p ;  R 
(1 -3 .69)  

IZ i s  t h e  u n i t  v e c t o r  a long t h e  a x i s  of symmetry. 



S t u d i e s  by K i s l i k  124, 251 l e d  t o  o b t a i n i n g  an e x a c t  s o l u t i o n  
of t h i s  equacion of motion, which i s  t h e  nex t  approxlmation i n  

comparison wi th  Kep le r i an  motion theory  i n  d e s c r i b i n g  t h e  a c t u a l  
c i rcumplanetary  s p a c e c r a f t  motion i n  a  space  wi thou t  atmosphere.  

Using t h e  f i r s t  i n t e g r a l s  o b t a i n e d  by K i s l i k  we can p r e d i c t  

s p a c e c r a f t  motion q u t i e  e x a c t l y ,  exc lud ing  t h e  i n f l u e n c e  of g r a v i t y  

f o r c e  anomalies and s o l a r  p e r t u r b a t i o n s .  For c i rcumplanetary  
o r b i t  c a l c u l a t i o n  problems t h e  primary p r e d i c t  i o n  f a c t o r  i s  t h e  
change of  t h e  mot i o n  c h a r a c t e r i s t i c s  d u r i n g  t h e  r e v o l u t i o n  p e r i o d .  

There fo re ,  cons ide r ing  t h e  o r b i t  t c  be e l l i p t i c  through each /48 
r e v o l u t i o n  per ioC ( p e r i o d s ) ,  we compare i t s  elements  wi th  t h e  

r e f e r e n c e  e l l i p t i c  o r b i t  c o n s t r u c t e d  u s i n g  t h e  i n i t i a l  conditLons 
of  s p a c e c r a f t  i n s e r t i o n  i n t o  o r b i t  around t h e  p l a n e t .  The o r b i t a l  
element v a r i a t i o n s  du r ing  t h e  r e v o l u t i o n  p e r i o d  a r e  c a l l e d  s e c u l a r  

v a r i a t i o n s  ( p e r t u r b a t i o n s ) .  Analys is  o f  t h e  i n d i c a t e d  i n t e g r a l s  

of t h e  e q u a t i o n s  of motion showed t h e  absence of s e c u l a r  p e r t u r b a -  

t i o n s  of t h e  i n i t i a l  s p a c e c r a f t  o r b i t  e lements  p ,  e ,  i and t h e  
e x i s t e n c e  of s e c u l a r  v a r i a t i o n s  o f  t h e  e lements  Q, w ,  T ,  obeying 
t h e  fo l lowing  c o n d i t i o n s  ( s e e  [25 ] ,  Formulas (lll), ( 1 2 0 ) ,  (130)  

dP nR2 1 -- - - 2J -p cos i, 
d N  P* 

dn dw dr a r e  t h e  changes of  t h e  e lements  0 ,  w ,  r du r ing  a  where a, m, 
s i n g l e  s p a c e c r a f t  r e v o l u t i o n .  

* The system of d i f f e r e n t i a l  e q u a t i o n s  of  p e r t u r b e d  APS motion 
i n  t h e  g e n e r a l  case  cannot be I n t e g r a t e d  i n  c l o s e d  form. However, 
t h e r e  a r e  v a r i o u s  ways t o  o b t a i n  approximate s o l u t i o n s  d e s c r i b i n g  
s a t e l l i t e  motion i n  a  n m c e n t r a l  g r a v i t y  f i e l d .  Many such approxi -  
mate t echn iques  a r e  known a t  t h e  p r e s e n t  t ime.  For example, s e e  
[ l o ,  171. 



The e r r o r  of (1 .3 .71)  i n c r e a s e s  w i t h  dec rease  of e and reaches  
2 a maximal va lue  (magnitude of o r d e r  E * = J % ~ / ~ ' )  f o r  e ( ~ ~ ) .  Formula , 

(1.3.71)  cannot be a p p l i e d  t o  such orb i t s :  s i n c e  t h e  e r r o r  r eaches  
dw t h e  same o r d e r  a s  t h e  q u a n t i t y  a i t s e l f .  For e n 1  t h i s  e r r o r  i s  

4 on t h e  o r d e r  of E . 

Equat ion  (1.3.70)  shows t h a t  under  t h e  i n f l u e n c e  of t h e  normal 

p l a n e t a r y  g r a v i t y  f i e l d  a t t r a c t i v e  f o r c e s  t h e  i n i t i a l  ascending  

node ang le  changes i n  t h e  d i r e c t i o n  oppos i t e  s p a c e c r a f t  r e v o l u t i o n .  

The change t a k e s  p l a c e  t h e  more r a p i d l y  t h e  lower t h e  o r b i t a l  p l a n e  

i n c l i n a t i o n  t o  t h e  p lane  of  t h e  e q u a t o r .  Under t h e  i n f l u e n c e  of  
t h e s e  same f o r c e s  t h e  i n i t i a l  e l l i p t i c  o r b i t  p e r i c e n t e r  and i t s  

angu la r  d i s t a n c e  (1 .3 .71)  change dur ing  t h e  p e r i o d .  The p e r i c e n t e r  
2 a n g u l a r  d is~yance  i n c r e a s e s  i f  ( 5  cos i - 1) > 0 ,  i . e . ,  i < 63.4O, 

2 and dec rease  i f  ( 5  cos i - 1) < 0 .  For  t h e  va lue  i=63.4O t h e  

p e r i c e n t e r  e s s e n t i a l l y  does n o t  a l t e r  i t s  p o s i t i o n .  Thus, under 
t h e  i n f l u e n c e  of  t h e  a t t r a c t i v e  Forces of a s p h e r o i d a l  p l a n e t  t h e  

p o s i t i o n  of  t h e  o r i g i n a l  e l l i p t i c  o r b i t  changes bo th  as a r e s u l t  
of o r b i t  a 1  p lane  r o t a t  i o n  and a s  r r e s u l t  of l i ne -o f -aps ides  

r o t a t i o n ,  i . e . ,  r o t a t i o n  of  t h e  o r b i t  i t s e l f  i n  t h e  p l a n e ,  and 

t h e  o r b i t  shape and dimensions do no t  e x p e ~ i e n c e  s e c u l a r  v a r i a -  

t i o n s .  However, t h e  t ime of s p a c e c r a f t  passage through t h e  ascend- 

i n g  node changes d u r i n g  t h e  r e v o l u t i o n  p e r i o d .  

The s p a c e c r a f t  p e r i o d  of r e v o l u t i o n  i n  o r b i t  i n  t h e  normal 

p l a n e t a r y  g r a v i t y  f i e l d  wit,h an e r r o r  of  o r d e r  i s  
I - , 1 { 1 - - - 52 [( 14-5 cur2 i).] 6~ cus w-1- 

2 
(1 .3 .73)  

-1- 2c cos (I - W) ( 1 -- 5 cos2 i)] 1, 

where 

sin 8 s inCz-  . 
sin 1 



The draconic  pe r iod  Td of spacec r a f t  r evo lu t i on  i n  t h e  normal 
p lane ta ry  g r a v i t y  f i e l d  ( i n t e r v a l  of  t ime between two success ive  
spacec r a f t  passages through t h e  ascending node) may be represen ted  
i n  t h e  form 

The r e l a t i o n s  p resen ted  above make it poss ib le  t o  p r e d i c t  
- i  i n i t i a l  spacec r a f t  o r b i t  evo lu t ion  n e a r  a  p lane t  whose normal 

I 
p o t e n t i a l  i s  descr ibed by (1.1.11). 

I 



CHAPTER 2.  INTERPLANETARY TRAJECTORY SEGMENT CALCULATION METHODS B.2 

5 1 ORBIT DETERMINATION FROM TWO SPACECRAFT POSITIONS 

There a r e  v a r i o u s  ways t o  c a l c u l a t e  i n t e r p l a n e t a r y  s p a c e c r a f t  

f l i g h t  o r b i t s  i n  t h e  h e l i o s p h e r e .  The d i f f e r e n c e  i n  t h e  methods i s  
caused p r i m a r i l y  by t h e  d i f f e r e n t  i n i t i a l  c o n d i t i o n s  d e f i n i n g  t h e  

i n t e r p l a n e t a r y  f l i g h t  requi rements  and miss ion .  I n  many many c a s e s  

we can cons ide r  t h e  i n i t i a l  c o n d i t i o n s  t o  be t h e  s p a c e c r a f t  pos i -  

t i o n s  a t  t h e  beginning  and end of  t h e  f l i g h t ,  s p e c i f i e d  by t h e  

r a d i i  v e c t o r s  R1 and R2 (F igure  2.1.1) , t h e  launch t ime tl ,  and t h e  

f l i g h t  t ime A t  1, 2 '  S p e c i f i c a t i o n  o f  A1, A 2 ,  t l ,  A t l ,  p e rmi t s  

complete de te rmina t ion  of t h e  o r b i t  shape and dimensions,  p o s i t i o n  
of i t s  p lane  i r _  space ,  and i t s  Kep le r i an  e lements .  However, t h i s  

i n v o l v e s  s o l v i n g  a  system of  s i x  t r a n s c e n d e n t a l  equa t ions  i n  s i x  

o r b i t a l  parameters .  We s h a l l  d e s c r i b e  t h e  equa t ions  o f  t h e  s u b j e c t  
system and m e t h ~ d s  f o r  i t s  s o l u t i o n .  

LAMBERT METHOD 

Lambert equa t ion .  S ince  t h e  modulus 1 cuf 1 of t h e  v e c t o r  con- 

s t a n t  of t h e  v e c t o r  moment of momentum i n t e g r a l  i s  e q u a l  t o  twice  

t h e  s e c t o r a l  v e l o c i t y ,  t h e n  twice  t h e  s e c t o r  a r e z  

Considering t h e  r e l a t i o n  Cuf = w, we f i n d  



I We f i n d  t h a t  t h e  r i g h t  s i d e  
t o f  (2 .1 .1 )  can be r e p r e s e n t e d  as 

a  f u n c t i o n  of  a,  H1, R2 and c  
o r  @ ( s e e  F igure  2 . 1 . 1 )  , whose 
s t r u c t u r e  i s  a s s o c i a t e d  wi th  

t h e  motion type  and t h e  r e s u l t i n g  
Figure  2 .1 .1 .  I n t e r p l a n e t a r y  ambiguity i n  d e f i c i t i o n  o f  t h e  
s p a c e c r a f t  f l i g h t  o r b i t  : con ic  s e c t i o n  curve ,  s i n c e  t h e  
1- d e s t i n a t l o n  p l a n e t  o r b i t ;  
2- d e p a r t u r e  p l a n e t  o r b i t :  p o s i t i o n  of t h e  f r e e  focus  i s  
3- s p a c e c r a f t -  i n t e r p l a n e t a r y  n o t  f i x e d  C41, Chapter 51. The 
f l i g h t  o r b i t  r eason  i s  t h a t  f o r  unknown f r e e  

focus  p o s i t i o n  ( t h e  c e l e s t i a l  
body i s  l o c a t e d  at  t h e  p r i n c i p a l  f o c u s )  through two s p e c i f i e d  p o i n t s  
i n  space  t h e r e  may pass  two s p e c i f i c  o r b i t  t y p e s  wi th  t h e  same 
va lue  of  t h e  t o t a l  energy huf p e r  u n i t  s p a c e c r a f t  mass, i . e . ,  f o r  
t h e  same ve lue  of t h e  semimajor a x i s  a .  The re fo re  t h e  s e c t o r  a r e a  
depends n o t  only on t h e  angle  b u t  a l s o  on t h e  f r e e  focus  p o s i t i o n  
r e l a t i v e  t o  t h e  chord AlA2 ( f o r  an e l l i p t i c  o r b i t  s e e  F i g u r r  2 . 1 . 2 ) .  

F igure  2 . 1 . 2 .  E l l i p t i c  t r a j e c t o r i e s :  
t 

a- Wn,  t h e  chord A 1 A 2  does n o t  c r o s s  l i n e  of a p s i a e s  between t h e  
f o c i  FF*; b- dm, @=2a - 4a3 t h e  chord A 1 A 2  d o e s n o t  c r o s s  t h e  l i n e  

E of a p s i d e s  between f o c i  FF*; c- W n ,  t h e  chord A l A 2  c r o s s e s  t h e  
l i n e  of aps ides  between t h e  f o c i  FF*; d- O>n, 0=2n-4b, t h e  chord A i A 2  

cposses  t h e  l i n e  of a p s i d e s  between t h e  f o c i  FF*; e- t h e  f r e e  focus  

E F* l i e s  on t h e  chord A l A 2  



We s h a l l  o b t a i n  t h e  Lambert e q u a t i o n  Tor e l l i p t i c  o r b i t & ,  bz  
s i n c e  i n t e r o r b i t a l  t r a n s f e r s  a r e  c k s r a c t e r i z e d  b a s i c a l l y  by such 
o r b i t s .  I n  t h e  g e n e r a l  case  we have 

where t h e  va lues  of  t h e  a n g l e s  E and 6 are detarmined ambiguously 
from t h e  r e l a t i o n s  

However we can c a l c u l a t e  t h e  s e c L a r a l  a r e a  us ing  a  more d e f i n i t e  
formula if t h e  va lues  of :/2 and 612 a r e  s e l e c t e d  i n  t h e  range 
from ze ro  t o  ~ / 2 ,  cons ide r ing  t h e  p o s s i b l e  t r a n s f e r  t r a j e c t o r y  
conditions ( s e e  F igure  2.1.2). On t h e  b a s i s  of t h ; .  f i g u r e  we f i n d  

where S i s  twice  t h e  a r e a  of t h e  e l l i p s e .  

For F igure  2 . 1 . 2  a  and c  we have,  r e s p e c t i v e l y ,  [41] 

-a = ( t  - sin t )  - (I - sin a)* 
a . * 

- - I 
(S12)c d = 2 n  - (e - sin t ) -  [I - sin a), 
a V U P  I 

where O<egn, Ogd<..r and a r e  expressed  by ( 2 . 1 . 3 ) .  Then we o b t a i n  
f o r  F igure  2 . 1 . 2  b  and d  

---- ('I - 2n - (e - sin s) t- (a- siq a)* 
a pfa> 

==(E- s in  r)-1-(I-sin 8). 
a vop 

1 

1 Gene ra l i z ing  t h e s e  s e c t o r a l  a r e a  c a l c u l a t i o n  c a s e s  and con- 
i 
t s i d e r i n g  ( 2 . 1 . 1 ) ,  we w r i t e  t h e  Lambert e q u a t i o n  i n  t h e  form 



map sly11 (sin a) ~ f , ~ = ~ ( l  j----[* ( t - s i ~ ~  t-n)-(&-sin a)]  
Vj*  n 

where t h e  upper  s i g n  cor responds  t o  c a s e s  a and b ,  when t h e  chord  
A1A2 does  n o t  c r o s s  the l i n e  of  a p s i d e s  bc twees  t h e  f o c i * .  Here 

s i g n  ( s i n  Q) i s  d e f i n e d  a s  t1, 0 ,  -1, depending on t h e  s i g n  o f  t h e  

I f  t h e  s p a c e c r a f t  performs s e v e r a l  r e v o l u t i o n s  i n  t h e  t r a n s f e r  

o r b i t  p r i o r  t o  encoun te r  w i t h  t he  d e s t i n a t i o n  p l a n e t  t h e  f l i g h t  
time w i l l  be 

- - 

, 2na3p 
where f-= ------ 

?G5 
i s  t h e  r e v o l u t i o n  p e r i o d  i n  t h e  e l l i p t i c  t r a n s f 2 r  

o r b i t  ; 
N i s  t h e  number of  r e v o l u t i o n s  i n  t h e  t r a n s f e r  o r b i t  (N-0, 

I n  t h i s  ca se  t h e  p e n e r a l i z e d  Lambert - e q u a t i o n  ( 2 . 1 . 6 )  r educes  
t o  t h e  form 

"'" [2N + 1 4- sign (sin a) ~ f ~ , ~  ?= .= ( c - n c - ) -  i n ) )  ( 2 . 1 .  7 )  
V r ~ a  n 

Consequent ly ,  s o l v i n g  t h e  t r a n s c e n d e n t a l  e q u a t i o n  ( 2 . 1 . 7 )  f o r  
known number N o f  spacec ra0% r c v o l u t i o n s  p r i o r  t o  e n c o u n t e r  w i t h  

t t h e  d e s t i n a t i o n  p l a n e t  and f o r  g iven  A t ,  R1, f12 we can c a l c u l a t e  
i 
1 t h e  t r a n s f e r  o r b i t  semimajor a x i s  a .  
! 
i * Another o r b i t  classification may be encountered .  The e l l i p t i c  
1 t r a j e c t c r i e s  f o r  which t h e  o r b i t  f r e e  focus  l i e s  o u t s i d e  t h e  seg-  

ment ( a r e a  between t h e  t r a j e c t o r y  and t h e  s t r a i g h t  l i n e  A I A 2 )  a r e  
c a l l e d  e l l i p t i c  t r a j e c t o r i e s  ( o r b i t s )  of  t h e  f irst  k ind  ( c a s e s  a - and d ) .  The e l l i p t i c  t r a j e c ; o r i e s  f o r  which t h e  o r b i t  f r e e  f o c u s  
l i es  w i t h i n  t h e  segment ; c a s e s  b  and c )  a r e  c a l l e d  e l l :  t i c  t r a -  
j e c t o r i e s  ( o r b i t s )  of t h e  second k i n d .  The e l l i p t i c  ---7 t r a j e c t o r  es 

I f o r  which t h e  f r e e  focus  l i e s  on t h e  chord A 1 A 2  a r e  c a l l e d  l i m i t  - 
! e l l i p t i c  t r a j e c t o r i e s  ( s e e  F i g u r e  2 .1 .2e ) .  
I 

I 
i 
i 
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I 
i 
I Equat ions (2.1.2) and (2.1.7) make it p o s s i b l e  t o  r e p r e s e n t  

. I 
L 

; ' t h e  r e l a t i o n s h i p  between t h e  d i f f e r e n c e  of t h e  ang les  (E-6)  and 
( E - 8 )  i n  t h e  f w m  

Moreover, de te rmina t ion  of  t h e  ang les  and lnvo lves  t h e  

e q u a l i t y  

Note. For  t h e  hyperbo l i c  o r b i t  t h e  analog of t h e  g e n e r a l i z e d  I 
Lambert equa t ion  i s  t h e  equa t ion  

I/-3 
A4,2==_ [(sh a - a) - (sh 9 - p )  sign (sin @)I, 

V f  mo 

which fo l lows from (2 .1 .1)  wi th  account  f o r  t h e  p o s s i b l e  t r a -  /54 - 
j ecf  o r i e s  (F igure  2.1.3) . Here 

The f l i g h t  t ime from p o i n t  R1 t o  p o i n t  R2 a long t h e  p a r a b o l i c  
i 

t r a j e c t o r y  ( p x s i b l e  cases  i n  F igure  2.1.4)  i n  accord  w i t h  (2.1.1)  

i s  expressed  by t h e  E u l e r  equa t ion  

r f  Figure  2.1.3. Hyperbol ic  F igure  2 . 1 . 4 .  P a r a b o l i c  t r a j  ec- 
t r a j e c t o r i e s  t o r i e s  : N N t  ) d i r e c t r i x ;  FP) 

line of aps ides  



a t i o n  of t r a j e c t  
s c e n d e n t a l  e q u a t i m s  (2 -1 .71 ,  

ory type .  The s o l u t i o n  of  t h e  t r a n -  

(2 .1 .10) ,  (2 .1.12)  f o r  t h e  semimajor 
a x i s  a can b e  c a r r i e d  o u t  by known numer ica l  methods i f  t h e  motion 
t y p e ,  f r e e  focus  l o c a t i o n  r e l a t i v e  t o  t h e  chord,  and t h e  number N 

of  r e v o l u t i o n s  i n  t h e  e l l i p t i c  o r b i t  case  are known i n  advance. 

P re l imina ry  de te rmina t ion  of t h e s e  c o n d i t i o n s  s i m p l i f i e s  and 
f a c i l i t a t e s  t h e  i t e r a t i o n  p r o c e s s .  For  t h e  same boundary condi- 
t i o n s  Rl and ERr' s a t i s f a c t i o n  of t h e  i n e q u a l i t y  A t h  < A t  

p a r  < A t e l  
i s  q u i t e  n s t u r a l .  The re fo re  i t  is  only necessa ry  t o  c a l c u l a t e  
A t  us lng  (2.1.15) i n  o r d e r  t o  determine t h e  o r b i t  t y p e .  If 

P a r  
t h e  g iven  A t  

1, 2  
s a t i s f i e s  t h e  i n e q u a l i t y  

Atl, 2  < Atpar' (2.1.13) 

t r a n s f e r  from p o i n t  El t o  p o i n t  R p  c a  be made on ly  a long  a hyper- 

b o l i c  o r b i t ;  however i f  

Atl, 2 ' Atpar '  (2 .1.14)  

t r a n s f e r  can be  r e a l i z e d  only a long an e l l i p t i c  o r b i t .  

The l i m i t i n g  e l l i p t i c  o r b i t  ( s e e  F igure  2 . 1 . l e )  i s  c h a r a c t e r i z e d  

by l o c a t i o n  of t h e  f r e e  focus  F* on t h e  chord connect ing  t h e  p o i n t s  

R1 and R2 .  The f o c a l  p rope r ty  of s n  e l l i p s e  pe rmi t s  w r i t i n g  

HI+ F*A,+h?%+ F*A,=4a 

nnd the reby  i n  view F*A1 + F*A2 = c  we can f i n d  t h e  l i m i t i n g  e l -  

l i p t i c  o r b i t  semimajor a x i s  
1 

a . ~ ; ; - ( R l f R , f  c) .  (2 .1 .15)  

We no te  t h a t  am i s  t h e  s m a l l e s t  va lue  of  t h e  esmimajnr a x i s  

f o r  which an e l l i p t i c  t r a j e c t o r y  i s  s t i l l  g o s s i b l e  f o r  t h e  g iven  

R1 and R2.  Ac:ording t o  (2 .1 .7)  and ( 2 . 1 . 3 )  t h e  f l i g h t  t ime f o r  

t h e  l i m i t i n g  t r a j e c t o r y  i s  expressed  by t h e  formula  

aLp 
~t ,=-- -  [(2N-+ 1)n-slgn (sin @)(a- sin 8)], 

T'fmo 



The v a l u e  of A t m  w i t h  s a t i s f a c t i o n  o f  t h e  i n e q u a l i t y  (2.1.14) 
pe rmi t s  f i n d i n g  t h e  form of t h e  e l l i p t i c  t r a j e c t o r y .  S t u d i e s  [50, 

§ 3.6, 8.71 f o r  N = 0 show t h a t  i f  t h e  g iven  A t  
1, 2  

s a t i s f i e s  t h e  

i n e q u a l i t y  

s p a c e c r a f t  t r a n s f e r  can be  accomplished only a long  an e l l i p t i c  

t r a j e c t o r y  of t h e  first k ind;  nowever i f  

bflA > &* (2.1.18) 

r e a l i z a t i o n  of  t h e  t r a n s f e r  i s  p o s s i b l e  only a long an  e l l i p t i c  

t r a j e c t o r y  of t h e  secvnd kind.  

Thus t h e  Lambert e q c a t i o n  (2 .1 .6)  can be  w r i t t e n  as 
'p 

At,.,=-= [ x - $ s i g n ( ~ t , -  A ~ , , ) ( E -  sin s- ;c)- 
V f m o  . 

--sign(sin @)(a- sin a)]. (2.1.19)  

For N r 1 t h e  s o l u t i o n  of t h e  g e n e r a l i z e d  Lambert e q u a t i o n  156  - 
(2.1.7)  i s  n o t  unique.  Powever, f o r  A t  < A t m  and g iven  N : 

1, 2  
e l l i p t i c  t r a j e c t o r i e s  of t h e  second k ind  cannot be r e a l i z e d .  

Moreover it can be shown t h a t  i f  f o r  g iven  va lues  of R1, R 2 ,  t 

Atl, 2  s o l u t i o n  i s  p o s s i b l e  f o r  some N=Nk t h e n  i t  i s  a l s o  p o s s i b l e  I 

f o r  any N < N k .  Le t  k Se t h e  maximal va lue  of N f o r  which problem 

s o l u t i o n  i s  s t i l l  p o s s i b l e .  It i s  determined from t h e  c o n d i t i o n  h 
where A t k  i s  t h e  minimal p o s s i b l e  A t  f o r  N=k. rhen t h e  number of  

p o s s i b l e  s o l u t i o n s  of  (2 .1 .7)  i s  2k [50, § 8.71. 



Determinat ion of t h e  v e l o c i t y  v e c t o r s  and v2. A s  a r e s u l t  
of s o l u t i o n  of t h e  Lambert equa t ion  we c a l c u l a t e  t h e  o r b i t a l  seml- 
major a x i s  a .  The remaining elements  of t h e  o r b i t  and i t s  p o s i t i o n  
i n  space a r e  now determined cons iderably  more simply. For t h e  
s o l u t i o n  of t h i s  problem it i s  s u f f i c i e n t  t o  f i n d  t h e  v e l o c i t y  
v e c t o r  v1 a t  t h e  i n i t i a l  p o i n t  . i .e. .  reduce t h e  problem t o  d e t e r -  
mining t h e  o r b i t  from t h e  i n i t i a l  va lues  A1 and which was 
so lved  e a r l i e r  i n  3 3 of Chapter 1. It i s  a l s o  u s e f u l  t o  have t h e  
dependence of t h e  v e l o c i t y  v e c t o r  v2 at t h e  f i n a l  p o i n t  on A1 and 
R2 . 

Let us examine (1.3.60)  and (1 .3 .61) .  Bearing i n  mind t h e  
e q u a l i t y  (2 .1 .9 )  and t h e  new n o t a t i o n s ,  we r e p r e s e n t  them i n  t h e  
form 

- r- 
a V,= - sin AR,+ [ I  --(I - cosb)]  v ~ ,  

R1R2 R2 

and i n  accordance with t h e  previous  a n a l y s i s  we have f o r  N=O 

b=n+ sign (At,- At,,,) (8 - J [ )  - sign (sin a) 8. (2.1.20)  

Af te r  t r ans fo rmat ion  we o b t a i n  
- 
V ,  = Ai& - 
- 
v,=R&-c/(,, 

where 



I f  we consider (2.1.8)  and t h e  r e l a t i o n  - - - 4 a I/R,u, cos -- -- 2u sin 2.- sin - 
2 2 2 ' 

t h e  values of t h e  c o e f f i c i e n t s  A ,  B ,  C can be a l s o  represen ted  i n  
t h e  form 

d j t ~ l d a R ~ A ~  A= - B , = A ( I  -- 
A cD ' 

2 sin - cos - 
2 2 

- 
C= ITfmon sin A + B , ( I  -- *a - . 

R1R2 R2 2 A )  I 
Note. - For t h e  hyperbolic o r b i t  t h e  values of t h e  c o e f f i c i e n t s  

A,  B, C a re  expressed by t h e  r e l a t i o n s  

(sh A -  A)]-'; 

Iffmoa sin A c =, 
a 

+ ~ , [ l  - - ( c ~ A - l ) ] ,  
RiR2 R2 

where ~=a-psign(sin a). 

On t h e  b a s i s  of t h e  f a c t  t h a t  t he  tangents  t o  t he  o r b i t  a t  
t h e  po in t s  A1 and A2 and t h e  b i s e c t o r  of  t h e  c e n t r a l  angle @ have 
a  common point  of i n t e r s e c t i o n  we can ob ta in  t he  r e l a t i o n  

expressing t h e  values of t h e  t r a j e c t o r y  angle a t  t h e  po in t s  A1 and 



Determinat ion of f o c a l  parameter p .  I n  many cases  a  d i f -  
f e r e n t  a lgor i thm f o r  determining t h e  o r b i t  may be  more convenient ,  
when a f t e r  s o l v i n g  t h e  Lambert equa t ion  ( c a l c u l a t i n g  a )  we t u r n  
d i r e c t l y  t o  t h e  r e l a t i o n s  d e f i n i n g  t h e  f o c a l  parameter  p .  Using 
t h e  r e l a t i o n s  between t h e  t r u e  and e c c e n t r i c  anomalies we have 

Fur the r ,  us ing  t h e  e q u a l i t y  

0 = ( R 2 - 3 , ) 2 = =  ?a sin 15:-15,  ~2 + E,  
2 2 

and d e f i n i n g  E and 6 i n  t h e  l i m i t s  from zero  t o  n with  account 
f o r  t h e  i n e q u a l i t i e s  (2.1.17) and (2 .1 .18) ,  w e  f i n d  

where 

Using (1.3.51)  w i t h  account f o r  t h e  new n o t a t i o n s  we o b t a i n  
t h e  formula d e f i n i n g  t h e  v e l o c i t y  vec to r  a t  t h e  i n i t i a l  p o i n t  

- 
V,= - = - (~j~-[l-*(l-co~~) q1 . 

hr1(2 sin a P I )  
Thus t h e  problem i s  reduced 
cond i t ions  R, and v , ,  which 

t o  finciing t h e  o r b i t  from t h e  i n i t i a l  
was so lved  i n  § 3 of Chapter 1. 

Note. - For t h e  hyperbo l i c  o r b i t  t h e  f o c a l  parameter p  i s  fonnd 
t h e  formula 



where 
y = sign (sin G). 

I n  de termining  t h e  o r b i t  p l a n e  p o s i t i o n  i n  space  we may 

encounter  s e v e r a l  s o l u t i o n  s i n g u l a r i t i e s ,  when @=T and t h e  g iven  

s p a c e c r a f t  l o c a t i o n  p o i n t s  l i e  on oppos i t e  s i d e s  of  t h e  s t r a i g h t  

l i n e  p a s s i n g  through t h e  a t t r a c t i n g  c e n t e r .  Geometr ica l ly  t h i s  
means t h a t  t h e  o r b i t  p o s i t i o n  i s  n o t  d e f i n e d  - it  may be l o c a t e d  

i n  any p lane  p a s s i n g  through t h e  s t r a i g h t  l i n e  A1A2. I n  o r d e r  t o  

determine t h e  o r b i t  we must f i r s t  s p e c i f y  t h e  p o s i t i o n  of i t s  p lane  
and d i r e c t i o n  of motion. Moreover, i n  t h i s  case  we may run  i n t o  
d i f f i c u l t i e s  i n  c a l c u l a t i n g  t h e  o t h e r  o r b i t a l  e l emen t s ,  s i n c e  t h e  

denominator van i shes  i n  s e v e r a l  of t h e  r e l a t i o n s  p r e s e n t e d  above. 

U-ITERATION METHOD 

I n  o r d e r  t o  avoid  t h e s e  s i n g u l a r i t i e s  i n  t h e  c a l c u l a t i o n  of 

t h e  e lements  c h a r a c t e r i z i n g  o r b i t a l  shape and dimensions i t  i s  

w e l l  t o  use i t e r a t i o n  w i t h  r e s p e c t  t o  t h e  t r u e  anomaly ( u - i t e r a -  

t i o n  method).  S t u d i e s  have shown t h a t  t h i s  method i s  very  conve- 
n i e n t  and p e r m i t s  de termining  t h e  o r b i t  q u i t e  q u i c k l y  from two 

p o s i t i o n s  and t h e  t r a n s f e r  t ime i n t e r v a l  [52, 5 6.5  Chapter  61. 

The u - i t e r a t i o n  method i n v o l v e s  p r e s p e c i f i c a t i o n  of  t h e  i n i t i a l  

t r u e  anomaly ui. We then  can c a l c u l a t e  t h e  o r b i t  e c c e n t r i c i t y  u s i n g  

t h e  formula 

o b t a i n e d  from t h e  p o l a r  e q u a t i o n  of  t h e  o r b i t  w i t h  account  f o r  

t h e  two given s p a c e c r a f t  p o s i t i o n s .  I f  A t l ,  < A t  t h e  i n i t i a l  
P  ar 

va lue  u10 must s a t i s f y  t h e  c o n d i t i o n  e  2 1, which may be achieved  



if it i s  determined f r o n  (2.1.30) f o r  e  = 1, i . e . ,  from t h e  

e q u a t i o n  

. R2 sin @ 
COS ~ 1 0  f sin vl,- 

Rz-RI  =o. 
R1 - R2 cos C RI - R2 cos C 

I n  t h e  case  A t  1, 2 ' A t  P a r  t h e  va lue  of u10 must be s e l e c t e d  

i n  t h e  range from z e r o  t o  t h e  va lue  of u determined from (2 .1 .31) .  

The f o c a l  parameter  y and t h e  o r b i t  semimajor a x i s  a r e  c a l -  

c u l a t e d  from t h e  r e l a t i o n s  

Now we can check t h e  c o r r e c t n e s s  of  t h e  s e l e c t i o n  of u  ( j  = 0 ,  
Ij 

1, . . . , n  i s  t h e  i t e r a t i o n  number),  u s ing  i n  t h e  r e l a t i o n  f o r  

e  and t h e  r e l a t i o n s  (2.1.17)  and (2 .1 .18)  t h e  e q u a t i o n  ( 2 . 1 . 7 ) .  
o  ( 2 . 1 1  j . Afte r  s a t i s f y i n g  t h e  s p e c i f i e d  problem s o l u t i o n  

accuracy ,  v e r i f  l e d  by  t h e  va lue  of t h e  d i f f e r e n c e  [At imz - (At)u,],  
we use (2 .1 .8 )  t o  c a l c u l a t e  t h e  ang le  A .  Use of t h e  r e l a t i o n s  

( 2 . 1 2 )  - 2 . 2 3 )  makes i t  p o s s i b l e  t o  f i n d  v1 and T2 and thereby 
determine t h e  o r b i t  p o s i t i o n  from t h e  i n i t i a l  c o n d i t i o n s .  

I n  a d d i t i o n  t o  t h e  methods d e s c r i b e d  t h e r e  a r e  o t h e r  methods 

f o r  de termining  t h e  o r b i t  from two s p a c e c r a f t  p o s i t i o n s  R1, R2 
and t h e  t r a n s f e r  t ime A t  1, 2 ,  which have t h e i r  advantages  and 

d i sadvan tages .  The methods d i s c u s s e d  a r e  most convenient  f o r  

a n a l y s i s  o f  t h e  b a l l i s t i c  des ign  c h a r ~ c t e r i s t i c s  of s p a c e c r a f t  
making i n t e r p l a n e t a r y  f l i g h t s  and a r e  c h a r a c t e r i z e d  by good con- 
vergence of  t h e  i t e r a t i o n  p r o c e s s .  



The use of t h e  Lambert method t o  c o n s t r u c t  t h e  i n t e r p l a n e t a r y  
f l i g h t  t r a j e c t o r y  c h a r a c t e r i s t i c  i s o l i n e  f i e l d  r e q u i r e s  an i n t e r -  
p o l a t i o n  program, which i n c r e a s e s  d i g i t i a l  computer o p e r a t i n g  t ime .  
Therefore  a d i r e c t  method, c a l l e d  t h e  t t impact ing t r a j e c t o r y "  method, 
was developed t o  c a l c u l a t e  t h e  i s o l i n e  f i e l d .  The i d e a  of t h i s  
method reduces  t o  a boundary va lue  problem i n  which f o r  t h e  
s p e c i f i e d  launch d a t e  to, we s e l e c t  t h o s e  parameters  o f  t h e  E a r t h  
sphere  of a c t i o n  d e p a r t u r e  v e l o c i t y  v e c t o r  to which e n s u r e  space- 
c r a f t  impact on t h e  d e s t i n a t i o n  p l a n e t .  

Let  us examine t h e  case  of 
i s o l i n e  c a l c u l a t i o n  f o r  s p e c i -  
f i e d  v e c t o r  modulus magnitude 

I two I . We i n t r o d u c e  a  moving 
coord ina te  system whose o r i g i n  

h r  i s  l o c a t e d  a t  t h e  c e n t e r  of t h e  
F igure  2.2.1.  Kinematic diagram E a r t h  o r  p l a n e t  (F igure  2 . 2 . 1 ) .  - 
of - s~a :ec ra f t  and Earth We d i r e c t  t h e  xl a x i s  a long  t h e  v e c t o r  compcnents 

r a d i u s  v e c t o r  toward t h e  Sun, 
t h e  yl a x i s  i s  p e r p e n d i c u l a r  t o  t h e  xl a x i s  arid p o i n t e d  i n  t h e  
d i r e c t i o n  of motion of t h e  Ea r th .  The xl and y1 axes  l i e  i n  t h e  
e c l i p t i c  p l ane .  The z1 a x i s  completes t h e  r ight -hand system. 

We s p e c i f y  t h e  d i r e c t i o n  o f  t h e  v e c t o r  to by two ang les :  
t h e  ang le  B formed by t h e  p r o j e c t i o n  of t h e  v e c t o r  Ln on t h e  
xl, y1 p l ane  wi th  t h e  v e c t o r  Two; t h e  ang le  y between the p ro jec -  
t i o n  of  t h e  v e c t o r  vwO on t h e  p lane  xl, yl and t h e  yl  a x i s .  The 
p r o j e c t i o n s  of t h e  v e c t o r  Vm0 on t h e  axes 
system (x l ,  y l ,  xl)  w i l l  be 

V,,,=V,ocosp sin y: 
v,,, - v-0 cos p cos y; 
VmL,= V-o sin p. 

o f  t h i s  c c o r d i n a t e  



The p r o j e c t l o n a  of t h e  v e c t o r  Vm0 o n  t h e  axes o f  t h e  e c l i p t i c  
h e l i o c e n t r i c  coordinate  system (xo ,  y o ,  z O )  a r e :  

Combining t h e  components of  t h e  Ear th  v e l o c i t y  v e c t o r  and 
s p a c e c r a f t  v e l o c i t y  v e c t o r  Vm0 on t h e  sphere  of  a c t i o n  [Equations 
(2 .2 .2 ) ] ,  we o b t a i n  t h e  components of t h e  v e h i c l e  v e l o c i t y  v e c t o r  
vO i n  t h e  h e l i o c e n t r i c  coordinate  system a t  t h e  1 i ; ' t i a l  i n s t a n t  - /6 1 

of time ( launch t ime)  

Knowing t h e  i n i t i a l  condi t ions  xo, y o ,  zO,  Vxo ,  V , V , 
Y o  zo 

us ing  well-known formulas we f i n d  t h e  s p a c e c r a f t  t r a n s f e r  o r b i t  
elements: a ,  e ,  Q, i, w, which makes i t  p o s s i b l e  t o  f i n d  t h e  
s p a c e c r a f t  coord ina tes  x f ,  y f ,  zf a t  t h e  f i n a l  moment a s  a  func- 
t i o n  of t r a n s f e r  t ime A t  and determine t h e  d i s t a n c e  between t h e  
s p a c e c r a f t  and t h e  t a r g e t  p l a n e t  from t h e  formula 

With i n c r e a s e  of t h e  f l i g h t  t ime (from A t 0  = 0 )  t h e  miss 
d i s t a n c e  AR f o r  f i x e d  va lues  of  $ and y w i J . 1  have a  minimum f o r  
some value  A t = A t l n .  By a l t e r i n g  i n  a  u e f i n i t e  f a sh ion  t h e  va lues  
of B and y we can reduce t h e  miss d i s t a n c e  AR t o  t h e  s p e c i f i e d  
encounter  accuracy A3 (F igure  2 . 2 . 2 ) .  

Pe r  

Thus t h e  problem reduces t o  f i n d i n g  t h e  unknown q u a n t i t i e s  

A t m ,  Bm,  Y,. There a r e  s e v e r a l  methods f o r  s o l v i n g  problems of  
t h i s  s o r t .  S t u d i e s  have shown t h a t  s e a r c h  convergence improves 



i f  we use a combination of  t h e  s t e e p e s t  descen t  g r a d i e n t  method 
w i t h  r e s p e c t  t o  t h e  parameters  8 and y and v a r i a t i o n  of A t ,  The 

e s sence  of t h e  a lgo r i thm i s  a s  fo l lows .  

If A R = A R ( P , y )  i s  t h e  f u n c t i o n  be ing  opt imized  and 

dAR dAR grad A R = ( ~  * 9 

t h e n  t o  f i n d  t h e  minimum we must move a long  t h e  d i r e c t i o n  oppos i t e  
t h e  g r a d i e n t .  

The s t e p  i n  t h e  parameters  f3 and y i s  found from t h e  formulas  

r 

T h i s  s e e p  i s  r e g u l a t e d  a u t o m a t i c a l l y  as t h e  s o l l ~ t i  c?r. is ap- 
proached. A f t e r  5-6 s t e p s  t h e  p rocess  u s u a l l y  converges t o  t h e  
s p e c i f i e d  accuracy wi th  r e s p e c t  t o  AR ( A % e r = l , O O O  km). Thus 

f o r  g iven  launch d a t e  to  and VaO v a l u e s  of  tm, B m ,  ym a r e  d e t e r -  
mined, which form an  impact ing  t r a j e c t o r y .  The computation t ime i s  

reduced when approximating t h e  f u n c t i o n  be ing  opt imized  by s - /62 
th ree -po in t  parabola .  . 

I Figure  2 . 2 . 2 .  Schematic of i m -  F igure  2.2.3. Schematic  of com- b i 
f p a c t h g  t r a j e c t o r y  method computa- p u t a t i o n a l  p rocess  f o r  c o n e t r u c t -  
z t i o n  p rocess  i n g  f l i g h t  t r a j e c t o r y  charac-  
I t e r i s t i c  i s d i n e s  1 



By va ry ing  t h e  launch d a t e  to we can determine t h e  q u a n t i t i e s  
A t ,  8 ,  y corresponding  t o  t h e  s p e c i f i e d  v e l o c i t y  v e c t o r  modulus 
i s o l i n e s  (F igure  2 .2 .3 ) .  

W e n  c o n s t r u c t i n g  a c l o s e d  l s o l i n e ,  from t h e  moment 5 f o r  to 
w i t h  t h e  g iven  VaO impact w i l l  n o t  be obta ine t l  ( t h e  sea.rch p rocess  
converges t o  AR > AR ) I n  t h i s  c a s e  we seek  t h e  p o i n t  6 ( s e e  

P e r  
F igure  2 .2 .3)  l y i n g  on t h e  v e r t i c a l  t a n g e n t  ( r e t u r n  wi th  f r a c t i o n a l  
s t e p  6 t 0 )  A f t e r  t h i s  t h e  s i g n  of t h e  s t e p  change 6 t 0  i s  r e v e r s e d  
and p o i n t s  7 ,  8, and s o  on a r e  c a l c u l a t e d .  The s e a r c h  p rocess  at  
subsequent  p o i n t s  i s  a b b r e v i a t e d  cons ide rab ly  i f  we t a k e  a s  t h e  
zero  approximations t h e  parameters  A t m ,  B m ,  ym of  t h e  p reced ing  
p o i n t .  Th i s  i s o l i n e  c o n s t r u c t i o n  e l g o r i t h m  ensures  unimodal i ty  o f  
t h e  g r a d i e n t  s e a r c h  r eg ion .  The f l i g h t  t r a j e c t o r y  i s o l i n e  f i e l d  
can be c a l c u l a t e d  i n  t h i s  f a s h i o n  a long  t h e  f i r s t  s e n i o r b i t  
( t r a n s f e r  a n g l e  4 2 n ) .  

I n  o r d e r  t o  c a l c u l a t e  t h e  second s e m i o r b i t ( @ r n )  i s o l i n e  f i e l d  t h e  
va lue  o f  A t 0  i n  t h e  i s o l i n e  p o i n t  s e a r c h  p rocess  must be s e l e c t e d  
s o  t h a t  t h e  f i r s t  t r a j e c t o r y  obvious ly  l i e s  i n  t h e  second semi- 
o r b i t  t r a j e c t o r y  r eg ion .  

The i s o l i n e s  of t h e  o t h e r  parameters  ( B  and y )  can be c o n s t r u c t e d  
s i m i l a r l y  wi thout  a l t e r i n g  t h e  msthod l o g i c .  

Use of t h e  impact ing  t r a j e c t o r y  metnod a l s o  makes It p o s s i b l e  
t o  determine t h e  . ? i t l a 1  k inemat ic  parameters  of  t h e  h e l i o c e n t r i c  
t r a j e c t o r y  segment i n  t h e  e x a c t  fo rmula t ion  wi th  account  f o r  f i n i t e  
p l a n e t  sphe re  of  a c t i o n  dimensions and t h e  i n f l u e n c e  of  v a r i o u s  
p e r t u r b a t i o n s .  



1 3.  APPROXIMATE METHOD FOR S O L V I N Q  T H E  D I F F E R E N T I A L  /63 
E Q U A T I C N S  OF CONTROLLED SPACECRAFT MOTION 

I f  we t ake  t h e  i n t e g r a l s  i n  t h e  r i g h t  s i d e s  of ( 1 . 3 . 6 ) ,  
( 1 . 3 . 1 0 )  (1 .3 .19) ,  i . e . ,  i f  we determine hU, Fu, bu as f u n c t i o n s  
o f  t h e  kinematic  parameters ,  r e l a t i v e  ins tan taneous  weight p, 
and i n i t i a l  s p a c e c r a f t  thrus t -weight  r a t i o  no ,  t h e  r e l a t i o n s  
(1 .3 .7a ) ,  (1 .3 .11a) ,  (1.3.17)  become t h e  b a s i s  f o r  a n a l y s i s  of t h e  
s p a c e c r a f t  b a l l i s t i c  des ign  c h a r a c t e r i s t i c s .  For  ti given t h r u s t  
v e c t o r  c o n t r o l  law such s o l u t l o n s  can be obta ined e x a c t l y  only 
by one of t h e  numerical  methods and t h e  ~ e s u l t s  w i l l  depend on 
t h e  i n i t i a l  thrust-weight  r a t i o  no and f i n a l  r e l a t i v e  weight 9. 
A l l  t h i s  make makes a n a l y s i s  of  t h e  spacecl-aft  b a l l i s t i c  des ign  
c h a r a c t e r i s t i c s  d i f f i c u l t .  

I n  o r d e r  t o  f i n d  :.he opt imal  s p a c e c r a f t  b a l l i s t i c  des ign  
! c h a r a c t e r i s t i c s  it i s  ne:essary t o  use opt imal  f l i g h t  v e h i c l e  

design theory  [43, Chapter 31, based on v a r i a t i o n a l  c a l c u l u s  and 
n m e r i c a l  methods f o r  s o l v i n g  boundary value problems. 

P a r t i c u l a r l y  marked i n  t h e  i n i t i a l  des ign  s t a g e  i s  t h e  numeri- 
c a l  method weakness a s s o c i a t e d  w i t h  t h e  f a c t  t h a t  whi le  y i e l d i n g  
q u i t e  exac t  answers they do l i t t l e  t o  expose t h e  essence  of t h e  
problem. I n  t h e  s t a g e  of p re l iminary  s p a c e c r a f t  des ign  and i n i t i a l  
1nterplar :etary f l i g h t  t r a j e c t o r y  c a l c u l a t i o n s  it is  most important  
t h a t  t h e  dct3igners and mathematicians s tudy t h c  e s s e n t i a l  approxi- 
mate s o l u t i o n  a s p e c t s  which w i l l  a i d  them i n  i d e n t i f y i n g  t h e  
determining elements and parameters  and f i n d i n g  r a t i o n a l  ways t o  
r e a l i z e  t h e  genera l  p r o j e c t  concept .  Here an impor ta r ,  r o l e  w i l l  

be played by t h e  approximate methods f o r  s o l u t i o n  of t h e  d i f f e r e n -  
t i a l  equat ions  of  t h e  c o n t r o l l e d  motion, whose degree of accuracy 
must s a t i s f y  t h e  pre l iminary  des ign  requi rements .  



The p re l imina ry  a n a l y s i s  of s p a c e c r a f t  i n t e r p l a n e t a r y  f l i g h t  

t r a j e c t o r i e s  i s  sometimes based on t h e  impuls ive  ap?roximation,  
which does not  t a k e  i n t o  account  t h e  f i n i t e  d u r a t i o n  o f  t h e  a c t i v e  
segments i n  t h e  p l a n e t ' s  sphe re  of  s c t i o n  and r e p l a c e s  t h e  f i n i t e  
t h r u s t  a p j l i e d  I n  t h e  course  of  a d e f i n i t e  t ime by a t h r u s t  impulse 
o f  ze ro  d u r a t i a n  which l e a d s  t o  s t epwise  change of t h e  f l i g h t  
v e l o c i t y .  

However, t h e  impuls ive  approxir?.ation does n o t  always meet t h e  
accuracy requi rements  m d  does n o t  permit  i d e n t i f y i n g  t h e  i n f l u e n c e  
of such an important  b a s i c  s p a c e c r a f t  parameter  as t h e  i n i t i a l  
th rus t -weight  r a t i o  no on t h e  b a l l i s t i c  des ign  c h a r a c t e r i s t i c s .  
The methods based on approximate d e f i n i t e  i n t e g r a l  c a l c u l r t i ~ g  
techniques  a r e  more f r u i t f u l  and encon~pass a wide range of r e q u i r e -  
ments. 

ACTIVE SPACECRAFT ACCELERATION SEGMENT - /6 4 

According t o  (1.3.6b)  t h e  va lue  of huf at  t h e  f i n a l  p o i n t  
of t h e  a c t i v e  f l i g h t  segment i s  

r f - -  
I I , ,  - \ ( p .  c) t i  in  p. 9 

A f t e r  i n t e g r a t i o n  by p a r t s  we f i n d  

I n  t h e  case  o f  continuous in,.rease ( d e c r e s s c j  of  t h e  s c a l a r  
q u a n t i t y  ( p . 5 )  with  t lme,  u s i n g  t h e  mean va lue  theorem *, we o b t a i n  

-- 
See ,  f o r  example, G . M .  F i k h t e n g o l ' t s ,  Osnovy Matematicheskogo 

Arx l i za  (Fundamentals o f  Mathema~ica l  ~ n a l y s i s ) ,  Vol. 1, GITTL, 
1956 ( 5  2 ,  Chapter  11). 



where 

( ~ n p ) ~  i s  t h e  in te rmedia te  va lue  of l n p  on Lhe i n t e r v a l  [(Pm3)0, - - 
(p*u), l .  

Then t h e  c o n t r o l l e d  motion energy i n t e g r a l  (1.3.7a)  f o r  t h e  
moment of a c t i v e  segment t e rmina t ion  i s  w r i t t e n  i n  t h e  form 

We t ransform t h e  moment of  momentum v e c t o r  i n t e g r a l  (1.3.11a) 
s!-milarlly. A s  a  r e s u l t  of i n t e g r a i r n g  t h e  r i g h t  s i d e  of (1.3.10)  
we f i n d  

( I n  p), i s  t h e  intermediace value of i n  )1 on t h e  i n t e g r a t i ~ n  i n t e r -  

v z l  [(~'xp)o, (i;xF)),l- 

Considerins ! 2 . 3 . 3 ) ,  we r e p r e s e n t  t h e  moment of momentum v e c t o r  f 

i n t e g r a l  (1.3.11a)  f o r  t h e  time ta  by t h e  formula 
I 

E 

(2 .3 .4)  ( ~ X ~ ) , = ~ o - i ( l - a , ) ( 7 . X ~ ) , $ a , ( ~ ~ P ) o ~  ~ b f .  i 

I 
5 

S i n ~ e  t h e  i n t e r m e d i a t ~  valued ( I n  p ) e  and ( I n  p I m  a r e  determined 1 ; 

/65 i n  t h e  reg ion  

o< ( -  I l l  ;L\~/;( -.. l l l : ~ f ) t ,  0 .-; ( - -  Irl;~), , ,  .<(- Ill pf), 

t h e  func t ions  a, and am can vary i n  t h e  l i m i t s  

O<n,< 1, O<a,< 1 .  ( 2 - 3 - 5 )  



I n  t h e  case  of e x a c t  r e p r e s e n t a t i o n  o f  ae and am a s  f u n c t i o n s  

of  i n  r f  ( o r  i n  r )  t h e  r e l a t i o n s  (2 .3 .2)  and (2 .3 .4)  a r e  exac t  *. 
Unfor tunate ly  t h e  a c q u i s i t i o n  of t h i s  i n f o r m a t i o n  invo lves  only 
c a l c u l a t i o n  of  t h e  i n t e g r a l s  (1.3.7a)  and ( l . 3 . l l a )  , which i s  
e q u i v a l e n t  t o  numerical  i n t e g r a t i o n  of  t h e  system. However, a n o t h e r  
approach i s  p o s s i b l e  : c o n s t r u c t i o n  o f  t h e  approximate dependences 

of ae and an on pf and no f o r  d i f f e r e n t  t h r u s t  v e c t o r  v a r i a t i o n  

laws. I n  t h i s  case  t h e  r e l a t i o n s  (2.3.21 m d  ( 2 . 3 . 4 )  w i l l  now be  

approximate and t h e i r  accuracy i s  i n f l u e n c e d  i n  a d e f i n i t e  f a s h i o n  

by t h e  accuracy of c o n s t r u c t i o n  of t h e  a, and am r e l a t i o n s .  

S t u d i e s  have shown t h a t  f o r  t h e  commonly used t h r w t  v e c t o r  v a r i a -  
t i o n  laws t h e  accuracy of t h e  c o n s t r u c t i o n  of tho  dependences of 

a, and am on p r  and no i n  t h e  range of  t h e i r  r e a l i s t i c  va lues  f o r  

s p a c e c r a f t  w i th  l i q u i d  rocke t  engines  has  very l i t t l e  i n f l u e n c e  
on t h e  accu~*acy of t h e  s o l u t i o n  of t h e  energy i n t e g r a l  and t h e  

moment of momentum vectov i n t e g r a l ,  r e p r e s e n t e d  i n  t h e  form of 

the  r e l a t i o n s  (2.3.2)  and ( 2 . 3 . 4 ) .  The re fo re ,  t h i s  method f o r  
approximate s o l u t i o n  o f  t h e  d i f f e r e n t t a l  e q u a t i o n s  o f  c o n t ~ o l l e d  ; 
s p a c e c r a f t  motion i s  convenient and e a s i l y  v i s u a l i z e d  and p e r m i t s  

ach iev ing  q u i t e  simply t h e  s p a c e c r a f t  b a l l i s t i c  des ign  charac ter?-s -  
I 

t i c  de te rmina t ion  accuracy r e q u i r e d  f o r  p r e l i m i n a r y  des ign  purposes .  

L e t  us examine t h e  2.pproximate s o l u t i o n s  of t h e  r e l a t i o n s  (2 .3 .2 )  
and (2.3.4)  f o r  known t h r u s t  v e c t o r  c o n t r o l  laws. 

FLIGHT I N  INITIAL ORBIT PLANE 

Let us assuve c o n t r o l l e d  s p z c e c r a f t  a c c e l e r a t i o n  ( d e c e l e r a t i o n )  

i n  s c i rcumplanetary  o r b i t  p l m s .  The i n i t i a l  o r b i t  i s  s p e c i f i e d  - 
by t h e  c o n s t a n t s  ho ,  cO, E ~ .  Since  t h e  motion i s  p l a n a r  t h e  

ang le  between t h e  t h r u s t  v e c t o r  5 and t h e  v o l o c i t y  v e c t o r  v i s  

expressed  by t h e  angle  of s t t a c k  or, and t h e  ang le  between t h e  

- -~ - 

* The s o l u t i o n  accuracy i s  l i m i t e d  by t h e  c o n d i t i o n s  of  s a t i s f a c t i o n  
of t h e  mean va lue  theorem. 



t h r u s t  v e c t o r  p and t h e  r a d i u s  v e c t o r  F i s  expressed  by t h e  angle  

y = $ - ( 0  + a )  (Figure 2.3.1) .  

Qeterminat ion of ua. We w r i t e  t h e  energy i n t e g r a l  (2 .3 .2 )  

i n  L . l e  form 

2fmo +2va(l-a,)wco~oalnpf- 9 - 7  
- (h,- 2vp,W cos a, In pf)=O. 

Taking 

w e  t ransform t h e  energy i n t e g r a l  (2 .3 .6 )  f o r  p l a n a r  c o n t r o l l e d  
motion t o  t h e  form 

Expanding t h e  r a d i c a l  i n t o  a  s e r i e s  and r e t a i n i n g  only t h e  
f irst  term of t h e  expansion,  we o b t a i n  

S t u d i e s  have shown t h a t  r e g a r d l e s s  of t h e  known a ( t )  laws* 

v a r i a t i o n  the  va lues  of a, a r e  c lose  t o  0.5.  Therefore  (2.3.9)  

can be represen ted  i n  t h e  h a O . 1  and p+0.05 approximate form - 1 
v a z = v i d u - - [ ~ ~ i r , O ( ~  veu - ~ ) - ( c O j U a - ' P O s u o ) a e w ~ n y f  1 . (2.3.10)  

. ~- - 

The c a l c u l a t i o n s  were made f o r  t a n g e n t i a l ,  t r a n s v e r s a l ,  and 
opt lmal  (providing max h U f )  a (  t )  g a r i a t i o n  laws. 



Center of attraction b/ 
Figure  2.3.1.  Kinematics o f  a c t i v e  segment 

I n  many cases  cos aa z cos aO, which makes i t  p o s s i b l e  t o  o b t a i n  /67 : 
a new approximation i n  t h e  form 

Considering t h a t  i n  t h e  f i r s t  approximation f o r  no > 0 . 1  t h e  va lues  
of Fa a r e  c l o s e  t o  u n i t y ,  we can c a l c u l a t e  3, f o r  de te rmin ing  t h e  
ze ro  approximation from t h e  formula 

Determinat ion of  ea. We r e p r e s e n t  t h e  moment of momentum 
v e c t o r  i n t e g r a l  (2 .3 .4 )  f o r  p l a n a r  contno:~ed motion i n  t h e  form 

rava cos 8, I= C,, - [(I - a,) r ,  cos ( 8 ,  + a,) 4- 
4- n,r, cos (8, -( - a,,)j iV In pf . 

where t h e  t r u e  v e l o c i t y  l i e s  i n  t h e  l i m i t s  

v2 
( ~ - ~ ~ ~ ~ ~ a l n ! ~ ) - - ~ ~ * ~ ( l - - l / r ~ ) < ~ < ( ~ - w c o r a ~ ~ n ; ~ f ) .  V C ~  (2.3.13)  

3 
; 

f 
3 

Thus the r e l a t i o n s  (2 .3 .8 )  - (2 .3 .12)  f o r  known a ( t )  v a r i e -  
t i o n  law d e f i n e  wi th  d i f f e r e n t  degree  of approximation t h e  depen- 

1 
3 

dence of' va on Pa, p f ,  no ,  where t h e  dependence on no i s  man i fe s t ed  ! 
through a, and Fa. "r 



Convert ing t o  r e l a t i v e  q u a n t i t i e s ,  a f t e r  s imple  t r a n s f o r m a t i o n s  
we o b t a i n  

- 
cos Bo - [a, cos (60 f %) - r, (1  - 0,) sin 0, sin a,] w In lrf cos e,== - - 

Fa& -t (1 -a,,,) w ex a, In pf] (2.3015) 

For a  g iven  a (  t )  v a r i a t i o n  law (2.3.15)  e x p r e s s e s  t h e  depenfience 
of ea  on ? n t h e  dependence on no b e i n g  man i fe s t ed  through i; a,  " f s  0 '  a s  
a, and a,. Consequently,  I n  o r d e r  t o  determine t h e  dependence o f  
3, and O a  on pf  and no i t  i s  necessa ry  t o  f i n d  t h e  dependence of  
2 on t h e s e  parameters .  It can b e  found b y  v a r i o u s  methods a 
a p p r o p r i a t 2  t o  t h e  s p e c i f i c  a ( t )  v a r i a t i o n  law. 

We n o t e  f i r s t  of a l l  t h a t  t h e  method f o r  d e r i v i n g  t h e  equa- 
t i o n s  (2 .3 .8)  and (2.3.15)  c a ~  be used t o  c a l c u l a t e  t h e  i n s t a n -  
taneous  va lues  of u  and 8 a long  t h e  s p a c e c r a f t  f l i g h t  t r a j e c t o r y  
i f  a, and am correspond t o  t h o s e  ( I n  p ) e  and ( I n  p), which s a t i s f y  
t h e  i n e q ~ a l i t i e s  

0<(111:~)~<lny,  O<(ln:r'l,<lnP, 

where p i s  t h e  ins t an taneous  r e l a t i v e  weight .  

With t h i s  i n  mind we f i n d  /6 8 - 

where uid = 1 - ~ c o ~ a l s p ,  v , = l - u , r c ~ s u l n p ;  5 ,  8 ,  a ,  a r e  t h e  i n s t a n -  
taneous  v e l o c i t y ,  t - - a j e c t  ory a n g l e ,  and angle  of  a t t a c k .  % 1 

Formulas (2 .3 .16)  and (2 .3 .17 j  express  f o r  known t h r u s t  v e c t o r  3 
4 

c o n t r o l  law a ( t )  t h e  dependence of t h e  i m t a n t a n e o u s  f l i g h t  v e l o c i t y  B 

"v:nd t r a j e c t o r y  angle  8 on t h e  i n ~ t ~ a n t a n e o u s  r a d i u s  F and r e l a t i v e  I 
weight p .  Thus t h e  a c t i v e  segment w i l l  be d e f i n e d  i f  t h e  depen- 



dence of t h e  ins tan taneous  r a d i u s  r on t h e  ins tan taneous  r e l a t i v e  
weight u i s  found. The s o l u t i o n  of t h i s  problem wi th  any p a r t i -  
c u l a r  degree of  approximation i s  a s s o c i a t e d  wi th  t h e  s p e c i f i c  
t h r u s t  vec to r  c o n t r o l  law a ( t )  . 

TANGENTIAL CONTROL LKd 

The t a n g e n t i a l  t h r u s t  v e c t o r  c o n t r o l  law [a(t)=O] i s  of i n t e r e s t  
i n  t h a t  w i t h  r e s p e c t  t o  r e s u l t s  i t  i s  q u i t e  c l o s e  t o  t h e  opt imal  
law, f o r  which t h e  o v e r a l l  energy p e r  u n i t  s p a c e c r a f t  mass a t  t h e  
end of t h e  a c t i v e  f l i g h t  segment ( t h e  q u a n t i t y  huf )  reaches  t h e  
maximal va lue  f o r  g iven pf. Usually t h e  launch o r b i t  (pa rk ing  - 
o r b i t )  i s  c i r c u l a r  (v0=(h , rjozo 

ro 

Determination of G a  and 3 .  Equation (2 .3 .8 )  s i m p l i f i e s  and 
t a k e s  t h e  form 

Reta in ing only t h e  f i r s t  term of t h e  s e r i e s  expansion of  t h e  
r a d i c a l  and cons ider ing  t h a t  ae x 0 .5 ,  we o b t a i n  

Using s i m i l a r  s i m p l i f i c a t i o n s ,  we red.uce (2.3.16)  t o  t h ~  form /69 
- ,  

Determination of €la and 0 .  We t ransform (2 .3 .15)  and (2.3.17) 1 
t o  t h e  form 



S u b s t i t u t i n g  i n t o  (2.3.21) and (2.3 .22)  t h e  v a l u e s  o f  va and 

v  from (2 .3 .19 )  and ( 2 . 3 . 2 0 ) ,  r e s p e c t i v e l y ,  w e  o b t a i n  

cos e = vevm 

; [ ~ . V m - ( 1 - + ) ]  ' 

where vm==l-.a,wlnp, vma=1-a,, ,wlnpf; 

ve= 1 --aew Inp, ve,= 1'-aew Inpf 

De te rmina t ion  o f  Pa and P. The a c t i v e  segments of  s p a c e c r a f t  

i w i t h  h i g h - t h r u s t  e n g i n e s  ( l i q u i d  and s o l i d  r o c k e t  e n g i n e s )  have 

s h o r t  d u r a t i o n .  C a l c u l a t i o n s  show t h a t  f o r  no 2 0 . 1  and pf L 0.05 

t h e  i n e q u a l i t i e s  h o l d  

I n  t h i s  connec t ion ,  expanding t h e  r i g h t  s i d e  o f  (2 .3 .14 )  i n t o  

a  s e r i e s  i n  h  and n e g l e c t i n g  te rms  o f  h i g h e r  t h a n  second o r d e r  o f  

~ m a l l n e a s  we o b t a i n  

i 
I With account  f o r  t h e  expans ion  of  cos 8 i n t o  a s e r i e s  i n  8 
i 
i a!~d r e t a i n i n g  only  t h e  f i r s t  term, we t r a n s f o r m  (2 .3 .24)  t o  t h e  

form 
i 



Since  t h e  k inemat ic  r e l a t i o n  

holds  and t h e  r e l a t i v e  mass v a r i a t i o n  r a t e  
;=-no. 

we can w r i t e  

or, w i t h  account  f o r  t h e  assumptions made on t h e  a n g l e  8 we o b t a i n  

where 

S u b s t i t u t i n g  i n t o  t h i s  e q u a t i o n  t h e  va lue  of 8 from ( 2 . 3 . 2 5 ) ,  we 
have 

-- d h  - -~/rd.Y [ ( I  - l)(h-h3]1p, 
4 "0 W ' m  

where 

Cons ider ing  t h a t  t h e  e r r o r s  i n t r o d u c e d  dec rease  upon i n t e g r a -  
t!on, we s u b s t i t u t e  i n t o  t h e  r i g h t  s i d e  of t h i s  e q u a t i o n  i n  p l a c e  
of B i t s  f i r s t  approximation.  Then we o b t a i n  

Taking i n t o  account t h e  e q u a l i t y  fi 

we f i n d  

* I . S .  Gradahteyr. and I . M .  Ryzhik, T ~ b l i t s y  I n t e g r a l o v ,  S u m ,  
Ryadov i P r o i z v e a e r f v  (Tab les  of I n t e g r a l s ,  Sums, S e r i e s ,  and 
P r o d u c t s ) ,  Fizmatgiz  P r e s s ,  No. 2261, 1963. 
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where .J=- ' d ,  
?f1 

( I - w h y )  1 - v" 1 
&a (2.3927) (I -a,w Inp)(l -a,w In p) 

1 

For t h e  f i n a l  p o i n t  of t h e  a c t i v e  segment we o b t a i n  

- 
ra -= 1 + sin2 , (2.3.28)  

where 

Thus de te rmina t ion  of  t h e  i n s t a n t a n e o u s  r a d i u s  F and i t s  
f i n a l  va lue  Pa and i t s  f i n a l  va lue  Pa as a  f u n c t i o n  o f  p ? - 
is  reduced t o  c a l c u l a t i n g  t h e  q u s d r a t u r e s  (2.3.27)  and 

(2 .3 .29 ) ,  numer ica l  methods f o r  c a l c u l a t i n g  which a r e  s imple  
and w e l l  known. It i s  t r u e  t h a t  t h e s e  q u a d r a t u r e s  nay a l s o  be 

expressed  a n a l y t i c a l l y  wi th  any degree  of approximation.  A very 
impor tant  p r o p e r t y  of (2 .3 .26)  and (2 .3 .28 )  i s  t h e  weak i n f l u e n c e  
of d e v i a t i o n s  of a, and am from t h e i r  "average" v a l u e s ,  t aken  t o  
be cons tan t  f o r  t h e  range  pf r p A 1, on t h e  accuracy  o f  t h e  ! 

.- 
r&X -- ra . 5 and Pa c a l c u l a t i o n .  Table 2 . 1  shows t h e  e r r o r s  (U=/-- - 

,ra ex - I 
of ra c a l c u l a t i o n  us ing  t h e  approximate formula (2 .3 .28)  1 

corresponding  t o  pf  = 0 . 1  and no = 0.2 f o r  d i f f e r e n t  and c h a r a c t e r i s -  
t i c  va lues  of  a, and am, taken  t o  be c o n s t a n t  i n  t h e  range  0 .1  L 

pf 
s 1 @.   hanks t o  t h i s  p rope r ty  we can s e l e c t  t h o s e  va lues  of 

* The c a l c u l a t i o n s  were made f o r  t h e  f o l l o w i n g  i n i t i a l  c o n d i t i o n s :  
c i r c u l a r  launch o r b i t  r a d i u s  R0=6571 km, s p e c i f i c  t h r u s t  P 1350 s .  

s P 



I 
I 
I ae and am, cons tan t  f o r  any pf  i n  t h e  r ange  0 . 1  S pf S 1 and i n  
i 
! 
I 

view of t h e  weak dependence of a, and a, on no f o r  any va lue  of  
I no f o r  any va lue  o f  no i n  t h e  range  no r 0.2 ,  f o r  which t h e  

ira, 0,. Pa ( a r  5 ,  0 ,  S )  c a l c u l a t i o n  e r r o r s  a r e  minimal and q u i t e  
a c c e p t a b l e  f o r  b a l l i s t i c  des ign  c a l c u l a t i o n s .  The s t u d i e s  made 
permi t  recommending t h e  fo l lowing  v a l u e s  

I n c i d e n t a l l y ,  removing t h e  ambisui ty  u s i n g  t h e  L t H Q p i t a l  r u l e ,  we 
can show t h a t  f o r  p = 1 from (2.3.19)  ae = 0.5 and ae changes 
very  l i t t l e  w i t h  dec rease  o f  p. 

1 TABLE 2 . 1  

Tables 2 . 2  and 2 .3  show t h e  e r r o r s  * 

of t h e  Ja,  cos 0,, Pa c a l c u l a t i o n s  u s i n g  t h e  approximate formulas  
(2.3.181,  (2 .3 .19 ) ,  (2 .3 .21 ) ,  ( 2 . 3 . 2 3 ) ,  (2 .3 .28)  f o r  s e l e c t e d  con- 

I s t a n t  va lues  of a, and am i n  comparison wi th  t h e  e x a c t  Jaex, cos 

! 'a ex  and Pa ,, c a l c u l a t i o n s  f o r  d i f f e r e n t  va1u .e~  of no and p f .  

We s e e  good accuracy  of  t h e  s u b j e c t  approximate c a l c u l a t i o n  method, 
s a t i s f y i n g  complebely t h e  requi rements  imposed on b a l l i s t i c  

* The c a l c u l a t i o n s  were made f o r  Table 2 . 2  w i t h  P 1350 s and form 
SP 

Tab le  2 .3  w i t h  P =450 s .  The upper va lues  i n  t h e  boxes apply  
SP 

t o  c a l c u l a t i o n s  us ing  formulas  (2 .3 .18 )  and !2.3.21) .  



TABLE 2.2 



TABLE 2.3 



des ign  c a l c u l a t i o n  accuracy  i n  t h e  s p a c e c r a f t  p re l imina ry  des ign  
s t a g e .  The r e s u l t s  o b t a i n e d  p e r n i t  t a b u l a t i o n  of t h e  q u a d r a t u r e  
IF as a f u n c t i o n  of p f o r  t h e  s e l e c t e d  va lues  no anG pf, which 
f a c i l i t a t e s  and s i m p l i f i e s  cons ide rab ly  +,he c a l c u l a t i o n s .  

Determinat ion of  p o l a r  a n g l e  y-a. The k inemat i c  e q u a t i o n  

tlt r . 
i s  r e p r e s e n t e d  i n  t h e  form - 

(0. 1 :I CClS (1 . - . . .___  __I_ - - 4 "0 r 
S u b s t i t u t i n g  i n t o  t h i s  e q u a t i o n  t h e  va lues  o f  3 ,  cos 8 ,  f from 
(2.3.201,  (2 .3 .22 ) ,  ( 2 , 3 . 2 6 ) ,  we o b t a i n  

Thus t h e  c a l c u l a t i o n  o f  xa reduces  t o  c a l c u l a t i n g  t h e  quadra- 
tux 2 

with  good degree o f  accuracy i t  can b e  r e p r e s e n t e d  i n  t h e  form 

A f t e r  expanding t h e  i n t e g r a n d  i n t o  a  a e r i e s  we f i n d  

A s  a r e s u l t  we have 



where 

Formu: - -  (2 .3 .31)  - (2 .3 .33)  permit  c a l c u l a t i n g  w i t h  va ry ing  /7b - 
degree of accuracy t h e  va lues  of  t h e  p o l a r  angle  x a t  t h e  end of 
c ~ n t r o , . ~ e d  s p a c e c r a f t  f l i g h t  a s  a f u n c t i o n  of p, A and no .  The ex- 
p r e s s i o n  (2 .3 .31 )  y i e l d s  r e l a t i v e l y  b e t t e r  accuracy .  More con- 
v e n i e n t  f o r  o p e r a t i o n a l  c a l c u l a t t o n s  and ~ n a l g s i s  of t h e  b a l l i s t i c  
des ign  c h a r a c t e r i s t i c s  i s  t h e  formula ( 2 . 3 . 3 3 ) ,  s i n c e  t h e  va lues  
of t h e  S n t e g r a l s  (2 .3 .34)  depend ( f o r  t h e  s?ke  va lues  of  w )  only 
on p f ,  which pe rmi t s  them t o  be  t a b u l a t e d .  The c a l c u l a t i o n  e r r o r s  
f o r  Psp=350 s a r i s i n g  when c a l c u l a t i n g  x a  w i n g  t h i s  formula a r e  
shown I n  Table  2 .4 ,  

TABLE 2.4 

Thus t h e  method used I n  t h e  preser l t  s e c t i o n  t o  s o l v e  t h e  con- 
t r o l l e d  motion I n t e g r a l s  has  made I r  p o s s i b l e  t o  f i n d  f o r  t h e  
t .angent ia1 t h r u s t  v e c t o r  c o n t r o l  law an accept  a b l e  approximation 

-, t o  t h e  a n a l y t i c  dcpcndences of  Ca ,  B a ,  ra, y a  on t h e  basi, , , ,  space-  
c r a f t  des ign  parameters  p and n3. f  



( ' I  . 
I 

The r e s u l t s  obtained make Determination of h f&f+f. 
it poss ib le  t o  f i nd  d i r e c t l y  t h e  dependence o f  the  constants  of  
i n t e g r a t i o n  hUf,  Cup, e  on pf and no. Since f o r  t h e  case of I uf i , ,. 

I i con t ro l led  motion i n  a s t a t i ona ry  plane I . .. 

C,:f=v.ra cos em 

after substituting i n t o  these  equations t h e  values of u,, ra, cos 
! 0, f rom (2.3.19). (2.3.23), (2.3.28) and simple t ransformat ions  

J c - '  I t we obta in  

We note  t h a t  i n  t h e  first approximation w e  can determine /77 
%f from t h e  formula 

with a ca l cu l a t i on  e r r o r  not exceeding 5 4 % .  

According t o  (1.3.32a) t h e  constant  eUf is  defined by the 

r e l a t i o n  

ACTIVE SPACECRAFT DECELERATION SEGMENT 

Up till now, i n  der iving t h e  approximate formulas we had i n  
mind spacecraf t  acce l e ra t i on  from the  departure p lane t  launch o r b i t  - 
t o  an %cape o r b i t  character ized by t h e  constants  huf,  Euf ,  euf. 



I n  many cases i n t e rp l ane t a ry  spacecraf t  f l i g h t  i s  terminated by 
en t ry  i n t o  a planned o r b i t  (we c a l l  it t h e  f i n a l  o r b i t )  around 
t h e  dest inat ior l  p lane t .  An a c t i v e  dece le ra t ion  segment, i n  
which t h e  cont ro l led  motion problem i s  ve loc i ty  r e d ~ c t i o n  a f t e r  
which spacecraf t  f l i g h t  w i l l  take place i n  t he  spec i f i ed  f i n a l  
o r b i t  around t h e  p lane t ,  i s  necessary f o r  spacecraf t  i n s e r t i o n  
i n t o  t h i s  o r b i t .  I f  spacecraf t  dece l e ra t i on  taes  p lace  i n  a 
s i n g l e  plane with t angen t i a l  t h r u s t  vector  con t ro l  [ a ( t )  = r ]  
we can u t i l i z e  t h e  preceding r e s u l t s  by us ing t h e  motion inver-  
s ion  p r inc ip l e .  I n  s o  doing we must consider the  well-known 
f a c t  [51] t h a t  dece le ra t ion  w i l l  be most economical i n  regard t o  
energy expenditures i f  t h e  a c t i v e  segment terminates  et the  
pe r i cen te r  of t h e  f i n a l  o r b i t ,  i . e . ,  w i th  rf=rh and B f = B f k .  

Using (2 .3 . l9) ,  (2.3.231, (2.3.28), (2.3.29) and (2.3.31) o r  
(2.3.33) and (2.3.34) we represent  t h e  expressions f o r  t h e  
ve loc i ty  J t ,  t r a j e c t o r y  angle €It, r ad ius  Ft, and polar  angle xt 
a t  t he  beginning of t h e  a c t i v e  dece le ra t ion  segment (Figure 2.3.2) 
i n  t h e  form 

. " 

+ 3  ( ~ ) ' / a - - 4 ( ~ ~ 6 / ~ f  no* S ( - $ ~ I ~ ] .  
no* 



The express ions  (2.3.39) - (2.3.43) d e f i n e  t h e  dependence o f  
t h e  k inemat ic  parameters  of t h e  i n i t i a l  p o i n t  of  t h e  a c t i v e  
d e c e l e r a t i o n  segment of t h e  b a s i c  s p a c e c r a f t  des ign  parameters  
+ and no,  r e a l i z a t i o n  of  which i s  necessary  f o r  s p a c e c r a f t  i n s e r -  
t i o n  i n t o  t h e  f i n a l  o r b i t  around t h e  d e s t i n a t i o n  p l a n e t  wi th  
t a n g e n t i a l  t h r u s t  v e c t o r  c o n t r o l  i n  t h e  d e c e l e r a t i o n  segment. 

The t r a n s v e r s a l  law, when a ( t )  = - 0 ( t ) ,  i s  one of t h e  known 
t h r ~ s t  v e c t o r  c o n t r o l  laws f o r  s p a c e c r a f t  a c c e l e r a t i o n  and de- 
c e l e r a t i o n  segments i n  a  g iven s t a t i o n a r y  p lane .  However t h i s  
law i s  , ? n e r g e t i c a l l y  uneconomical, s i n c e  f o r  t h e  same values  o f  
t h e  b a s i c  des ign  parameters  pf and no t h e  a c c e l e r a t i o n  (dece le ra -  
t i o n )  energy l e v e l ,  c h a r a c t e r i z e d  by t h e  va lue  h u f ,  is  lower f o r  
t r a n s v e r s a l  than  f o r  t a n g e n t i a l  c o n t r o l .  F igure  2.3.3 shows t h e  

(h*).d, - (h.d.,-B q u a n t i t y  ~h,=  , c h a r a c t e r i z i n g  t h e  a c c e l e r a t i o n  
(h6 . -0  

energy l e v e l  decrease  when us ing  t r a n s v e r s a l  c o n t r o l  i n  comparison 
wlth t a n g e n t i a l  c o n t r o l ,  as a f u n c t i o n  of pf f o r  va r ious  no. We 



Figure  2.3.2. Kinemat i c s  o f  
a c t i v e  d e c e l e r a t i o n  segment: 
1- f i n a l  o r b i t ;  2- a c t i v e  de- 
c e l e r a t  i on  segment 

a l s o  examined a "mixedtt t h r u s t  

F igure  2.3.3. Energy l o s s e s  f o r  
t r a n s v e r s a l  c o n t r o l  

vec to r  c o n t r o l  law which combines 
two c o n t r o l  laws: up t o  the pa r abo l i c  v e l o c i t y  t h e  a c c e l e r a t i o n  
i s  performed wi th  t h e  t r a n s v e r s a l  law a ( t )  = - 8 ( t ) ,  af ter  t h i s  
t h e  t a n g e n t i a l  l a w  a ( t )  = 0.1s  used. Figure 2.3.4 shows t h e  

( h u f ) a = ~  - (h ) quan t i t y  Ahuf = Uf cm as a func t i on  of vf f o r  va r ious  
( h u f ) a = ~  

"0 ' We s e e  t h a t  t h e  ttmixedtt law f o r  smal l  va lues  of u f  l e a d s  t o  
considerably  sma l l e r  l o s s e s  than  t h e  t r a n s v e r s a l  law. Comparison 
of t a n g e n t i a l  c o n t r o l  wi th  opt imal  c o n t r o l ,  i n  which f o r  t h e  
same " and n maximum hUf i s  reached,  shows t h a t  t h e  d i f f e r e n c e  0 
i n  t h e  values  of huf does not  exceed one percent  over  a wide 
range of ef and no values .  Therefore ,  w i th in  t h e  framework of 
t h e  assumptions adopted and t h e  approximations corresponding t o  
b a l l i s t i c  des ign c a l c u l a t i o n  requirements  t he  t a n g e n t i a l  t h r u s t  
vec to r  c o n t r o l  law can be considered an opt imal  law. This  i nc r ea se s  
t h e  importance and v a l i d i t y  of  t h e  ob ta ined  approximate s o l u t i o n s  
of t h e  d i f f e r e n t i a l  equat ions  of con t ro l l ed  spacec r a f t  motion. 



Figure 2.3.4. Energy lo s se s  f o r  

S 4. CALCULATION OF TRAJECTORIES WITH 

mixed cont ro l  

INTERMEDIATE IMPULSE 

Impulsive t r a n s f e r  t r a j e c t o r i e s  between two p lane ts  are 

planar  t r a j e c t o r i e s  of t h e  conic s e c t i o n  c l a s s .  I n  t h i s  case 
t h e  t r a n s f e r  t r a j e c t o r y  plane i s  defined i n  terms of t h r e e  po in t s  
(Figure 2.4.1) : I i s  t h e  launch po in t  from the  f irst  p l ane t ,  
I1 i s  the  a r r i v a l  point  a t  t h e  second p lane t ;  @ i s  the  cen te r  
of a t t r a c t i o n  (Sun). 

The angle i between t h e  _ l ane t  o r b i t  planes i s  not l a r g e ,  
t he re fo re  t h e  t r a n s f e r  o r b i t  plane usual ly  has small i n c l i n a t i o n  
t o  the  planet  o r b i t  planes ( o r  t o  t h e  e c l i p t i c  p l ane ) .  However, 
i n  s p e c i a l  cases when the  t r a n s f e r  angle L approaches n ( o r  kn, 
where k = l ,  2 ,  ... ) t h e r e  i s  sharp increase  of t h e  t r a n s f e r  o r b i t  
i n c l i n a t i o n  t o  values of t $. This leads  t o  increase  of t h e  
r e l a t i v e  launch ve loc i ty  ( t h e  depar ture  ve loc i ty  V OD from t h e  
p lane t  gravisphere) from t h e  f i r s t  p lanet  aad the  r e l a t i v e  ve loc i ty  
of 8:)proach t o  the  second p lane t  and consequently t o  Increase  of - /81 
t he  t r a n s f e r  energy expenditures.  An "energy r idge"  appears on 
t h e  c h a r a c t e r i s t i c  ve loc i ty  ( o r  ve loc i ty  V i s o l l n e  f i e l d s  ( see  
Figure 5.2.1). The band of launch da tes  and a r r i v a l  da tes  adjacent  
t o  t h i s  r idge  cannot be r ea l i zed .  It i s  obvious t h a t  t h e  energy 



expendi tures  f o r  t r a n s f e r  t r a j e c t o r i e s  i n  t h e  "energy r idgen  region 
may be decreased with changeover t o  a t r a j e c t o r y  c o n s i s t i n g  o f  
two ( o r  more) p lanar  segments C52, 601. I n  t h i s  case an a d d i t i o n a l  
impulse i s  appl ied at po in t  1, causing a break i n  t h e  t r a n s f e r  
t r a j e c t o r y .  I n  many cases i t  i s  advisable  t o  use a t r a n s f e r  
t r a j e c t o r y  wi th  i n t e m e d i a t e  impulse ( o r  s e v e r a l  impulses) ,  even 
f o r  t r a n s f e r s  i n  a s i n g l e  plane [82 I .  Thus, f o r  l a rge  t r a n s f e r  
angles  L > n between p l ane t s  I and I1 (Figure 2.4.2) t h e  maneuver 
with i n s e r t i o n  i n t o  o r b i t  of  p lane t  I and app l i ca t i on  of an 
add i t i ona l  impulse at po in t  1 ( t h e  impulse does no t  a f t e r  s i gn i -  
f i c a n t l y  t he  t r a n s f e r  p lane)  and t r a n s f e r  along two conic s ec t i on  
t r a j e c t o r i e s  w i l l  be ene rge t i ca l l y  advantageous. The time and 
loca t ion  of point  1 must be s e l e c t e d  t o  minimize the  o v e r a l l  
energy expenditures i n  t h e  t r a n s f e r  segment between p l ane t s  I 
and 11. The parameters t o  be optimized w i l l  be t h e  t h r e e  co- 
o rd ina t e s  def inrng t h e  in termediate  impulse app l i ca t i on  po in t  
p o s i t i o n  and impulse app l i ca t i on  time. 

Figure 2.4.1.  Schemat i c  of nonplanar t r a n s f e r  with in termediate  
impulse 

Thus f o r  given times of launch tI from p lane t  I and a r r i v a l  
a t  p lane t  I1 the  t r a n s f e r  t r a j e c t o r y  opt imizat ion problem with 

a s i n g l e  in termediate  impulse i s  four-parameter. I n  t h e  genera l  
case ,  when the  number of in termediate  impulses i s  equal  t o  n ,  the  
number of parameters t o  be optimized i s  N = 4 N .  

Let us exgmine such a case of t r a n s f e r  between p l ane t s  I and 
I1 with app l i ca t i on  of in termediate  impulses (Figure 2.4.3) .  



Figure 2 .4 .2 .  Schematic Figure 2 .4 .3 .  Schematic of  t r ans -  
of p l ana r  t r a n s f e r  with f e r  with in termediate  impulses 
in termediate  impulse 

? - 

Spec i f i ca t i on  of t h e  depar ture  time tI from p lane t  I and a r r i v a l  
time tII a t  p lane t  I1 determines t he  p o s i t i o n  of t he  p lane t  r a d i i  
vec tors  SI and ?II and p lane t  ve loc i t y  vectors  TI and tII. The - /82 
coordinates of t h e  in termediate  p a i n t s  ( r ad ius  vec tor  Tk) and 
point  passage times ( in termediate  impulse app l i ca t i on  times tk) 
a r e  s e l e c t e d  t o  miaimize t h e  t o t a l  c h a r a c t e r i s t i c  ve loc i t y .  For I 

t he  sake 2 f  gene ra l i t y  we examine t h e  t r a n s f e r  t ra3ec tory  between 
p l ane t s  wi th  launch impulse app l i ca t i on  a t  p lane t  I and decelera-  
t i o n  impulse app l i ca t i on  at p lane t  11. I n  t h i s  case t h e  t o t a l  
c h a r a c t e r i s t i c  ve loc i t y  

where AVI and AVII a r e  t h e  c h a r a c t e r i s t i c  v e l o c i t i e s  of launch 
from p lane t  I and dece le ra t ion  a t  p lane t  11, respec t ive ly ;  

vLtl i s  t h e  spacecra f t  ve loc i t y  vec to r  a t  t he  
beginning of t h e  ( k + l ) t h  t r a n s f e r  segment; 

v: i s  the  spacecra f t  ve loc i t y  vec tor  a t  t he  
end of t he  k-th t r a n s f e r  segment. 

The c h a r a c t e r i s t i c  launch ve loc i ty  from p lane t  I (Ear th)  i s  
approximately equal  t o  t h e  ve loc i ty  increment 

st  AVI vnh-v" c i r  ' 



-. 
i-.' 

, - 
where V - i s  the  c i r c u l a r  v e l o c i t y  i n  AES launch o r b i t  

i 

(h = 20c ksa); 

2 n 
" I 
i 1 st = / (V:=) + ( v D B ) ~  is  t h e  v e l a c i t y  at t h e  launch hyperbola 
. I 

vrh 

pe r i cen t e r ;  

'par i s  t h e  parabol ic  ve loc i t y  at he igh t  h ;  
VE i s  t h e  depar ture  ve loc i ty  from the  Ewth8s  

sphere of ac t ion.  

.' . - 1. 

The c h a r a c t e r i s t i c  dece l e r a t i on  ve loc i ty  i n  a r t i f i c i a l  planf?t  
f s a t e l l l t e  (APS) o r b i t  i s  s imi l a r ly  
1 

where v:: = / (vpl  )*+(V:~)*; v::~ i s  t h e  ve loc i ty  a t  t h e  APS o r b i t  i 

Par I 

I i p e r i c e n t e r  . 
i' 

For f lyby  and landing f l i g h t  t r a j e c t o r i e s  (without a c t i v e  de- 
c e l e r a t i o n  i n t o  APS o r b i t )  t h e  component AVII = 0. For given 
in termediate  impulse app l i ca t i on  point  parameters t h e  t r a j e c t o r y  
determination i n  each segment reduces t o  o r b i t  determination on 
t h e  bas i s  of  two pos i t ions .  This problem can be solved by t h e  
Lambert o r  o t h e r  methods. Optimization of t h e  in termediate  impulse 
app l i ca t i on  point  parameters i s  made by the  g rad ien t  method. The 
problem i s  solved by success ive  v a r i a t i o n  of t h e  number of impulses.& 
The t r a j e c t o r y  is  first found without t he  in termediate  impulse, 
then with a s i n g l e  in termediate  impulse, two, and so  on. The 
t o t a l  ve loc i t y  V2 i s  determined f o r  each case .  The optimal number 
of in termediate  impulses i s  determined from t h e  condi t ion  of 
minimum VxZ. I f  we l i m i t  t h e  o v e r a l l  t r a n s f e r  angle L < 2n ( t r a -  
j e c t o r i e s  of t h e  f i r s t  o r  second semiorbi t  i n  t he  case of  t r a n s f e r  
without an in termediate  impulse) t he  t r a n s f e r  angle  i n  each segment 
Lf < r ( t r a j e c t o r y  of the  f i r s t  semiorb i t ) .  I n  t h i s  case t h e  Vz 

extremum search  reg ion  even f o r  a s i n g l e  in te rmedia te  impulse w i l l  



be unimodal ( regbm with  a s i n g l e  extremum), which ensures con- 
vergence of t h e  gradient  methods. For success ive  opt imizat ion of 
the  number of impulses i t  is  advisable t o  use t he  Following 
s t r a t egy  i n  s e l e c t i n g  the  zero approximations f o r  t h e  in termediate  
impulse parameters. For t ra3ec tory  opt imizat ion with  a s i n g l e  
in termediate  impulse t h e  impulse appl ica t ion  time f o r  t h e  zero 
approximation i s  def ined as 

.. -- - - - -  

t:= f l  + t l l  

2 '  

The vector  f10 i s  s e l e c t e d  equa l  t o  t he  radius  vec tor  of t h e  /84 
A 

- 
planar  t r a n s f e r  t r a j e c t o r y  a t  t h e  time tlu. For a t r a j e c t o r y  wi th  
two intermediate  impulses 

',-d + t l l  -t1 . 4 - 1 3 * 

t,O=t,,- ti1 - t l  

3 

Figure 2 .4 .4 .  Transfer  from AES o r b i t  t o  a r t i f i c i a l  Mars s a t e l l i t  
(AMS) o r b i t  (h&, = 300 km, ~ $ ' = = I o w w  ~ ~ = Z W W U )  

- conventional t r a j e c t o r i e s  ; - - - w i t h  in termediate  impulse 

0 - 0 
n 

The vectors  ?I and r2 correspond t o  the  pos i t ions  at time8 
n u u t l  and t2 on t h e  planar  t r a n s f e r  t r a j e c t o r y .  I n  o rder  t o  shor ten 

t h e  computation time when making massive ca l cu l a t i ons  t o  construct  
t h e  i s o l i n e  f i e l d s ,  i t  i s  advisable t o  t ake  t h e  parameters of  t h e  



preceding point as t h e  zero approximations. Calculations show 
t h a t  the "energy ridgen on the  cha rac te r i s t i c  veloci ty  i so l ine  
f i e l d s  is cut down with appl icat ion of addi t ional  impulses (Figures 
5) .  Moreover, when using intermediate impulses the energy expen- 
d i tu res  decrease f o r  f l i g h t s  along the  second semiorbit t r a j e c t o r i e s  
with long f l i g h t  time. For f l i g h t  t r a j e c t o r i e s  from AES o r b i t  t o  

i AMS o r b i t  the cha rac te r i s t i c  fea ture  i s  qu i t e  complete "cutoff of 
the  energy ridget1 separat ing the 1st and 2nd semiorbit t r a j e c t o r i e s .  
Some "energy ridge t races"  remain f o r  f l i g h t  t r a j e c t o r i e s  from 
AMS orb i t  t o  t h e  Earth. 

'1 I I I . I  I I 
bn 2 0  250 3 0 0 -  3 0  A t f ,  days 

1 Figure 2.4.5.  Transfer from a r t i f i c i a l  Mars s a t e l l i t e  o r b i t  t o  
the Earth 
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CHAPTER 3. INTERPLANETARY VEHICLE FLIGHT /85 . . 

SCHEMES AND TRAJECTORIES 

§ 1. INTERPLANETARY FLI QHT TRAJECTORY CHARACTERISTICS 

The problem of u s e f u l  load de l i ve ry  t o  a t a r g e t  p l ane t  involves  
s e v e r a l  s t a g e s ,  among which t h e  primary i n f l uence  on t h e  f l i gh t  

energy expendi tures  i s  that o f :  
- spacec r a f t  i n s e r t i o n  i n t o  parking o r b i t  by t h e  rocke t  

boos te r  ; 
- depar tu re  from t h e  parking o r b i t  and a c c e l e r a t i o n  t o  t h e  

energy l e v e l  r equ i r ed  t o  overcome t h e  Ea r th ' s  g r a v i t y  f i e l d ;  
- b a l l i s t i c  f l i g h t  t o  t h e  t a r g e t  p l a n e t ,  which inc ludes  t h e  

energy expendi tures  a s soc i a t ed  wi th  s o l u t i o n  of  t h e  nav iga t i ona l  
I 

I problems whlch maintain t h e  a c t u a l  t r a j e c t o r y  c lo se  t o  t h e  nominal 
t r a j e c t o r y  ; 

- spacec r a f t  dece l e r a t i on  upon approach t o  t h e  t a r g e t  p l a n e t ,  
which makes it pos s ib l e  t o  e n t e r  circumplanetary o r b i t ;  

- spacec r a f t  depar tu re  from circumplanet a ry  o r b i t  and touch- 
down on t h e  su r f ace  of t h e  t a r g e t  p l ane t  @; 

- r e t u r n ,  i nc lud ing  t h e  energy expendi tures  i n  performing 
t h e  t a s k s  of spacec r a f t  r e t u r n  t o  t h e  Ear th  and c o n s i s t i n g  of  s t a g e s  
analogous t o  those  examined previously  (dur ing  f l i g h t  t o  t h e  t a r g e t  
p lane t  ) . 

It is  d i f f i c u l t  t o  eva lua t e  t h e  degree of  i n d i v i d u a l  s t a g e  
in f luence  on t h e  b a l l i s t i c  design c h a r a c t e r i s t i c 8  and spacec r a f t  
u s e f u l  load magnitude - a l l  t h e  s t a g e s  a r e  i n t e r - r e l a t e d .  However 

* If  d i r e c t  s r s c e c r a f t  landing i s  planned we can examine i n  p l ace  
of t h e  l a s t  tr< > s t a g e s  a s i n g l e  dece l e r a t i on  s t a g e  ( a c t i v e  o r  
pa s s ive )  and epacecra f t  l and ing  on t h e  p l ane t .  

93 
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each s tage  has  a s p e c i f i c  riature assoc ia ted  wi th  maneuver rea l iza -  
t i o n ,  t h r u s t  vec tor  con t ro l ,  and s a t i s f a c t i o n  of t h e  f l i g h t  s t age  
f i n a l  condit ions.  Therefore, f o r  prel iminary spacecraf t  design 
analyses we can f ind  approximate problem s o l u t i o n  methods which 
take I n t o  account t h e  s p e c i f i c  na ture  of each stage. Patching of /86 
a l l  t he  ind iv idua l ly  obtained so lu t ions  can : e  performed using t h e  
successive approximation method. This approach i s  convenient and 
f r u i t f u l  because of t he  f a c t  t h a t  it  permits  f u l l  u t i l i z a t i o n  of 
t he  known method f o r  approximating t h e  e c t u a l  i n t e rp l ane t a ry  space- 
c r a f t  f l i g h t  t r a j e c t o r y  by conic s ec t ion  segments ( see  § 2 of 
Chapter 1). The patched conic approximation p e r n i t s  determining 
a patched in te rp lane ta ry  t r a j e c t o r y  which represen ts  f o r  design 
analyses a good approximation t o  t h e  exact  t r a j e c t o r y .  I n  addi t ion  
it is  convenient Go view t h i s  patched curve as t h e  first approxi- 
mation f o r  t h e  corresponding i t e r a t i v e  process which i s  used i n  
determining the  f i n a l  i n t e rp l ane t a ry  t r a j e c t o r y  w i t h  aar-unt  f o r  
var ious  per turbat ions  . 

Represent a t  ion of t he  a c t u a l  continuous i n t e r p  let ary t r a j e  c- 
t o ry  i n  conic s ec t ion  form i s  based on the  assumption t h a t  only 
t he  cen t r a l  body a t t r a c t i v e  force  a c t s  dur iag sphcecraf t  motion 
i n  the  p l ane t ' s  gravisphere o r  ou ts ide  ( i n  t h e  he l iosphere) .  I n  
t h i s  case t h e  ac t ive  spacecraf t  acce le ra t ion  segment i n  t he  Ear th ' s  
gravisphere i s  followed by a hyperbolic departure o r b i t  and the  
ac t ive  spacecraf t  dece le ra t ion  segment j n  t he  p l ane t ' s  gravisphere 
is preceded by a hyperbolic a r r i v a l  o r b i t .  Outside t he  gravispheres 
of t h e  p lane ts  ( i n  t h e  he l iosphere)  we examine pr imari ly  b a l l i s t i c  
spacecraf t  f l i g h t ,  t ak ing  place by assumption under t he  ac t ion  of 
t he  a t t r a c t i v e  force  of only t h e  c e n t r a l  body - t h e  Sun. Here 
t h e  o r b i t s  considered a r e  b a s i c a l l y  e l l i p t i c  t r a n s f e r  o r b i t s .  

I n  o rder  t o  improve t r a n s f e r  energy e f fec t iveness  i t  is  advls-  
ab le  i n  many cases t o  in t roduce add i t i ona l  a c t i v e  segmente i n  t h e  
hel iosphere  (see § 4, Chapter 2 ) .  



The a c t i v e  segment of spacecraf t  i n j e c t i o n  i n t o  an in termediate  
o r b i t ,  which is usual ly  taken t o  be c i r c u l a r  with a l t i t u d e  150 - - 
200 km, i s  determined by the  b a l l i s t i c  design c h a r a c t e r i s t i c s  of 
t he  booster  rocket .  I n  planuing in te rp lane ta ry  f l i g h t s  usual ly  
only t he  spacecraf t  ar:. redis igned or  modified and t h e i r  para- 
meters,  conf igurat ion,  and s t r u c t u r e  a r e  s e l e c t e d  with account f o r  
the  s p e c i f i c  nature  of t h e  mission bemg performed i n  studying 
the  p lane ts  and in t e rp l ane t a ry  space. Spacecraft  launch 1.8 uoually 
accomplished by t h e  rocke: booster  which i s  most economical f o r  
carrying t h e  spec i f i ed  usefu l  l cau  ( spacecraf t  weight) from a 
s e r i e s  of s tancard  boos te r  rocket  types which c o n s t i t u t e  a mult i-  
purpose space rocket  system. It i s  &*ue that  i n  many cases modifi- 
ca t i on  of t he  f i n a l  rocket  s t age  ts c s r r i e d  out  t o  lchieve more 
r a t i o n a l  use of rocket  boostexb and spacecraf t  c a p a b i l i t i e s .  

The departure from the  c i r c u l a r  parking o r b i t  and acce l e ra t i on  
t o  t he  required energy l e v e l ,  b a l l i s t i c  f l i g h t  t o  t he  t a r g e t  p l ane t ,  
dece le ra t ion  near the  p lane t  f o r  en t ry  I n t o  circumplanetary o r b i t ,  /81 
and r e tu rn  t o  the  Ear th  def ine  t he  t a sk  of s e l e c t i n g  t h e  spacecraf t  
b a l l i s t i c  design c h a r a c t e r i s t i c s  and the  magnitude of t h e  u se fu l  
load which can be de l ivered  t o  the  t a r g e t  p lane t  and re turned t o  
the  Earth.  Depending on t h e  requi red  accuracy and the  nrunber of 
s e l ec t ab l e  parameters t h i s  problem can De solved by various methods, 
t he  basis of which i s  patched conic approximation of t he  b a l l i s t i c  
f l i g h t  t r a j e c t o r y .  These methods can b e  divided fundamentally 
i n t o  two types:  the  impulsive approximation method and the  methods 
accounting f o r  t h e  durat  ion and cont inui ty  of the  a c t i v e  spacecraf t  
acce le ra t ion  and dece le ra t ion  segments, which we by convention 
term f i n i t e  t h r u s t  methods. 

I n  t he  impulsive approximat Lon method the  ac t ive  segment i s  
represented i n  t h e  form of instantaneous ve loc i ty  change with  
unchanged spacecraf t  pos i t i on .  Thus we assume t h a t  as a conse- 
quence of t h e  impulsive chanee t h e  spacecraf t  ins tantaneously  
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I ,  t r a n s i t i o n s  at t h e  departure po in t  on t he  c i r c u l a r  parking orbit  
i j 

I 
t o  t he  hyperbolic depar ture  o r b i t ,  and at  some poin t  (depar ture  
po in t )  of t h e  hyperbolic a r r i v ?  1 o r b i t  t he  spacecra f t  t r a n s i t i o n s  

.:' 1 t o  the  planned f i n a l  circumplanetary o r b i t  *. As a r e s u l t  of  t h i s  
i 

' I 

I 
impulsive approximation of t h e  a c t i v e  segments t h e  e n t i r e  m t e r -  
p lanetary  t r a j e c t o r y  cons i s t s  of t h r e e  conic s ec t i ons  (Figure - /8 8 
1 :  hyperbolic depar ture  o r b i t  (from t h e  Ea r th ' s  g rav i sphere ) ,  
he l i ocen t r i c  ( e l l i p t i c  of  hyperbol ic)  i n t e : , o r b i t a l  c rans fe r  seg- 

ment (Earth o r b i t  t o  t a r g e t  o r b i t ) ,  and t h e  h y ~ z r b o l i c  a r r i v a l  
o r b i t  ( t a r g e t  p lanet  g rav i sphere ) .  The h e l i o c e n t r i c  i n t e r o r b i t a l  
t r a n s f e r  segment may i n  t u r n  c o n d ~ t  " 2  s e v e r a l  Kepleriaa o r b i t s ,  
i f  t h e  g rav i ty  f i e l d s  of  o the r    la nets a r e  w e d  t o  acce l e r a t e  o r  
dece le ra te  t he  spacecra f t  o r  $here a r e  in termediate  a c t i v e  segments. 
Patching of the  i1.dicate.d conic sec t ions  i s  s a t i s f f - e d  when t h e  
asymptote of t h e  I - v ~ c r t o l i c  d e p a r t i r e  o r b i t  i s  p a r a l l e l  t o  t he  
hyperbolic excess ve loc i ty  vector  vmf, determined from t h e  equa l i t y  

and the  asyrcgtote of the  hyperbolic a r 1 - i ~ ~ -  o r b i t  i s  p a r a l l e l  t o  
t he  h y p e ~ b o l i c  excess a r r i v a l  ve loc i ty  vec to r  kf, determined 
from the equa l i ty  

V f  = 0 -0 f p l '  

Here TO, vf a r e  t h e  i n i t i a l  and f i n a l  f l i g h t  ve loc i t y  vec tors  i n  
t he  he l i ocen t r i c  segment; V i s  t h e  Ea r th ' s  ve loc i t y  vector  a t  
the  i n i t i a l  moment of spacecra f t  f l i g h t  i n  t he  hel iosphere;  Vp1 
i s  t h e  t a r g e t  p lanet  ve loc i t y  vector  a t  t h e  f i n a l  i n s t a n t  of space- 
c r a f t  f l i g h t  i n  t h e  he l iosphere ,  We the re fo re  assume t h a t  t h e  
moment of spacecraf t  depar ture  from the  Ea r th ' s  grgvisphere and 
the  i n s t a n t  of i t s  en t ry  i n t o  the  t a r g e t  p lane t  gravisphere coincide,  
respec t ive ly ,  with t h e  po in t s  of i n t e r s e c t i o n  of t h e  e l l i p t i c  

- - 

I n  t h e  case of absence of in termediate  pass ive  segments during 
acce le ra t ion  o r  dece le ra t ion ,  This approximation i s  admissible f o r  
a  continuous a c t i v e  segment. 



Figure  3.1 .l. Patched conic  approximation o f  i n t e r p l a n e t a r y  f l i g h t  
t r a j e c t o r y  w i t h  impulsive v e l o c i t y  change: 
1- parking o r b i t ;  2- hyperbo l i c  d e p a r t u r e  o r b i t ;  3- h e l i o c e n t r i c  
i n t e r o r b i t a l  t r a n s f e r  segment; 4- hyperbo l i c  a r r i v a l  o r b i t ;  5- 
f i n a l  o r b i t  

t r a n s f e r  o r b i t  wi th  t h e  E a r t h  and target p l a n e t  o r b i t s .  From t h e  
p h y s i c a l  viewpoint t h i s  means that  t h e  p l a n e t s  a r e  cons idered  non- 
g r a v i t a t i n g  c e n t e r s  and from t h e  geometr ic  viewpoint t h i s  i s  a 
consequence of n e g l e c t i n g  t h e  dimensions of t h e  p l a n e t a r y  g rav i -  
spheres .  

However t h i s  approach t o  e v a l u a t i n g  pa tch ing  3f t h e  h e l i o c e n t r i c  
segment wi th  t h e  p l a n e t o c e n t r i c  segmencs i s  n o t  always j u s t i f i e d .  
For c e r t a i n  f l i g h t  schemes, p a r t i c u l a r l y  when w e  examine f l i g h t s  
t o  p l a n e t s  having l a r g e  g rav i sphere  dimensions, t h e  h e l i c c e n t r i c  
segment should be determined wi th  account  f o r  t h e  p l a n e t a r y  g rav i -  
sphere dimensions i n  o r d e r  t o  o b t a i n  t h e  r e q u i r e d  c a l c u l a t i o n  
accuracy.  I n  t h i s  case  pa tching i s  achieved as a  r e s u l t  of combined 
computation of t h e  h e l i o c e n t r i c  and p l a n e t o c e n t r i c  segments. 

The impulsive approximation method i s  based on t h e  assumptions 
examined above, which al though they l e a d  t o  d e f i n i t e  i d e a l i z a t i o n  



of t h e  a c t u a l  i n t e rp l ane t a ry  f l i g h t  p ic ture ,do permit i n  t h e  first 
approxirna~ion q u i t e  simple determination or t h e  energy expenditures 
requi red  f o r  r e a l i z a t i o n  of i n t e rp l ane t a ry  f l i g h t .  

The use of the  impulsive approximation method makes i t  pos- 
s i b l e  t o  construct  t h e  following s t r u c t u r a l  scheme f o r  so lv ing  /89 
t h e  problem of determining spacecraf t  b a l l i s t i c  design charac te r i s -  
t i c s .  We first so lve  the  problem of determicing t h e  h e l i o c e n t r i c  
i n t e r p l a m t a r y  f l i g h t  segment, one r e s u l t  of  which i s  f ind ing  

vmO and kf. Ve then t u r n  t o  t h e  algori thms f o r  seeking t h e  hyper- 
b o l i c  depar ture  and a r r i v a l  o r b i t s ,  t h e  corresponding asymptotes of 
which w i l l  be p a r a l l e l  t o  v4 and vmf and t h e  energy i n t e g r a l  con- 

2 2 s t a n t s  a r e  equal  t o  Va0 and vaf, respec t ive ly .  

An important p a r t  of these  algorithms a re  t h e  blocks f o r  
ca l cu l a t i ng  the  minimal values of t h e  c h a r a c t e r i s t i c  acce le ra t ion  
a d VxC and dece le ra t ion  V x C  segment v e l o c i t i e s ,  which express t he  

r e l a t i v e  f i n a l  weights of t he  spacecrpf t  acce l e ra t i ng  pfl  and de- 
ce l e r a t i ng  p f 2  modules as  follows 

where PSpl, PspZ a r e  t h e  s p e c i f i c  powerplant t h r u s t s  of t he  ac- 
c e l e r a t i o n  and dece le ra t ion  modules respec t ive ly  ; 

go i s  t he  Ear th ' s  g r av i ty  acce le ra t ion .  

The reason i s  t h a t  under t h e  assumption of pdss ib le  i n t e r -  
mediate pass ive  segments during spacecraf t  acce le ra t ion  and de- 
ce l e r a t i on ,  on t h e  bas i s  of t h e  impulsive approximation t h e  ac- 
ce l e r a t i on  and dece le ra t ion  t r a j e c t o r i e s  can be represented i n  t h e  
form of s eve ra l  conic s ec t ion  pieces .  I n  t h i s  case minimization 
of t he  t o t a l  c h a r a c t e r i s t i c  acce le ra t ion  and dece le ra t ion  segment 



v e l o c i t i e s  becomes very impor tant .  The use of  a l a r g e  number o  
impulses makes i t  p o s s i b l e  t o  s e l e c t  a t r a j e c t o r y  which no t  only  
sat isf ies  t h e  boundary cond i t ions  bu t  a l s o  opt imizes  t h e  r e q u i r e d  
value  of  t h e  t o t a l  c h a r a c t e r i s t i c  v e l o c i t y .  

The impulsive approximation method, which is a t t r a c t i v e  from 
t h e  viewpoint of r e l a t i v e  s i m p l i c i t y  and v i s u a l i z a b i l i t y  of  t h e  
a lgor i thm f o r  c a l c u l a t i n g  t h e  i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r y  
and t h e  energy expend i tu res  i n  r e a l i z i n g  t h i s  t r a j e c t o r y ,  leads 
t o  an approximate e s t i m a t e  of t r a n s f a r  energy expendi tures  and 
does n o t  permit  complete de te rmina t ion  o f  t h e  s p a c e c r a f t  b a l l i s t i c  
des ign  c h a r a c t e r i s t i c s .  

The e r r o r s  caused by t h e  impuls ive  approximation are t h e  
r e s u l t  of i g n o r i n g  t h e  g r a v i t a t i o n a l  l o s s e s  and t h r u s t  v e c t o r  
o r i e n t a t i o n  change i n  t h e  a c t i v e  segment, n e g l e c t i n g  t h e  p a r a l l a x  
e f f e c t  ( e x t e n t  of  t h e  p l a n e t a r y  g rav i sphere )  i n  c a l c u l a t i n g  t h e  
h e l i o c e n t r i c  i n t e r o r b i t a l  t r a n s f e r  segment and t h e  l e n g t h  of the 

a c t i v e  segment. 

Figure 3.1.2. G r a v i t a t i o n a l  l o s s e s  
of  r e l a t i v e  f i n a l  s p a c e c r a f t  weight 
i n  t h e  a c c e l e r a t i o n  segment 

( n 0 = 0 . 2 ;  P = 3 5 0 s ,  - 
s P ro - 

= 6571 km) 

i n i t i a l  thrus t -weight  r a t i o s  of t h e  
maneuvering. 

F igure  3.1.2 shows t h e  - /90 
r e l a t i v e  magnitude of t h e  
g r a v i t  a t  i o n a l  l o s s e s  which 
a r e  no t  t aken  i n t o  account 
i n  t h e  impulsive approxima- 
t i o n  i n  t h e  a c c e l e r a t i o n  
segment from a  c i r c u l a r  park- 
i n g  o r b i t  f o r  no = 0.2 a s  a  
f u n c t i o n  of pf. 

This method does n o t  
permit  de terminat ion  o f  t h e  

s p a c e c r a f t  s t a g e s  r e q u i r e d  f o r  



i . I -  

However t h e  impulsive approximation method is widely used i n  't*, 
I 

spacecra f t  design analyses ,  s i nce  t h e  so lu t i ons  obta ined with t h e  1 
a i d  of t h i s  method can very well be used as t h e  f i r s t  approxima- I . 

j 
t l o n  N. j 

The f i n i t e  t h r u s t  method i s  no t ,  charac te r ized  by many of t h e  
de f i c i enc i e s  of t h e  impulsive approximation method. The g rav i t a -  
t i o n a l  l o s s e s  and time v a r i a t i o n  of t h e  t h r u s t  vec tor  a r e  taken 
i n t o  account q u i t e  adequately i n  t h i s  method; t h i s  method makes 
it possl-ble t o  determine t h e  optimal values  of t h e  i n i t i a l  t h r u s t -  
weight r a t i o s  of t h e  spacecra f t  s t ages .  The f i n i t e  t h r u s t  method 
i s  based on approximate so lu t i ons  of t h e  system of d i f f e r s n t i a l  
equations of con t ro l l ed  spacec ra f t  motion. Therefore t h e  determina- 
t i o n  of t h e  kinematic parameters of t h e  end of t h e  a c t i v e  accelera-  
t i o n  o r  dece le ra t ion  segments i s  not  exact  and leads  t o  e r r o r s ,  
which however a r e  s i g n i f i c a n t l y  l e s s  than  t h e  e r r o r s  i n  t h e  impul- 
s i v e  approximation and s a t i s f y  f u l l y  t h e  requirements of pre-  
l iminary space c r a f t  design analyses .  

§ 2.  CLASSIFICATION OF INTERPLANETARY VEHICLE FLIGHT SCHEMES 

The s e l e c t i o n  of i n t e rp l ane t a ry  veh ic le  b a l l i s t i c  design 
c h a r a c t e r i s t i c s  involves t h e  eva lua t ion  of s eve ra l  c r l t e r i a :  
energy expendi tures ,  t o t  a1  f l i g h t  t i m e ,  launch window s i z e ,  s ens i -  
t i v i t y  of nominal t r a j e c t o r y  t o  poss ib le  dev ia t ions ,  and s o  on. 
The optimal b a l l i s t i c  design c h a r a c t e r i s t i c s  correspond t o  t h e  
extremal value of one of t h e  c r i t e r i a  with cons t r a in t s  on the  
o the r s .  However t h e  a n a l y t i c  r e l a t i o n s  used, t h e  na tu re  of t h e  
search f o r  t h e  optimal b a l l i s t i c  design c h a r a c t e r i s t i c s ,  and the  
s o l u t i o n  r e s u l t s  depend s i g n i f i c a n t l y  on t he  i n t e rp l ane t a ry  - /91 
veh i c l e  f l i g h t  scheme. Se l ec t i on  of t h e  f l i g h t  scheme, express ing 
(without excessive d e t a i l s )  t h e  i n t e rp l ane t a ry  t r a j e c t o r y  p r o f i l e ,  
-- - - 

A d e t a i l e d  survey of s t u d i e s  devoted t o  t he  impulsive approxima- 
t i o n  method i s  presented i n  [64]. 



permits  f ind ing  fundamental ways t o  solve t h e  s p e c i f i c  in te rp lane-  
t a r y  f l i g h t  problem. C l a s s i f i c a t i o n  of t h e  f l i g h t  schemes m a y  
become a  component element of t he  algori thm f o r  optimizing t h e  
in te rp lane ta ry  veh ic le  b a l l i s t i c  design c h a r a c t e r i s t i c % ' i s  a lgor i th i i i c  
closeness of t h e  f l i g h t  schemes and b a l l i s t i c  requirements on t h e  
f i n a l  maneuver and on t h e  maneuver during intermediate  p lane t  
f lyby based on t h e  u l t imate  f l i g h t  ob jec t ive  a r e  used as t h e  
c l a s s i f i c a t i o n  bas i s .  

The grea t  v a r i e t y  of h e l i o c e n t r i c  f l i g h t  segments t o  t h e  
p lane ts  may lead i n  t h e  f u t u r e  t o  considerable increase  of t h e  
number of poss ib le  f l i g h t  p r o f i l e s ,  which are usual ly  formed 
from var ious  combinations of known h e l i o c e n t r i c  f l i g h t  o r b i t  types.  
A l l  t h i s  makes i t  usefu l  t o  c l a s s i f y  t he  i n t e rp l ane t a ry  veh ic le  
f l i g h t  schemes . 

The poss ib le  f l i g h t  schemes t o  t h e  p l ane t s  can be divided 
i n t o  two types:  t h e  first a r e  t he  f l i g h t  schemes t o  t h e  t a r g e t  
p lanet  without spacecraf t  r e t u r n  t o  the  Ear th ,  t he  second a r e  t h e  
f l i g h t  schemes t o  t h e  t a r g e t  p lane t  w i t h  spacecraf t  r e t u r n  t o  t h e  
Earth.  Each type i s  divided i n  t u r n  i n t o  two c l a s se s :  t he  c l a s s  
of d i r e c t  f l i g h t  schemes t o  t he  t a r g e t  p lanet  and the  c l a s s  of 
f l i g h t  schemes with account f o r  maneuver during intermediate  planet  
f l y b y .  For f u r t h e r  d e f i n i t i o n  of  t he  s p e c i f i c  f l i g h t  scheme t h e  
c l a s se s  a re  broken down i n t o  groups. 

FIRST TYPE - FLIGHT SCHEMES TO TARGET PLANET 

WITHOUT RETURN TO THE EARTH 

F l igh t s  t o  t a r g e t  p l ane t s  without r e t u r n  t o  t he  Ear th  occupy 
and w i l l  continue t o  occupy an important p o s i t i o n  i n  o rder  t o  ga ther  
information on the  s o l a r  system p lane ts .  Such f l i g h t  schemes a r e  
c h a r a c t e r i s t i c  only of t he  automatic i n t e r p P n e t a r y  veh ic l e s ,  whose 
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primary mission i s  t o  d e l i v e r  t h e i r  payload t o  t h e  t a r g e t  p lane t  
region i n  order  t o  ob ta in  t h e  requ i red  information.  Although t h e r e  
a r e  many s p e c i f i c  schemes of such f l i g h t s  they can be divided i n t o  
two fundamentally d i f f e r e n t  c lasses .  

The first c l a s s  i s  t h e  d i r e c t  f l i g h t  schemes t o  t h e  t a r g e t  
p lane t  (without r e t u r n  t o  t h e  Ea r th ) .  The d i r e c t  f l i g h t  scheme 
t o  the  t a r g e t  p lanet  i s  designed f o r  a d i r e c t  spacecra f t  t r a j e c t o r y  
from t h e  Ear th  t o  t h e  t a r g e t  p lane t  without u t i l i z a t i o n  of pe r tu r -  
ba t ion  e f f e c t s .  Formal sys temat izat ion of a l l  h e l i o c e n t r i c  seg- 
ments of d i r e c t  spacecraf t  i n t e rp l ane t a ry  f l i g h t  t r a j e c t o r i e s  t o  

t h e  t a r g e t  p lanet  permits  represen t ing  them by 1 3  o r b i t  types  [51, 
V.  11, P, 2 ,  1 9.21: n ine  e l l i p t i c ,  one parabolic, z.nd t h r e e  hyper- 
b o l i c  (Figures 3.2.1 and 3.2.2) .  However c l a s s i f i c a t i o n  of t h e  
d i r e c t  f l i g h t  schemes t o  t h e  t a r g e t  p lane t  with account f o r  t h e  
previously ind ica ted  requirements, without d i s rup t ing  formal 
sys temat izat ion of t h e  h e X o c e n t r i c  segments, reduces t h e  poss ib le  /92 
f l i g h t  schemes t o  fou r  groups. 

The first group includes  t h e  f l i g h t  schemes along f lyby-impact 
t r a j e c t o r i e s  (see  Figure 3.2.3) .  F l igh t  begins from a  parking 
o r b i t  wound t h e  Ear th  and terminates  e i t h e r  i n  f lyby near t h e  
planet  t:long a  hyperbolic p l ane tocen t r i c  t r a j e c t o r y  o r  "d i r ec t t t  
impact oP t h e  vehic le  (veh i c l e s )  i n  a given region ( r eg ions )  of  
t h e  p l ane t ,  where ve loc i ty  reduct ion may be achieved by braking i n  
t h e  p l ane t ' s  atmosphere. A s y s t e ~  f o r  automatic guidance and /93 
t r a j e c t o r y  cor rec t ion  i n  t he  segment Rear t h e  p lane t  i s  necessary 
t o  ensure vehic le  impact i n  t h e  s p e c i f i e d  regions .  

T C  

o r b i t  around t h e  t a r g e t  p lanet  ( F i g ~ e  3.2.4). A s  i n  t h e  preceding 
case,  the  f l i g h t  begins from a parking o r b i t  around t h e  Ear th  and 
terminates  i n  en t ry  i n t o  t h e  f i n a l  o r b i t  around the  t a r g e t  p lane t .  
Entry i n t o  t he  spec i f i ed  f i n a l  o r b i t  around the  p lane t  can be 



"a: 

f 

a c h i e t e d  i n  va r ious  ways. There a r e  two fundamentally d i f f e r e n t  
braking techniques  : actil:e braking,  when t h e  v e l o c i t y  i s  reduced 
by means of  r e t r o t h r u s t ,  and pass ive ,  when t h e  v e l o c i t y  i s  reduced 
by v e h i c l e  b r a k i n g . i n  t h e  p l a n e t ' s  atmosphere. Combination of 
t h e s e  techniques  is  p o s s i b l e .  The s e l e c t i o n  o f  t h e  p a r t i c u l a r  

I braking technique depends on t h e  problem fo rmula t ion  and f i n a l  
o r b i t  s p e c i f i c a t i o n .  

F igure  3.2.1. Nine b a s i c  e l l i p t i c  h e l i o c e n t r i c  t r a n s f e r  segment 
types .  Extreme p o i n t s  : 

r = n , r n = r v ,  I I I Z V ,  vlzvlrr, 
V I I_CVI I I ,  I X f  X I ,  I X = X I I ,  X X  X I ,  

x z x r ~  

The t h i r d  group i s  t h e  f l i g h t  rzhemes wi th  approach t o  t h e  
p l a n e t  and descent  v e h i c l e  landing (Figure  3.2.5) .  The s a l i e n t  
f e a t u r e  of t h i s  f l i g h t  scheme i a  t h a t  a f t e r  launch from a parking 
o r b i t  around t h e  E a r t h  and approach t o  t h e  p i a n e t  t h e  scheme provides  
f o r  l and ing  of a  descent  v e h i c l e  (descent  v e h i c l e s )  on t h e  s u r f a c e  
of t h e  p l a n e t .  S o f t  touchdown of  t h e  descent  v e h i c l e s  can be 
accomplished i n  va r ious  ways: by braking us ing  r e t r o t h r u s t  and 
combination of t h i s  technique  with br&ing i n  t h e  p l a n e t ' s  atmos- 



Figure  3.2.2. Three b a s i c  hyper- Figure 3 . 2 . 3 .  Scheme of  auto-  
b o l i c  h e l i o c e n t r i c  segment types .  mat ic  i n t e r p l a n e t a r y  v e h i c l e  
Extreme s o i n t  s : f l i g h t  a long flyby-impact t ra-  

X I I I ~  X I V ,  xv Z X V I ,  xv = XVII j e c t o r y  

Figure  3.2.4. Scheme of automat ic  i n t e r p l a n e t a r y  v e h i c l e  f l i g h t  
wi th  e n t r y  i n t o  o r b i t  around t a r g e t  p l a n e t :  
a- scheme wi th  a c t i v e  braking;  b- scheme wi th  aerodynamic braking;  
1- start  from parking o r b i t ;  2- a c t i v e  b rak ing  f o r  e n t r y  i n t o  
f i n a l  o r b i t ;  2 ' -  b rak ing  i n  t h e  p l a n e t ' s  atmosphere; 3- cor- 
r8ec t ion  f o r  e n t r y  i n t o  f i n a l  o r b i t  

phere ( b a l l i s t i c  descen t ,  l i f t i n g  d e s c e n t ) .  Th i s  f l i g h t  schcme /94 
provides  f o r  landing on t h e  p l a n e t  of e i t h e r  t h e  e n t i r e  v e h i c l e  
o r  success ive  l and ing  of i t s  i n d i v i d u a l  modules (descent  v e h i c l e s ) .  

The f o u r t h  group i s  t h e  combined f l i g h t  schemes (Figure  3.2.6). 
The combined schemes inc lude  those  i n t e r p l a n e t a r y  f l i g h t  schemes 



;:sure 3.2.5. Automatic i n t e rp l ane t a ry  veh i c l e  f l i g h t  with en t ry  
i n t o  circumplanetary o r b i t  and descent veh ic le  landing on the  sur- 
face  of t h 2  p lanet  : 
1- launch from parking o r b i t ;  2- en t ry  i n t o  circumplanetary o r b i t ;  
3-4- descent segment t o  sur face  of t he  p lane t  (3,-4 '  ; 3"-4"; 3"'- 
4 , " )  

Figure 3.2.6. Combined in t e rp l ane t a ry  veh i c l e  f l i g h t  scheme: 
a- f  lyby-landing scheme ; b- o rb i ta l - l and ing  scheme wi th  a c t i v e  
braking f o r  en t ry  i n t o  f i n a l  o r b i t ;  c- o rb i ta l - l and ing  scheme 
with aerodynamic braking f o r  en t ry  i n t o  f i n a l  o r b i t ;  (1- launch 
frorn parking o r b i t ;  2- braking f o r  en t ry  i n t o  f i n a l  o r b i t ;  2 ' -  
braking i n  t h e  atnosphere;  3- cor rec t ion  f o r  en t ry  i n t ~  f i n a l  
o r b i t  j 



i n  which dur ing  t h e  approach segment t o  t h e  p l a n e t  t h e  i n t e r p l a n e -  
t a r y  v e h i c l e  s e p a r a t e s  i n t o  modules wi th  some of t h e  modules 
in tended f o r  p l a n e t  f l y b y  ( f lyby- landing scheme, F igure  3.2.6a) 
o r  e n t r y  i n t o  o r b i t  around t h e  p l a n e t  ( o r b i t a l - l a n d i n g  scheme 
Figure 3.2.6b acd c ) ,  whi le  t h e  o t h e r s  are designed f o r  descent  
t o  t h e  s u r f a c e  of t h e  p l a n e t  (F igure  3.2.6).  Another p o s s i b l e  
scheme i s  t h a t  i n  which one module e n t e r s  o r b i t  a r o m d  t h e  p l a n e t  
and another  f l y s  by t h e  p l a n e t .  

The second c l a s s  i s  t h e  f l i g h t  schemes t o  t h e  t a r g e t  p l a n e t  
wi th  use of t h e  p e r t u r b i n g  e f f e c t  of an  i n t e r m e d i a t e  p l a n e t .  
U t i l i z a t i o n  of t h e  g r a v i t y  F i e l d s  of  o t h e r  p l a n e t s  f o r  f l i g h t  t o  
t h e  t a r g e t  p lane t  i s  a  very promising i d e a .  I n  many cases  t h i s  
permi ts  achieving g r e a t e r  i n t e r p l a n e t a r y  f l i g h t  e f f i c i e n c y .  The 
reason i s  t h a t  a s  a  r e s u l t  of s p a c e c r a f t  f lyby  nea r  t h e  i n t e r -  
mediate p lane t  t h e  h e l i o c e n t r i c  segment of  t h e  i n t e r p l a n e t a r y  
t r a j e c t o r y  i s  a l t e r e d  a s  a consequence of t h e  a c t i o n  of i t s  g r a v i t y  
f i e l d .  Planning of t h e  corresponding change and i t s  p roper  u t i l i z a -  
t i o n  may l e a d  t o  p o s i t i v e  r e s u l t s :  r e d u c t i o n  of t h e  o v e r a l l  

! 
energy expendi tures ,  broadening of t h e  launch window, and s o  on. 
Another very i n t r i g u i n g  aspec t  i s  t h a t  a  s i n g l e  i n t e r p l a n e t a r y  & 
v e h i c l e  can car ry  ou t  s t u d i e s  of s e v e r z l  p l a n e t s .  It i s  t r u e  t h a t  
t h e  requirements  on s p c c e c r a f t  nav iga t ion  a r e  more s t r i n g e n t  i n  
t h i s  case ,  but  today 's  t e c h n i c a l  c a p a b i l i t i e s  make it p o s s i b l e  
t o  meet t h e s e  requirements .  

The maneuvers both  nea r  t h e  in te rmedia te  p l a n e t  and i n  t h e  
f i n a l  s t a g e  of f l i g h t  around t h e  t a r g e t  p l a n e t  i n f l u e n c e  t h e  
c l a s s i f i c a t i o n  of such f l i g h t  schemes. I n  t h i s  connect ion t h e  
f l i g h t  schemes of t h i s  second c l a s s  can be reduced t o  a  few groups. 

The f i rs t  group i s  t h e  f l i g h t  schemes a long swingby-flyby 
t r a j e c t o r i e s  wi th  u t i l i z a t i o n  of t h e  p e r t u r b a t i o n  e f f e c t  ( F i ~ u r e  

3.2.7). After  launch t h e  i n t e r p l a n e t a r y  v e h i c l e  passes  nea r  t h e  



in te rmedia te  p l a n e t  along a hyperbo l i c  ( r e l a t i v e  t o  t h e  p l a n e t )  
1 

t r a j e c t o r y  and as a  r e s u l t  of  t h e  corresponding h e l i o c e n t r i c  I 
segment change reaches  t h e  t a r g e t  p l a n e t .  Change o f  t h e  i n t e r -  I 
plane ta ry  t r a j e c t o r y  h e l i o c e n t r i c  segment t akes  p l a c e  b a s i c a l l y  I .  
from t h e  p e r t u r b a t i o n  e f f e c t .  However, i n  many cases  t h r u s t  impulses I 
a r e  a l s o  used t o  i n c r e a s e  t h e  e f f e c t  of t h e  maneuver nea r  t h e  I 
i n t e rmedia te  p l e n e t .  A t  t h e  end of  t h e  f l i g h t  p lans  a r e  made f o r  I 
e i t h e r  s p a c e c r a f t  f lyby n e a r  the t a r g e t  p l a n e t  o r  " d i r e c t "  impact 1 

on a  s p e c i f i e d  region of t h e  p l a n e t .  

I n  many cases f l i g h t  schemes may be examined, i n  which p r i o r  
t o  r each ing  t h e  t a r g e t  p l a n e t  t h e  s p a c e c r a f t  f l y s  by s e v e r a l  
pl,mets, whose g r a v i t y  f i e l d s  a l t e r  correspondingly each time t h e  I 

I 
i n t e r p l a n e t a r y  t r a j e c t o r y  h e l i o c e n t r i c  segment. 

The second group is t h e  f l i g h t  schemes u t i l i z i n g  t h e  per-  /96 
t u r b i n g  e f f e c t  of an in te rmedia te  p l a n e t  and e n t r y  i n t o  f i n a l  - 
o r b i t  around t h e  t a r g e t  p l a n e t .  The d i f f e r e n c e  between t h i s  group 
of f l i g h t  schemes and t h e  preceding group l i e s  i n  t h e  f i n a l  maneuver, 
which l a  designed f o r  i n t e r p l a n e t a r y  v e h i c l e  e n t r y  i n t o  o r b i t  
around t h e  p l a n e t .  

The - t h i r d  group i s  t h e  f l i g h t  schemes u t i l i z i n g  t h e  pe r tu rb -  
i n g  e f f e c t  of an in te rmedia te  p l a n e t ,  approach t o  t h e  p l a n e t ,  and 
landing of a  descent  v e h i c l e .  

The d i f f e r e n c e  between t h i s  group o f  f l i g h t  schemes and t h e  
analogous group of t h ?  preceding c l a s s  l i e s  i n  p lanning f o r  f lyby  

I 
around t h e  in te rmedia te  p l a n e t  and u t i l i z a t i o n  of i t s  g r a v i t y  
f i e l d .  

I 
I 

The - f o u r t h  group i s  t h e  combined f l i g h t  schemes wi th  u t i l i z a -  
t i o n  of t h e  pe r tu rb ing  e f f e c t  of an in te rmedia te  p l a n e t .  This  
group of f l i g h t  schemes i n c l u d e s  t h o s e  i n  which i n t e r m e d i a t e  p l a n e t  



Intermediate 
ipl.nat 

Figure  3.2.7. B l i g h t  a long swingby-f lyby i n t e r p l a n e t a r y  t r a j e c t o r i e s  

Figure  3.2.8.  F l i g h t  a long f lyby-return t r a j e c t o r i e s  : 
a- f l i g h t  w i t h  r e t u r n  t o  t h e  Ear th  a f t e r  whole number of s i d e r e a l  
yea r s  and without  a c c o m t  f o r  p e r t u r b i n g  e f f e c t  of t a r g e t  p l a n e t ;  
b- f l i g h t  w i t h  r e t u r n  t o  t h e  E a r t h  a f t e r  f r ac t iona lnumber  of 
s i d e r e a l  years  and without  account f o r  p e r t u r b i n g  e f f e c t  of t a r g e t  
p l a n e t  ; c- f l i g h t  wi th  r e t u r n  t o  t h e  Ear th  wi th  account f o r  per-  
t u r b i n g  e f f e c t  of  t a r g e t  p l a n e t  

f l y b y  can be combined w i t h  l and ing  of a descent  veh ic le  on i t a  
s u r f a c e ;  i n  t h e  f i n a l  f l i g h t  s t a g e  n e a r  t h e  t a r g e t  p lane t  t h e  
i n t e r p l a n e t a r y  v e h i c l e  s e p a r a t e s  i n t o  modules wi th  t h e  mission 
of c e r t a i n  modules be ing  f l y b y  near  t h e  p l a n e t  o r  e n t r y  i n t o  o r b i t  
around t h e  p lane t  while  t h e  mission of t h e  o t h e r s  i s  t o  p e r f o ~ m  
s o f t  l and ing  on t h e  s u r f a c e  of t h e  p l a n e t ,  and s o  on. 



SECOND TYPE - PLIGHT SCHEME3 TO TARGET 
PLANET WITH RETURN TO THE EARTH 

Return t o  t h e  Ear th  i s  t h e  primary requirement  f o r  g i l o t e d  i n -  ! 

t e r p l a n e t a r y  v e h i c l e s .  This  same requirement  may a l s o  be  advanced 
I 

when planning f l i g h t s  of automat ic  i n t e r p l a n e t a r y  v e h i c l e s .  F u r t h e r  ! 
I 

accumulation of  knowledge about t h e  s o l a r  system i s  no t  f e a s i b l e  I 

without  t h e  r e a l i z a t i o n  of such f l i g h t  sck:mes. A l l  t h e s e  f l i g h t  
schemes can be broken down i n t o  two c l w s e s .  The common f e a t u r e  &?- 1 
o f  t h e s e  c l a s s e s  i s  v e h i c l e  e n t r y  i n t o  t h e  E a r t h ' s  atmosphere wi th  i 

v e l o c i t y  exceeding t h e  escape speed. The p o s s i b i l i t y  o f  us ing  
t h ~ u s t  impulses a t  p o i n t s  of t ~ ~ e  r e t u r n  t r a j e c t o r y  h e l i o c e n t r i c  
segment i s  a s s u m d .  I n  many c m e s  t h e  t h r u s t  impulses permit  
marked reduc t ion  of s p a c e c r a f t  e n t r y  v e l o c i t y  i n t o  t h e  E a r t h ' s  
atmosphere. 

The f irst  c l a s s  i s  t h e  d i r e c t  f l i g h t  schemes t o  t h e  target 
p l a n e t  wi th  r e t u r n  t o  t h e  Ear th .  This  c l a s p  i n c l u d e s  t h e  d i r e c t  
t r a d e c t o r i e s  from t h e  Ear th  t o  t h e  t a r g e t  p l a n e t  and from t h e  
p l a n e t  t o  t h e  Ear th .  Here no p rov i s ion  Is nade f o r  u t i l i z a t i o n  
of t h e  p e r t u r b i n g  e f f e c t s  o f  o t h e r  p l a n e t s  e i t h e r  dur ing  f l i g h t  
t o  t h e  t a r g e t  p l a n e t  o r  dur ing  r e t u r n  t o  Ear th .  The d i r e c t  f l i g h t  
schemes of  t h e  aubdect c l a s s  can be  broken down i n t o  groups.  

The f i r s t  group is  t h e  f l l ~ h t  schemes a long f lyby- re tu rn  
t r a j e c t o r i e s  (Figure  3.2.8).  This  group i n c l u d e s  t h e  f l i g h t  schemes 
which involve  i n t e r p l a n e t a r y  v e h i c l e  f lyby n e a r  t h e  target p l a n e t  
and v e h i c l e  r e t u r n  t o  t h e  Ear th .  Return I s  provided f o r  i n  
va r ious  ways : s e l e c t i o n  of  s u i t a b l e  h e l i o c e n t r i c  segment and 
launch d a t e ;  use of  t h e  p e r t u r b i n g  e f f e c t  of  t h e  t a r g e t  p l a n e t ;  
i n t r o d u c t i o n  of a d d i t i o n a l  t h r u s t  impulses t o  a l ter  t h e  h e l i o -  
c e n t r i c  segment of  t h e  i n t e r p l a n e t a r y  r e t u r n  t r a j e c t o r y .  



- The second group is t h e  f l i g h t  schemes wi th  e n t r y  i n t o  park- 

i n g  o r b i t  around t h e  t a r g e t  p l ane t  and r e t u r n  t o  t he  Ear th .  This  
:&iioUp of flight schdmrss differs from the  preceding group i n  e n t r y  /98 
i n t o  the  parking o r b i t  around t h e  t a r g e t  p l a n e t ,  d e f i n i t e  s t a y  
time i n  t h i s  o r b i t ,  and deo rb i t i ng  f o r  r e t u r n  t o  t h e  Ear th .  A l l  

t h i s  r equ i r e s  large a d d i t i o n a l  energy expendi tures .  

Figure 3.2.9. I n t e rp l ane t a ry  veh i c l e  f l i g h t  wi th  descent  module 
landing on t a r g e t  p l ane t  and r e t u r n  t o  the  Earth:  
1- launch from parking o r b i t ;  2- landing on t a r g e t  p l ane t ;  3- 
launch from su r f ace  of  t h e  p l a n e t ;  4- l and ing  on t h e  Ear th  

Figure 3.2.10.  Ear th-re turn  i n t e r p l a n e t a r y  veh i c l e  f l i g h t  with en t ry  
i n t o  o r b i t  and landing on t a r g e t  p l ane t :  
1- launch from parking o r b i t ;  2- braking f o r  en t ry  i n t o  holding 
o r b i t  ; 3,4- descent from o r b i t  t o  p lane t  ; 5- launch from su r f  ace 
of p lane t  and en t ry  i n t o  o r b i t ;  6- launch from o r b i t ;  7- landing 
on t he  Ear th  

The t h i r d  group i s  t h e  f l i g h t  schemes wi th  descent  veh i c l e  
landing on t h e  su r f ace  of t h e  t a r g e t  p lane t  and r e t u r n  t o  t h e  E a r t h  

(Figures  3.2.9, 3.2 . l o ) .  This  group inc ludes  t he  f l i g h t  schemes i n  
which p rov i s ion  i s  made f o r  descent  module landing on t h e  su r f ace  
of the  t a r g e t  p l a r e t .  Landing of t h e  descent  module can be provided 



Figure  3.2.11. Combined f l i g h t  scheme o f  Ear th - re tu rn  i n t e m l a n e -  
t a r y  v e h i c l t  with f lyby and l a n d i n g  on t h e  t a r g e t  p l a n e t :  
1- launch from parking o r b i t  ; 2- c o r r e c t i o n  of i n t e r p l a n e t a r y  
t r a j e c t o r y ;  3- landing of descent  moclule; 4- launch f r o m  s u r f a c e  
of Mars and rendezvous w i t h  flirby v e h i c l e  ; 5- l and ing  on t h e  Ear th  

Figure  3.2.12. Combined f l i g h t  scheme of Ear th - re tu rn  i n t e r p l a n e -  
t a r y  veh ic le  wi th  e n t r y  i n t o  o r b i t  and landing on the t a r g e t  p l a n e t :  
1- launch from parking o r b i t ;  2,5- v a r i a n t  w i t h  d i r e c t  l and ing  
of p lane ta ry  s t a t i m ;  3- brak ing  f o r  e n t r y  i n t o  f i n a l  o r b i t ;  
4- landing veh ic le  descent  from o r b i t  t o  p l a n e t ;  6- launch from 
s u r f a c e  and e n t r y  i n t o  o r b i t ;  7- launch from o r b i t ;  8- l and ing  
on t h e  Ea7jth 

by " d ~ r e c t "  s p a c e c r a f t  l and ing ,  i n  which t h e  hyperbo l i c  a r r i v a l  
o r k i t  mates d i r e c t l y  w i t h  t h e  descent  t r a j e c t o r y ,  o r  by descent  
i'rom a circumplanetary o r b i t  which t h e  spacecraf." f irst  e n t e r s .  
For r e t u r n  t c  t h e  Ear th  p rov i s ions  a r e  made f o r  launch from t h e  
p l a n e t ,  a c t i v e  segment of i n j e c t i o n  i n t o  c i r c u n p l a n s t a r y  o r b i t ,  
and t h e n  depar tu re  from t h i s  o r b i t .  The r e a l i z a t i o n  of  such i n t e r -  
p l a n e t a r y  f l i g h t  schemes imposes s p e s i a l  mquirements  on t h e  power- 
p l a n t s  and c o n t r o l  systems and on space technology i n  g e n e r a l .  



The f o u r t h  Rroup is  t h e  combined f l i g h t  schemes wi th  r e t u r n  /99 
t o  t h e  Ear th  ( F i p e s  3.2.11, 3.2.12). I n  the combined f l i g h t  
schemes t h e  problem o!' i n t e r p l a n e t a r y  veh i c l e  f lyby  near  t h e  tar- 
g e t  p lane t  o r  e n t r y  i n t o  o r b i t  around t h e  p l ane t  is combined wi th  
descent  of  t h e  s p a - x c r a f t  l a : ~ d i n g  luodule (modules) t o  t h e  p l ane t  
su r f ace ,  which may be acccmpllshed us ing t h e  scheme of  t h e  preceding 

group. Return t o  t h e  Ea r th  i s  provided f o r  i n  va r ious  ways. For 
example, tiZs mag be accomplished by mating t h e  module launch=? 
from the s w f a c e  of t h e  p l ane t  wi th  t h e  f lyby veh i c l e  ( s ee  Figure  
3-2.112. Another s o l u t i o n  o f  t h e  r e t u r n  problem is  ob te ined  by 
mating t h e  module launched from t h e  g l ane t  w i t h  an o r b i t a l  v e h i c l e ,  
a f t  r which t h e  r e s u l t i n g  complex depar t s  from o r b i t  around t h e  
plariet an!' e n t e r s  t h e  r e t u r n  t r a j e c t o r y  ( s ee  Figure  3.2.12). 

The second c l a s s  2s t h e  f l i g h t  schemes t o  the  t a r g e t  p l ane t  / lo0  
wi th  r e t u r n  t o  t h e  Ear th  2nd u t i l i z a t i o n  o f  t h e  pe r tu rb ing  e f f e c t  
of  an in te rmedia te  p l ane t .  I n  such f l i g h t  schemes the i n f l uence  
o f  t h e  pe r t u rb ing  e f f e c t  from t h e  in te rmedia te  p l ane t  may show up 
e i t h e r  dur ing f l i g h t  t o  t h e  t a r g e t  p l ane t  o r  dur ing t h e  r e t u r n  
s t age .  Use of t h e  pe r t u rb ing  e f f e c t  makes it pos s ib l e  t o  reduce 
t h e  o v e r a l l  energy expendi tures ,  broaden t h e  Ear th  launch and 
t a r g e t  p l ane t  launch windows, and reduce t h e  Ear th  atmosphere 
en t ry  v e l o c i t y .  

We represen t  t h i s  c l a s s  by t h e  fo l lowing groups. 

The first group i s  t h e  f l i g h t  schemes along f lyby-re turn  
t r a j e c t o r i e s  w i t h  account f o r  t h e  pe r tu rb ing  e f f e c t  of  an i n t e r -  
mediate p l ane t .  This  group of f l i g h t  schemes d i f f e r s  from t h e  
same group of  t he  preceding c l a s s  i n  t h a t  a s  a  r e s u l t  of u t i l i z a -  
t i o n  of  t h e  g r a v i t y  f i e l d  of t h e  p l ane t  p a s t  which spacec r a f t  f l i g h t  
1 3  planned t h e r e  i s  change of  e i t h e r  t h e  h e l i o c e n t r i c  segment of 
t h e  f l i g h t  t o  t he  t a r g e t  p l ane t  o r  of t h e  h e l i o c e n t r i c  segment of  
t h e  r e t u r n  t r a j e c t o r y .  



The second group i s  t h e  f l i g h t  schznes with accouri? f o r  t h e  - 
per turbing e f f e c t  of  an intermediate  p l ane t ,  en t ry  i n t o  a  arkin in^ 
o r b i t  around t h e  t a r g e t  p l ane t ,  and r e t u r n  t o  t h e  Ear th .  The - 
difference between t h i s  group and t h e  preceding group l i e s  i n  t h e  
maneuvers of en t ry  i n t o  and deorbi t  from t h e  parking crrb..t. 

The t h i r d  ~ r o u p  is t h e  f l i g h t  schemes with account f o r  the  

per turb ing  e f f e c t  of an in termediate  p l a n e t ,  descent moic~.e l and ing  
on t h e  sur face  of t h e  t a r g e t  p l a n e t ,  and r e t u r n  GO Earth.  This 

group d i f f e r s  from the  t h i r d  group, of the  preceding c l a s s  only i n  
planned va r i a t i on  of t h e  he l iocen t r i c  f l i g h t  segment a f t e r  space- 
c r a f t  c m t a c t  with t he  intermediate p l ane t ,  e i t h e r  during the  
f l i g h t  s tage  t o  t h e  t a r g e t  p lane t  o r  during re turn .  

The four th  group i s  t h e  combine@ f l i g h t  schemes with r e t u r n  - 
t o  the  Earth a?d u t i l i z a t i o n  of t h e  per tu rb ing  e f f e c t  of an i n t e r -  
mediate planet .  The combined f l i g h t  schemes include those  schemes 
i n  which t a r g e t  p lanet  f lyby is  combined w i t h  descent of a  landing 
modu1.e (modules). I n  addi t ion  provis ion i s  made f o r  descent o f  
a  landing module during spacecraf t  contact  w i t h  the  intermediate 
planet  during t h e  f l i g h t  segment t o  t h e  t a r g e t  p lane t .  
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§ 1. KINEMATIC PARAMETERS INJECri ' ION SEGMENT XC'I 

PARKING c l rd IT  INTO EARTH ESCAPE HYPERBOLA 

The f l i g h t f - t r a j e c t o r y  from the launch p o i n t  t o  t h e  i n s t a n t  /1 
when t h e  SC v e l o c i t y  v e c t o r  a c q u i r e s  t h e  r e q u i r e d  d i r e c t i o n  i s  
termed t h e  i n j e c t i o n  segment. The purpos t  o f  t h e  i n j e c t i o n  seg- 

ment i s  t o  ensure  SC motion dur ing  d e p a r t u r e  f r o m , t h e  g rav i sphere  
wi th  v e l o c i t y  v e c t o r  equa l  t o  t h e  hyperbol ic  excess  v e l o c i t y  
v e c t o r  vaO, determined from s o l u t i o n  of t h e  o u t e r  problem. 

The i n j e c t i o n  segment co r i s i s t s  of %he c o n t r o l l e d  f l i g h t  
t r a j e c t o r y  ( a c t i v e  i n j e c t i o n  segment) and t h e  pass ive  f l i g h t  
t r a j  e c t o r y  (pass ive  i n j  e c t i o n  segment ) . The pass ive  segment 
which t e r m i n a t e s  t h e  i n j e c t i o n  i s  t h e  hyperbol ic  escape o r b i t  
wi th  hu 2 = Vmo. 

The a c t i v e  i n j e c t i o n  segment may be of  two types :  t h e  first 
i s  t h e  continuous ascen t  a c t i v e  segment, i n  which t h e  engines  
o p e r a t e  p r a c t i c a l l y  continuously and t h e i r  in te rmedia te  s h ~ t d o w n  
is  not  a s s o c i a t e d  with i n j e c t i o n  miss ion  performance, t h e  second 
i s  t h e  a c t i v e  segment wi th  parking o r b i t ,  i n  which in te rmedia te  
engine shutdown i s  planned t o  provide  p a s s i v e  v e h i c l e  motion a long 
a p r e s e l e c t e d  parking o r b i t ,  which l e a d s  t o  b e t t e r  s o l u t i o n  o f  
t h e  i n j e c t i o n  problems. I f  we e v a l u a t e  t h e  a c t i v e  segmenLs on 
t h e  b a s i s  of s o l u t i o n  of t h e  c o r r e c t  launch t ime problem and t h e  
nav iga t ion  problem wi th  minimal energy expend i tu res ,  t h e n  p r e f e r -  
ence must b e - g i v e n  t o '  t h e  a c t i v e  segment wi th  pa rk ing  o r b i t  
(F igure  4.1.1), which i s  widely used i n  s o l v i n g  i n j e c t i o n  
problems. 

- .  . . - .~- 



. . _ _ _ __,. -..*<.-. ..--I. - . _ . "._-...l_"__l__ __----- * . .- -1 . I . ." - . - -- . . --. . .- . . - 

Let us  evaluate-.  t h e ,  ge.~metric 
c h a r a c t e r i s t i c s  of  t h e  i n Jec t i on  
segment and t h e i r  i n t e r -  
r e l a t i o n s h i p s ,  considering t h a t  

. .--. 3 ~- " --"..- " .  - -.. . 

t h e  escape o r b i t  semimajor a x i s  and 
asymptote d i r e c t i o n  a r e  predeter-  
mined by s p e c i f i c a t i o n  of VmO and 

vp0. For s o l u t i o n  of t h e  problem 

of hyperbolic escape o r b i t  asymp- 

Figure 4*1*1. Active t o t e  pa ra l l e l i sm  t o  t h e  u n i t  vector  /I02 t i o n  segment w i t h  parking o r b i t  : - 
C- launch po in t ;  a- end of -U VbO, it i s  necessary t h a t  t h e  
a c t i v e  i n j e c t i o n  segment 

asymptote l i e  i n  t h e  plane of t h e  
vector .  If 8 i s  t h e  normal t o  t h e  escape o r b i t  plane,  t h i s  

condit ion corresponds t o  t h e  vec tor  equation of t h e  plane 

R.V!L,=o. 

RELATIOH BETWEEN ORBIT PLANE INCLINATION i AND TARGET 

VECTOR DECLINATION 6 0  

Let t h e  t a r g e t  vector  w, drawn from t h e  coordinate  o r i g i n  
0 p a r a l l e l  t o  Lo and equal t o  t h e  l a t t e r ,  be defined i n  t h e  

second equa to r i a l  geocentr ic  coordinate  system by t h e  r i g h t  
ascension a0 and dec l ina t i on  6 0  (Figure  4 .1 .2 ) .  Then, consider ing 
t he  kinematic equation 8 ' = 1, t h e  s o l u t i o n  of t he  vec tor  
equation of t h e  plane N, and N can be represented i11 t h e  form 

Y 

- a s  I sin 80 sin a,~ f cos a,~ (I - sin2 80 - C O S ~ ~ ) ' ~  . NY' 
-a0 

Nu sin a~ Cos 80 + cos i sin 80 
9 ' I ( 4 . 1 . 1 )  

- 
cos a0 cos 60 

s ince  N, = cos i, Wx = cos a. cos 6 0 ,  w~ = s i n  a0 cos 6 0 ,  WZ r 

s i n  6 0 .  Consequently, t h e  escape o r b i t  p lane pos i t i on  must 
.. . 
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, s a t i s f y  t h e  inequ&IL...Q! ._..,,. .. _ - .. .., . 
I.. , . 

---.-.---..-.-.----..-. - .- - - - .  
which reduces t o  t he  coiidi t lon f o r  
launch : 

i n  t he  nor theas t  d i r e c t i o n  
(o<i< 2) 

2 / 

w i> kl* (4.1.3a) 

Figure 4.1.2. Kinematics of 
i n j e c t i o n  segment i n  t h e  southeast  d i r e c t i o n  

Thus t h e  hyperbolic escape o r b i t  plane pos i t i on  must be 
. ,.-~. . 

such t h a t  i t s  i n c l i n a t i o n  i (o r  m - i) t o  the  equator can be 
only g rea t e r  than o r  equal t o  t he  t a r g e t  dec l ina t ion  vector  

la, l e e * ,  

RELATION BETWEEN ANGLE i AND LAUNCH POINT DECLINATION 

The i n j e c t i o n  energy expenditures w i l l  be smal ler  if t h e  
a c t i v e  segment l i e s  i n  t h e  escape o r b i t  plane - absence of 
expenditures i n  a nonplaner maneuver. Therec- r e ,  i f  T : ~  i s  t h  

un i t  rad ius  vector  of t he  launch point  C ,  t h i s  requirement 
corresponds t o  t n e  vector  equation of t he  plane 

whose so lu t ion  with  account f o r  A ' fi = 1 is poss ib le  wi th  



cos i 1 cos 6,t 

which reduces t o  t h e  cond i t ion :  
, . .  

. . 
-, , . -. . . . -- . - - --" - 

f o r  launch i n  t h e  nor theas t  d i r e c t i o n  (OGig - " )  2 

f o r  l eunch  i n  t h e  sou theas t  d i r e c t i o n  (+<i<n) 

Thus, t h e  hyperbol ic  escape o r b i t  p lane  p o s i t i o n  must be  
such t h a t  i t s  i n c l i n a t i o n  i ( o r  a - i )  t o  t h e  equator  can be 
only g r e a t e r  than  o r  equal  t o  t h e  lc.unch po in t  geographic 
l a t i t u d e  1 ( o r  t h e  d e c l i n a t i o n  1 6st 1 at t h e  i n s t a n t  of 

launch) ,  i . e . ,  

When so lv ing  t h e  problem of s e l e c t i n g  t h e  parking o r b i t  p lane  
(escape o r b i t  p l ane )  i n c l i n a t i o n  i, t h e  t a r g e t  vec to r  d e c l i n a t i o n  
6 0  and launch po in t  geographic l a t i t u d e  cpst a r e  q u a n t i t i e s  which 

are s p e c i f i e d  i n  advance. The boundaries  of  p o s s i b l e  i values  are 
t o  be determined i n  accordance with t h e  va lue  of t h e  q u a n t i t i e s  
6 0  and gst i n  accord wi th  t h e  cond i t ions  (4.1.3)  and (4.1.5). If 

t h e  launch po in t  l a t i tudecps t  i s  g r e a t e r  than  o r  equal  t o  t h e  

t a r g e t  vec to r  d e c l i n a t i o n  6 0  (ast 2 6 0 ) ,  t h e  choice of i n c l i n a t i o n  

angle  i i s  determined by t h e  i n e q u a l i t i e s  (4.1.5) and i s  inde- 
pendent of 6 0 .  However, i f  t h e  t a r g e t  vec to r  d e c l i n a t i o n  6 0  is 
g r e a t e r  t h a n  o r  equal  t o  t h e  launch p c i n t  l a t i t u d e  bSt 5 t S 0 ) ,  

t h e  choice of i n c l i n a t i o n  ang le  Is determined by t h e  i n e q u a l i t i e s  
(4.1.3) and i s  independent o f  t h e  . . . launch . . .. . . po in t  l a t i t u d e .  A 
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OPTI?!ZZA'J:JON OF INCLINATION ANGLE i F03 MINI!jALAE:.I@RQ$_ 
EXPENDITURES 

The r e l a t i o n s  (4.1.3) and (4.1.5) provide some freedom i n  
.... . .  . 

s e l e c t i o n  of t h e .  indiction t r a j e c t o r y  plane i n c l i n a t i o n  t o  t h e  
equator. However, t h i s  angle has  a d e f i n i t e  in f luence  on t h e  
a c t i v e  segment energy expenditures.  Therefore, i t  i s  d e s i r a b l e  

- t o  reduce t h e  i n j e c t i o n  energy 

Figure  4.1.3. I l l u s t r a t i o n  
f o r  optimizing t h e  i nc l i na -  
t i o n  angle i 

- 
'x i n j  

- - 
' c i r  o Vrev cos 

- - 

expenditures by s u i t a b l e  se lec -  
t i o n  of t h e  i n c l i n a t i o n  angle  1. 

The b a s i s  f o r  t h i s  i s  proper 
u t i l i z a t i o n  of t h e  Ear th  r o t a t i o n  
energy. We s h a l l  assume impulsive 
ve loc i ty  change, Then t h e  energy 
expenditures of i n j e c t i o n  i n t o  
t h e  parking o r b i t  w i l l  be 
expressed by t h e  c h a r a c t e r i s t i c  
ve loc i t y ,  equal  t o  (Figure 4.1.3): 

- " - 
('cir 01 'rev) I 

71 
' c i r  o - oERE cos cos (T - A ) ,  

where vCir i s  t h e  c i r c u l a r  ve loc i t y  of t h e  rocket  i n  t he  

parking o r b i t ;  wE i s  t h e  Ear th  angular  ve loc i t y  of r o t a t i o n ;  RE 
- 

Is t h e  r s d i u s  o f  t h e  Earth; vrev i s  t h e  Ear th  r o t a t i o n  ve loc i ty  

vector  at  t h e  point  C ;  A i s  t h e  launch azimuth and i s  t h e  angle  
between t h e  rneridional p lane of t h e  launch po in t  and t h e  injection 

t r a j e c t o r y  plane,  p o s i t i v e  toward t he  e a s t  from t h e  exact  nor th  
d i r e c t i o n  ( see  Figure  4.1.3). 



*We assume launch i n  t he  e a s t e r l y  d i r e c t i o n  only. 

.. ,. . . . - . - . . -. .-- ,"-,---A .-.,.. ~ ,--.-.-a,- .-. .-- - -. - .. .>.. .,.- . . , . "  

. . . Fj;.om...lhe -right sphe r i ca l  t r i a n g l e  O CD, we f ind . . . . . 

s i n  A = * cos i * 
9 (4.1.6) 

COB 

where t h e  minusL 'sign c-orrespandw--to -1r;f2*- c " S  5 n . 

Hence, wa s t t s i n  

'X i n j  = v ~ i r  o - cos i ) .  

Thu.s, t h e  energy e x p e n d i t u ~ e s  during rocket  i n j  ec t ion  i n t o  
t h e  parking o r b l t  w i l l  be minimal f o r  t h e  mximal  poss ib le  values 
of ( +  cos i ) .  Now, depending on t h e  r e l a t i o n s h i p  of t h e  angles  
6 0  and we can determine t h e  optimal values of t h e  inc l ina-  

t i o n  angle i. l f  cpst 1 6 , ,  then during launch: 

i n  t h e  nor theast  d i r e c t i o n  

i = wst; 

i n  t h e  southeast  d i r e c t i o n  

i o n -  lost I 

If oSt 5 6 0 ,  then during launch: 

i n  t h e  nor theas t  d i r e c t i o n  

i 6 0 ;  

i n  t h e  southeast  d l r e c t i o n  

i = 7, - 1 6 0 ] .  



The i n f l u e n c e  of  launch azimuth A on i n j e c t i o n  segment 
geometrTr shows up through t h e  i n c l i n a t i o n  ang le  i. With change 
of t h e  launch azimuth *, t h e  i n j e c t l % - t r a j e c t o r y  p lane  r o t a t e s  
r e l a t i v e  t o  t h e  launch p o i n t  r a d i u s  v e c t o r ,  However, such r o t a -  
t i o n  can t a k e  p l a c e  only  under d e f i n i t e  l i m i t a t i o n s ,  s i n c e  t h e  
target v e c t o r  a must a l s o  be  l o c a t e d  i n  t h e  i n j e c t i o n  t r a j e c t o r y  
plane.  Using t h e  c o n d i t i o n  (4.1.2) and Equation (4 ;1 .6) ,  we 
w r i t e  

Consequently, i f  t h e  t a r g e t  v e c t o r  d e c l i n a t i o n  6 0  i s  g r e a t e r  
than  t h e  launch p o i n t  l a t i t u d e  cpst(cpst < 6 0 ) ,  t h e r e  i s  a range 

cos 6 a r c  s i n  & =  A ,  c A < A, = n - 
st  

azimuths (symmetric about t h e  east d i r e c t i o n )  i n  which launch i s  
impossible from t h e  s p e c i f i e d  launch p o i n t .  However, i f  t h e  
t a r g e t  v e c t o r  d e c l i n a t i o n  6 0  i s  s m a l l e r  t h a n  o r  equa l  t o  t h e  
launch p o i n t  l a t i t u d e  (cpst 2 6 p ) ,  launch can be accomplished 

f o r  a l l  pe rmiss ib le  azimuths ( w i t h i n  t h e  s a f e t y  l i m i t s ) .  

ASCENDING NODE LONGITUDE $2 r, 

The parking o r b i t  (hyperbo l i c  escape o r b i t )  ascending node 
longi tude  i s  determined from t h e  r i g h t  s p h e r i c a l  t r i a n g l e  Q P B  
( s e e  F igure  4.1.2).  We have 



DECLINATIONS bst AND LAUNCH AZIMUTH A 

The i n j e c t i o n  s e m e n t  c e n t r a l  a n ~ l e  $ is  t h e  a n g l e  between 
- . .. 

t h e  launch p o i n t  r a d i u s  v e c t o r  and the  t a r g e t  v e c t o r  ( .d i rec t ion  
of t h e  asymptote)  ( s e e  F igure  4.1.2).  It i s  t h e  t o t a l  angu la r  
d i s t a n c e  which t h e  r o c k e t  must t r a v e l  from t h e  i n s t a n t  of launch 
t o  t h e  moment when t h e  SC v e l o c i t y  v e c t o r  i s  p a r a l l e l  t o  t h e  
v e c t o r  QmO- For  known launch p o i n t  l o c a t i o n  brat) and s p e c i f i e d  

target d e c l i n a t i o n  6 0 ,  t h e  ang le  B depends on t h e  launch azimuth 
A .  

From t h e  r i g h t  s p h e r i c a l  t r i a n g l e  CPP1 ( s e e  F igure  4 . 1 . 2 ) ,  
we o b t a i n  

a ?=dg P- tg A, 

and from t h e  r i g h t  s p h e r i c a l  t r i a n g l e  OPB, we f i n d  
cor 1 sin P= - 
- a 0  

o r  w i t h  account f o r  (4 .1 .6) ,  
cos cSst s i n  A 

s i n  P = cos 60 . 
Then we w i l l  have 

cos b 
s i n  A 

) 2 - 1  & A .  
st  

T'ne ambiguity i n '  de te rmina t ion  of  t h e  ang le  B corresponds 1107 
t o  two p o s s i b l e  launch t imes  i n  t h e  day f o r  a d e f i n i t e  launch 
azimuth. 

The asymptote i n c l i n a t i o n c p  t o  t h e  l i n e  of a p s i d e s  of  t h e  
hyperbol ic  escape o r b i t  Is found from t h e  equat ion  

1 
C O s ~ = - -  

I (+r<n). 

1 2 1  



I n  t h e  case  o f  impulsive accele? 'a t i6n  from a parking o r b i f ,  i ts  
r a d i u s  i s  equa l  t o  t h e  escape o r b i t  p e r i g e e  r a d i u s .  Therefore ,  
t h e  e q u a l i t y  holds 

o r ,  excluding a==-, we o b t a i n  
VL 

Consequently , 

1 cosrp= - 
1 + "iO/,, 2 

' 

c i r  o 

Knowledge of t h e  asympt3te i n c l i n a t i o n c p  t o  t h e  hyperbol ic  escape 
o r b i t  l i n e  of a p s i d e s  p e r m i t s  f o r  known asymptote d i r e c t i o n ,  
de f ined  by t h e  t a r g e t  v e c t o r  g, f i n d i n g  t h e  p o i n t  of d e p a r t u r e  
from t h e  parking o r b i t  f o r  Impulsive a c c e l e r a t i o n ,  

The r e l a t i o n s  (4.1.7) - (4.1.13) c h a r a c t e r i z e  t h e  i n j e c t i o n  
segment geometry, determining t h e  i n j  e c t i o n  t r a j e c t o r y  p l a n e  
l o c a t i o n  and t h e  o r i e n t a t i o n ,  dimensions, and shape of t h e  
hyperbol ic  escape o r b i t .  

PROBLEM OF LAUNCH AT CORRECT MOMENT OF TIME 

The s t r i c t  dependence between launch azimuth and launch tlme 
forms t h e  basis f o r  s o l u t i o n  of t h e  problem of launch a t  t h e  

c o r r e c t  moment of  t ime. Thus, i f  t h e  launch t ime of day i s  
s p e c i f i e d  i n  advance, t h e  launch azimuth must be s e l e c t e d  s o  
t h a t  t h e  i n j e c t i o n  t r a j e c t o r y  p lane  w i l l  c o n t a i n  t h e  t a r g e t  
v z c t o r  w. On t h e  o t h e r  hand, i f  t h e  launch azimuth i s  f i x e d  i n  
advance, t h e  launch must be accomplished a t  t h e  i n s t a n t  of t ime 
when t h e  launch p o i n t  c r o s s e s  t h e  i n j e c t i o n  t r a j e c t o r y  p lane .  





. , .  . . 

day; hSt  i s  t h e  launch p o i n t  geographic longi tude .  

The r e l a t i o n s  (4.1.15) make it  p o s s i b l e  f o r  s e l e c t e d  launch 
azimuth A and given t a r g e t  d e c l i n a t i o n  t *  and launch p o i n t  
dec l ina t ion  t o  determine using t h e  r e l a t i o n s  (4.1.1) and 

(4.1.14), t h e  launch time of day on a  known launch d a t e .  

Thus, we have obta ined an  a n a l y t i c  s o l u t i o n  o f  t h e  i n j e c -  
t i o n  problem which permi ts  f o r  g iven and const. .  nt  v e c t o r  

ca lc l i la t ion  of t h e  geometric c h a r a c t e r i s t i c s  of t h e  i n j e c t i o n  
segment and determinat ion  of t h e  launch time of day tst . 

SELECTION OF INCLINATION i TO INCREASE LAUNCH WINDOW WITH 

ACCOUNT FOR PERTURBATIONS 

So f a r ,  we have examined t h e  prablem of s e l e c t i n r  t h e  
i n j e c t i o n  segment kinematic parameters  without  account f o r  non- 
c e n t r a l i t y  of' t h e  E a r t h ' s  g r a v i t y  f i e l d  and v a r i a t i o n  of  t h e  
hyperbolic excess v e l o c i t y  v e c t o r  a s  a f u n c t i o n  . fa  t ime. 

However, i f  we t ake  ?.ntc ascount  t h e  p o s s i b i l i t y  of  launch time 
dev ia t ion  from t h e  nominal d a t e ,  such s i m p l i f i c a t i o n s  may l ead  
t o  s i g n i f i c a n t  e r r o r s .  

I n  a c t u a l i t y ,  n o n c e n t r a l i t y  of t h e  E a r t h ' s  f i e l d  l e a d s  t o  
v a r i a t i o n  of t h e  parking o r b i t  p lane  p o s i t i o n  a s  a f u n c t i o n  of 
time. I n  t h e  f i rs t  approximation ( s e e  § 3 of Chapter l ) ,  i t s  

ascending node longi tude  change can be es t imated  as 

where BQ = Qs - n o ;  n o ,  a, a r e  t h e  parking o r b i t  ascending node 

longitudes f o r  t h e  nominal and a c t u a l  launch d a t e s  ts  = t o  + A t , ;  

i s  t h e  o r b i t  p lane  model r e g r e s s i o n  r a t e .  



Figure  4.1.6. Kinematics of 
v e c t o r s  f o r  a c t u a l  launch d a t e  

Figure  4.1.5. Devia t ion  cf  and geometric  i n t e r l  ? t a t i o n  
hyperbol ic  excess  v e l o c i t y  o f  t h e  ang le  y :  
v e c t o r  ( t a r g e t  v e c t o r )  from 3 n 
parking o r b i t  p lane  f o r  a,=y %+Q,; y ' = y i -  

2 
a c t u a l  launch d a t e  

I n  a d d i t i o n ,  t h e  hyperbol ic  excess  v e l o c i t y  v e c t o r  TWO a l s o  

changes with time i n  magnitude and d i r e c t i o n ,  forming wi th  t h e  /110 

parking o r b i t  p lane  t h e  ang le  y (Figure  4 .1 .5 ) ,  which i s  found 

from t h e  equa t ion  (Figure  4.1.6):  
sin y=cosi sir1 b,+ sin i cos ;i,cos (a,- a,), 

where an, a a r e  t h e  r i g h t  ascens ion?  of t h e  v e c t o r s  A,, ; s S 

nSi DS a r e  t h e  v e c t o r  n o z ~ a l  t o  t h e  parking o r b i t  p l a n e  and t h e  

t a r g e t  v e c t o r  f o r  t h e  a c t u a l  launch da te .  

S ince  by t h e  d e f i n i t i o n  of t h e  ang les  we have 

with account f o r  (4.1.10)  and (4 .1 .16) ,  we o b t a i n  
3 a,=- n+ a,- arc sin (ctg i t g  3,) - w,pt,. 
2 

S u b s t i t u t i n g  t h i s  va lue  of an i n t o  t h e  preceding equat ion ,  

a f t e r  some t r ans fo rmat ions ,  we f i n d  

sin y = cos i [sin 6,  - cos ja, - a, - m$,) cos 8 ,  t g  801 t 
St I/ s in4 i  - sinZ 6,s-c 6 ,  sin (ao- a,- w&,) cos 8,. 



Figure  4.1.7. V a r i a t i o n  of  
ang le  y with  d e v i a t i o n  from 
nominal launch d a t e  

where, i n  t h e  prograde motion F igure  4.1.8. C h a r a c t e r i s t i c  
v e l o c i t y  l o s s e s  i n  nonplanar  case ,  we t a k e  t h e  s i g n  "+lf f o r  maneuver 

Consequently, w i t h  d e v i a t i o n  of t h e  launch t ime from t h e  
nominal launch d a t e  US a  consequence of pa rk ing  o r b i t  p r e c e s s i o n  
and escape o r b i t  hyperbo l i c  excess  v e l o c i t y  v e c t o r  change, 
cond i t ions  may a r i s e  i n  which t h e  hyperbo l i c  excess  v e l o c i t y  
vec to r  w i l l  now not  be l o c a t e d  i n  t h e  parking o r b i t  p lane .  Such 
a s i t u a t i o n  l e a d s  t c  t h e  n e c e s s i t y  f o r  a nonplanar SC module 
a c c e l e r a t i o n  maneuver, which Lnvolves a d d i t i o n a l  boost  energy 
expendi tures  ( i n  comparison wi th  coplanar  f l i g h t ) ,  F igure  4.1.7 
shows t y p i c a l  v a r i a t i o n s  of t h e  ang le  y from A t , ,  and F igure  4.1.8 

0 

shows t h e  corresponding c h a r a c t e r i s t i c  boost  v e l o c i t y  increment 
v a r i a t i o n s .  We n o t e  marked i n c r e a s e  of t h e  c h a r a c t e r i s t i c  boos t  
v e l o c i t y  as a consequence of appearance of t h e  angle  y w i t h  

d e v i a t i o n  from t h e  nominal launch d a t e .  

The s u b j e c t  process  reduces markedly t h e  launch window s i z e  
and, thereby has  a  fundamental i n f l u e n c e  on parking o r b i t  i n c l i n -  
a t i o n  ang le  s e l e c t i o n .  We f i n d  t h a t ,  by s e l e c t i n g  i i n  t h e  
range de f ined  by t h e  cond i t ions  (4 .1 .3 ) ,  we can f o r  c e r t a i n  
va lues  of A t s  reduce somewhat t h e  c h a r a c t e r i s t i c  boost v e l o c i t y  

i n c r e a s e  i n  comparison wi th  coplanar  a c c e l e r a t i o n  (Figure  4 .1 .9) ,  



Coplanar 
a c c e l e r a t i o n  

Figure  4.1.9. Required va lues  of c h a r a c t e r i s t i c  a c c e l e r a t i o n  
v e l o c i t y  ve r sus  d e v i a t i o n  from nominal launch d a t e  a s  f u n c t i o n  
of parking o r b i t  i n c l i n a t i o n  ang le  

which makes possl l ; le  cons ide rab le  broadening of  t h e  launch 

window. I n  t h i s  sense ,  t h e  pa rk ing  o r b i t  i n c l i n a t i o n  a ~ g l e  i 

s e l e c t e d  i n  t h i s  f a s h i o n  w i l l  be opt imal .  When c o n s t r u c t i n g  

t h e  a lgor i thm f o r  t h i s  p rocess ,  t h e  r e l a t i o n  (4.1.17) ,  which 

makes i t  p o s s i b l e  t o  determine t h e  dependence of y on i f o r  
given A t s ,  should be used. 

§ 2.  IMPULSIVE SC MANEWERS I N  PLANETARY GRAVISPHERE 

I n  t h e  b a l l i s t i c  a n a l y s i s  of schemes f o r  SC f l i g h t  t o  t h e  
p l a n e t s ,  t h e  ques t ion  of SC maneuvers i n  p l a n e t a r y  g rav i spheres  

i s  e c s e n t i a l .  The approximate problem i s  u s u a l l y  examined i n  
t h e  impulsive formula t ion ,  which i s  q u i t e  adequate i n  t h e  prel im- 

i n a r y  des ign  s t a g e .  

I n  t h e  fo l lowing,  !:e ~ x a m i n e  t h e  b a s i c  forms of maneuvers 

used i n  va r ious  i n t e r p l a n e t a r y  SC f l i g h t  schemes. 

PERICENTRAL TRANSFER BETWEEN COPLANAR ELLIPTIC AND 

HYPERBOLIC ORBITS 

The t r a n s f e r  of t h i s  type  i s  used f o r  SC braking i n  APS o r b i t  

o r  launch from such "an o r b i t .  The r e q u i r e d  v e l o c i t y  increment 



. . -.. .- .- . .. .. "-- . - . -  . - .  

f o r  t r a n s f e r  from elliptic o r b i t  t o  hyperbolic (or  vice uer.sa1 

w i l l  be 

--- . .  - .  . . , . -. . 

where VWh = 42V&, + V: is t h e  v e l o c i t y  a t  t h e  p t , r i c en t e r  of 

t h e  hyperbola wi th  hyperbolic excess ve loc i ty  V_; Vcir; 

i s  t h e  c i r c u l a r  ve loc i t y  corresponding t o  t h e  t r a n s f e r  

point  pe r i cen t e r  radius r,; Vnel = 2 r  - ( l / a ) l  is  t h e  

ve loc i ty  a t  t h e  e l l i p t i c  o ~ b i t  p e r i c e n t e r ;  a = r W / ( l  - e )  i s  

t h e  semimajor a x i s  of t h e  e l l i p s e  with e c c e n t r i c i t y  e = 

r - r r  + r .  Then 

If we take  a c i r c u l a r  o r b i t  with rcir - - rK a s  t h e  re fe rence  

o r b i t ,  then  

where 

For t r a n s f e r s  from c i r c u l a r  o r b i t  t o  hyperbolic ( o r  v i ce  
versa )  

A V = ~ / Z + B ~  - 1. 

The c h a r a c t e r i s t i c s  of coplanar p e r i c e n t r a l  el l ipse-hyperbola 
t r a n s f e r s  f o r  r, = 1 a r e  shown i n  Figure  4.2. l .and e l l i p s e -  

hyperbola t r a n s f e r s  f o r  var ious  PK a r e  shown i n  Figure  4 . 2 . 2 .  



Figure  4.2.1. C h a r a c t e r i s t i c s  
o f  e l l i p se -hyperbo la  t r a n s f e r  
f o r 5  = 1  
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NONPERICENTRAL TRANSFER 

BETWEEN COPLANAR ELLIPTIC 

AND HYPERBOLIC ORBITS 

F igure  4.2.2, C h a r a c t e r i s t i c s  
of p e r i c e n t r a l  e l l i p s e - h y p e r b o l a  
t r a n s f e r  

Th i s  t r a n s f e r  can be used t o  form pa rk ing  o r b i t s  around a 
p l a n e t .  

The e l l i p t i c  o r b i t  i s  s p e c i f i e d  by t h e  f o l l o w i n g  parameters :  

r ~ e l  i s  t h e  p e r i c e n t e r  r a d i u s  and rDel i s  t h e  apocen te r  r a d i u s .  

The p o i n t  M of t r a n s f e r  from t h e  e l l i p s e  t o  t h e  hyperbola  

i s  s p e c i f i e d  by t h e  t r u e  anomaly vel (F igure  4 .2 .3 ) .  The modu- 

l u s  of  t h e  hyperbo l i c  excess  v e l o c i t y  V, f o r  t h e  hyperbola is 
known. A f ami ly  o f  hyperbolas  can  be drawn through t h e  p o i n t  M 

w i th  g iven  modulus V-. A s  t h e  parameter  of t h i s  fami ly ,  we 

t a k e  t h e  hyperbola  p e r i c e n t e r  r a d i u s  rTh. It i s  necessary  t o  



Figure  4.2.3. Schematic of n o n p e r i c e n t r a l  e l l i p s e - h y p e r b o l a  
t r a n s f e r  

f i n d  t h a t  va lue  of rTh which minimizes t h e  modulus of t h e  v e c t o r  
.* ... 

A? = Vh - Vel, p roviding t r a n s f e r  from t h e  e l l i p s e  t o  t h e  hyper- 

bola ( o r  v i c e  v e r s a ) .  The modulus of t h e  v e c t o r  1 h?l (dimension- 
l e s s  v e l o c i t y  r e f e r r e d  t o  t h e  c i r c u l a r  v e l o c i t y  of an  o r b i t  
wi th  rcir - - 'riel > i s  

where 

'n e l s  vn a r e  t h e  normal v e l o c i t y  components of t h e  hyperbola ... ... 
and e l l i p s e  a t  p o i n t  M; Vr el; Vr a r e  t h e  r a d i a l  v e l o c i t y  

components a t  p o i n t  M .  

These v e l o c i t y  components a t  p o i n t  M of t h e  e l l i p s e  a r e  



el = J Referring t h e  v e l o c i t i e s  t o  Vci, "pl'rnel and- distances 

to  ',,el* w e  o b t a i n  

-" 1 + eel cos vel - e  s i n  vel 
0 , - - ,  - .. . .  .; V" - 0 .  e l  

'n e l  r e l  s 
W,, % 

where 
.)) 

23 ael  'ael - 1 
= 7; e e l  

= 
r a e l  t 1 

9 

'ael + 1 

a r e  t h e  parameter and e c c e n t r i c i t y  of  t h e  e l l i p t i c  o r b i t .  

The components o f  t h e  r e l a t i v e  v e l o c i t y  a t  p o i n t  M of t h e  
hyperbola are 

where 

The t r u e  anomaly of t h e  hyperbola a t  p o i n t  M i s  found from 
t h e  cond i t ion  

sh = fel o r  6, - - eel 1 + eh cos vh 1 t eel cos vel' 

Hence, 

1 
C O S  V h  = - 

eh 



For g iven  t r u e  anomaly vel of t h e  t r a n s f e r  p o i n t  M and V,, .. 
t h e  v o l o c i t y  modulus AV = f ( P T h ) .  The l i m i t i n g  va lue  o f  t h e  

hyperbola p e r i c e n t e r  r a d i u s  which ensures  i n t e r s e c t i o n  w i t h  t h e  
e l l i p s e  a t  t h e  p o i n t  M 1s equa l  t o  rRh = r a t  t h e  t r a n s f e r  e l  

p o i n t .  C a l c u l a t i o n s  show t h a t  t h e  va lues  o f  rTh opt which - 
minimize AV correspond b a s i c a l l y  t o  t h e  l i m i t i n g  va lues .  For 
small va lues  of t h e  e l l i p s e  eccentricity and s m a l l  vel, t h e  

va lues  o f  rkh opt are somewhat l a rge l  t h a n  t h e  l i m i t i n g  va lues .  .. 
However, because o f  t h e  f l a t n e s s  of t h e  AV = f (PRh)  optimum, t h e  -. 
AV va lues  corresponding t o  t h e  rRh l i m i t i n g  v a l u e s  d i f f e r  ve ry  

l i t t l e  from t h e  minimal va lues .  F igure  4 .2 .4  shows curves of 
., .. 

t h e  minimal AV = f ( v  ) f o r  v a r i o u s  V_ and Pael e l  = 5. Also shown 1116 - 
a r e  t h e  va lues  of t h e  i n c l i n a t i o n  o f  t h e  impulse v e c t o r  AT t 3  t h e  
l o c a l  hor izon 

The a n g l e  between t h e  e l l i p s e  a x i s  of a p s i d e s  and t h e  
hyperbola asymptote i s  

(p=n-[u$(n-a)]=a--o, 
where 

ROTATION OF ELLIPTIC ORBIT PLANE 

This  maneuver can be used t o  vary APS o r b i t  i n c l i n a t i o n  and 
form a parking o r b i t  around a p l a n e t .  Ro ta t ion  of  t h e  e l l i p t i c  
o r b i t  p lane  through t h e  ang le  K w i t Y  minimal energy expend i tu res  
w i l l  be accomplished by r o t a t i n g  t h e  v e l o c i t y  vkc to r  through t h e  
ang le  K a t  t h e  o r b i t  apocenter  where t h e  f l i g h t  v e l o c i t y  a long  
t h e  o r b i t  i s  minimal. I n  t h i s  case,  t h e  r e q u i r e d  v d l o c i t y  impulse 
AV i s  



Figure  4.2.4. C h a r a c t e r i s t i c s  
of n o n p c r i c e n t r a l  t r a n s f e r  
f o r  Fat,l = 5 

F i g u r e  4.2.5. C h a r a c t e r i s t i c s  
of e l l i p t i c  o r b i t  p lane  r o t a t i o n  
maneuver 

X bV=VaV2(1 - c o s r ) = 2 ~ .  sin - 2 . 
We f i n d  t h e  v e l o c i t y  a t  t h e  e l l i p t i c  o r b i t  apocerher  from t h e  
r e l a t i o n  

2 Replacing p = Vcir,r, and a = ( r a  
PI 

+ r 71 ) / 2 ,  we o b t a i n  

where Vcir i s  t h e  c i r c u l a r  v e l o c i t y  f o r  r = r,. 

We conver t  t o  dimensionless  v a r i a b l e s ,  r e f e r r i n g  r t o  r, 
and V, t o  Vcirr,. Then 

Thus t h e  minimal r e l a t i v e  v e l o c i t y  impulse requ i red  f o r  
r o t a t i o n  of t h e  e l l i p t i c  o r b i t  p lane  through t h e  a n g l e  u is 



The r e l a t i o n  AV-f(x;  7.) i s  shown i n  F i g u r e  4.2.5. We s e e  t h a t  
t h e  energy expend i tu res  r e q u i r e d  t o  r o t a t e  t h e  e l l i p t i c  o r b i t  
plane dec rease  s i g n S f i c a n t l y  wi th  i n c r e a s e  o f  t h e  apocenter  
r a d i u s  ra. 

SINQLF-IMPULSE ROTATION OF ELLIPTIC ORBIT AXIS OF APSIDES 

This  manetiver i s  used t o  shape t h e  APS o r b i t ,  

Let t h e  axes  of t h e  coplanar  e l l i p t i c  o r b i t s  1 and 2 be 
separa ted  by t h e  ang le  w (F igure  4 . 2 . 6 )  Single-impulse t r a n s -  
f e r  between t h e s e  o r b i t s  i s  p o s s i b l e  a t  t h e  two p o i n t s  of i n t e r -  
s e c t i o n  I and 11. 

The t r u e  anomaly of t h e  p o i n t s  of i n t e r s e c t i m  of t h e  
e l l i p s e s  is:  

f o r  t r a n s f e r  a t  p o i n t  I 

f o r  t r a n s f e r  a t  p o i n t  I1 

Let us  examine t r a n s f e r  a t  p o i n t  I .  The normal v e l o c i t y  
components a t  t h i s  n o l n t  - a r e  

i . e . ,  they a r e  equal .  



The radial  v e l o c i t y  compon- 1119 
e n t s  a r e  equa l  bu t  oppos i t e  i n  
d i r e c t i o n  

v,,= /Tb sin (- s-) = - ,/ Ti - 2 
I 

2 ' -- 1 .  
F i g u ~ e  4.2.6. C h a r a c t e r i s t i c s  The impulse f o r  t r a n s f e r  
of - single-impulse a x i s  of 
aps ides  r o t a t i o n  maneuver. between t h e  c r b i t s  is  

c- 

anC 1s d i r e c t e d  r a d i a l l y  from t h e  a t t r a c t i n g  c e n t e r .  The normal I 

v e l o c i t y  components a r e  a l s o  e q u d  a t  p o i n t  11. The r a d i a l  
components a r e  a l s o  equal  and oppos i t e  i n  s i g n ,  The t r a n s f e r  

i 
i 
2 

impulse AV = 21VrI and i s  d i r e c t e d  r a d i a l l y  but  a long t h e  i 
d i r e c t i o n  toward t h e  a t t r a c t i n g  c e n t e r .  We r e f e r  t h e  v e l o c i t i e s  
t o  t h e  c i r c u l a r  v e l o c i t y  (Vcir, = ) of t h e  o r b i t  wi th  r, 

p l  n  I 
and t h e  d i s t a n c e s  t o  rn. Then, cons ide r ing  t h a t  

we o b t a i n  

where Pa I s  t h e  r e l a t i v e  e l l i p s e  apocenter  r a d i u s .  The va lues  

of AV*-f(?.) a r e  shown i n  F igure  4.2.6. For F,-OO 

Y AV+ C 2-sin - . 
' 2  

TWO-IMPULSE ROTATION OF ELLIPTIC ORBIT AXIS OF APSIDES 
4 

A schematic of such t r a n s f e r  between two e l l i p t i c  o r b i t s  
i n  shown i n  F igure  4.2.7. A t  p o i n t  1, t h e  v e h i c l e  t r a n s i t i o n s  
t o  a t r a n s f e r  e l l i p s e  and then  a t  p o i n t  2 ,  t o  a n  e l l i p t i c  o r b i t  



Figure  4 .2 .7 .  C h a r a c t e r i s t i c s  
of two-impulse a x i s  of a p s i d e s  
r o t a t  i o n  maneuver : 

* 

a- t o t e 1  v e l o c i t y  impulse AVC 

as f u n c t i o n  of  apocenter  
r a d i u s  r, and aps ide  a x i s  rota- 
t i o n  ang le  w; b- t r a n s f e r  
e l l i p s e  apocenter  r a d i u s  a, and - 
p e r i c e n t e r  r a d i u s  RIr a s  func- 
t i o n  of ang le  w; c -  t r a n s f e r  
scheme 

r o t a t e d  through t h e  ang ie  w 

r e l a t i v e  t o  t h e  o r c g i n a l  o r b i t .  
T rans fe r8  of  t h i s  t y r e  were 
examined i n  [36] ( a r t i c l e  by 
Lawden e n t i t l e d  "Impulsive 
Trans fe r  between E l l i p t l c  Orb i t s " ) .  
Based on t h e  d a t a  of t h i s  a r t i c l e ,  
F igure  4.2.7 shows t h e  b a s i c  
c h a r a c t e r i s t i c s  of such a t r a n s -  - -? 

f e r :  R, and ba a r e  t h e  t r a n s f e r  

o r b i t  p e r i c e n t e r  and apocen te r  
r a d i i  r e f e r r e d  t o  r, of t h e  

o r i g i n a l  e l l i p s e .  A17, i s  t h e  
t o t a l  v e l o c i t y  impulse r e q u i r e d  
f o r  t h e  t r a n s f e r  ( r e f e r r e d  t o  

'cirri w i t h  r = r,). 

The l a r g e s t  energy expendi- 
t u r e s  occur i n  t r a n s f e r s  wi th  
r e l a t i v e  o r i g i n a l  e l l i p s e  apo- 
c e n t e r  r a d i u s  5, + 5 - 7 .  The 

ang le  w = 180° corresponds t d ~  

t r a n s f e r  w i t h  maximal v a l u e s  of 
AV. I n  t h i s  case ,  t h e  t r a n s f e r  
o r b i t  w i l l  be c i r c u l a r  w i t h  

6 = 2 .  I n  t h i s  case ,  r o t a t i o n  

of  t h e  apeide  a x i s  t a k e s  p l a c e  a s  fo l lows .  A t  t h e  apocenter  of 
t h e  o r i g i n a l  o r b i t ,  t h e  v e h i c l e  is  imparted t h e  f irst  impulse AV, 

t r a n s f e r r i n g  i t  Lo a c i r c u l a r  o r b i t  w i t h  r = r, of t h e  e l l i p s e .  

A f t e r  r o t a t i o n  through t h e  r e q u i r e d  ang le ,  t h e  v e h i c l e  is  t r a n s -  
f e r r e d  t o  t h e  f i n a l  e l l i p s e  by a second impulse AV. The v e l o c i t y  
Impulse 



where 

Converting t o  dinlensionless  q u a n t i t i e s  

- r V and r= - ,  h= - f 8 

'cirri 
we o b t a i n  

S u b s t i t u t i n g  t h e  va lue  

we o b t a i n  

v.=)/- f&.+ 1) and 

I n  t h i s  case,  t h e  t r a n s f e r  e n e r g e t i c s  a r e  independent of 
t h e  eps ide  a x i s  r o t a t i o n  angle .  For Fa+=, t h e  q u a n t i t y  A P r 4 .  

GRAVITY MANEUW3 DURING PLANET FLYBY 

For s e v e r a l  i n t e r p l a n e t a r y  f l i g h t  schemes, i t  i s  a d v i s a b l e  
t o  u t i l i z e  a  maneuver i n  t h e  g r a v i t y  f i e l d  of a  p l a n e t  i n  o r d e r  
t o  a l t e r  t h e  h e l i o c e n t r i c  v e l o c i t y  v e c t o r  d i r e c t i o n  and m a g ~ l t u d e .  

Let  us  examine t h e  g r a v i t y  maneuver scheme i n  t h e  sphere  of 
a c t i o n  of a  p lane t  (Figure  4.2.8). The v e l o c i t y  v e c t o r  V,, of 
e n t r y  i n t o  t h e  p l a n e t ' s  sphere  o f  a c t i o n  is found as t h e  d i f f e r e n c e  
between t h e  h e l i c e n t r i c  v e l o c i t y  v e c t o r  of approach t o  t h e  p l a n e t  
ff, and, t h e  p l ~ m e t  v e l o c i t y  v e c t o r  v 
A PI' I n  t h e  p rocess  of  t h e  

g r a v i t y  maneuver i n  t h e  p l a n e t  sphere  of a c t i o n ,  t h e  v e c t o r  V,, 



@Venus 

F igure  4.2.9. Scheme of  f l i g h t  
a long  f l y b y  hyperbola  

F igure  4.2.8. Scheme of 
g r a v i t y  maneuver d u r i n g  

i s  r o t a t e d  through t h e  a n g l e @  

wi thout  change i n  modulus and 
p l a n e t  f l y b y  i s  t ransformed i n t o  t h e  d e p a r t u r e  

v e l o c i t y  v e c t o r  from t h e  p l a n e t ' s  
sphere  of a c t i o n  Po,, . The h e l i o c e n t r i c  d e p a r t u r e  v e l o c i t y  
v e z t o r  Y q  w i l l  be t h e  sum of t h e  v e c t o r s  8,* and 8 

PI' 
We s e e  

t h a t  t h e  h e l i o c e n t r i c  v e c t o r s  Y1 and v2 a r e  d i f f e r e n t  i n  both  
modulus and d i r e c t i o n .  

The ang le  of r o t a t i o n  of t h e  v e c t o r  V-, i s  found a s  t h e  

ang le  between t h e  asymptoteE of t h e  f lyby  hyperbola  (F igure  

4 . 2 . 9 )  

S ince  a=-  ' , t h e n  s i n L =  1 
2 vl, rKv: 

I + - -  
l' 

Rota t ion  o f  t h e  v e c t o r  vm through t h e  a n g l e  q, l e a d s  t o  
r o t a t i o n  of t h e  SC h e l i o c e n t r i c  v e l o c i t y  v e c t o r  through t h e  

a n g l e  y ( s e e  F igure  4.2.8) .  The ext remal  v a l u e s  of t h e  modulus 
of t h e  r o t a t i o n  a n g l e  y f o r  g iven  va lue  of  t h e  ang lecp  w i l l  

correspond t o  t h e  c a s e  wh-n V1 = V2 = V (F igure  4.2.10) .  For  

c i r c u l a r  p l a n e t a r y  u r b l i r ,  when V = VCiP, PI 
t h e  a n g l e  y i s  

found from t h e  r e l a t i o n  



Figure  4.2.10. Scheme f o r  
determining l a r g e s t  h e l i u -  
c e r t r i c  v e l o c i t y  v e c t o r  r o t a -  
t i o n  ang le  y 

Figure  4.2.11. Angle y as 
f u n c t i o n  of  Vw f o r  v a r i o u s  
p l a n e t s  

sin 
2 "- =- 
'P sin - v ' 
2 

where 

+ vE t 2vWvci, v2 = Vcir 93 
C O S  - , 2 

hence, 
'P V- sin - 

Y sin -=-= 2 -- 
r 

1 / v 2  c: ? + Va 2 * 2v,vcir C O S  - 93 2 

Here, t h e  p l u s  s i g n  corresponds t o  V > Vcir, t h e  minus s i g n  t o  

< V c i r *  

The mhgnitude of t h e  ang le  y cannot exceed t h e  l i m i t i n g  
va lues  Y,,, ( s e e  F igure  4 . 2 . 1 0 ) ,  when 

Y v 
'max - 0 0  s i n  - 2 =v- c  i r  

The magnitudes of t h e  angie  y as a f u n c t i o n  of Vw f o r  t h e  
l i m i t i n g  maneuvers, when rn = R p e r  (Rper i s  no l e s s  t h a n  t h e  



r a d i u s  of t h e  p l a n e t  and h e i g h t  of i t s  dense a tnosphere  l a y e r s ) ,  
f o r  v a r i o u s  p l a n e t s  a r e  shown i n  F igure  4.2.11. 

We s e e  t h a t ,  f o r  t h e  p l a n e t s  of t h e  Ear th  group, t h e r e  e x i s t  
va lues  of Vm which maximize t h e  ang les  y .  For f l i g h t s  t o  t h e  
i n n e r  p l a n e t s  V > Vcir and t h e  maximal y w i l l  be ymax = 10' f o r  

Venus f lyby  and ymax = 3' f o r  Mercury f l y b y .  For  f l i g h t s  t o  t h e  

o u t e r  p l a n e t s ,  V < Vcir and f o r  f l i g h t  t o  Mars ynax P 9.5O. 

Thus, t h e  maximal p o s s i b l e  v a l u e s  c~f t h e  a n g l e  y f o r  maneuvers 
i n  t h e  g r a v i t y  f i e l d  of Mars and Venus a r e  approximately t h e  
same. 

The g r a v i t y  maneuver c a p a b i l i t i e s  i n  t h e  g r a v i t y  f i e l d s  of 
t h e  l a r g e  p l a n e t s  ( J u p i t e r  and S a t u r n )  p r a c t i c a l l y  always 
correspond t o  ylim and f o r  v a l u e s  Vm = Vcir p rovide  r o t a t i o n  of  

t h e  h e l i o c e n t r i c  v e l o c i t y  v e c t o r  through 180°. Rota t ion  of t h e  
h e l i o c e n t r i c  v e l o c i t y  v e c t o r  through t h e  ang le  y = 9G0 i n  t h e  
g r a ~ r i t y  f i e l d  of  J u p i t e r  o r  Sa tu rn  p rov ides  f o r  f l i g h t  t o  t h e  
Sun along a  degenera te  r e c t i l i n e a r  hyperbola ,  However, t h i s  
i s  p o s s i b l e  only  wi th  Vw 2 9.5 km/sec f o r  J u p i t e r  and wi th  
Vm 2 7.3 km/sec f o r  Sa tu rn ,  which i n d i c a t e s  t h a t  such f l i g h t s  at  
c l o s e  d i s t a n c e  t o  t h e  Sun a r e  p o s s i b l e  f o r  va lues  of Vm at t h e  
p l a n e t  l a r g e r  t h a n  f o r  t h e  minimal energy f l i g h t  t r a j e c t o r i e s  
t o  J u p i t e r  o r  Sa tu rn  ( s e e  Tables 5.4 and 5 .8) .  

ACTIVE-GRAVITY MANEUVER DURING PLANET FLYBY 

The p a s s i v e  g r a v i t y  maneuver c a p a b i l i t i e s  i n  t h e  g rav i sphere  
of t h e  Ear th  group p l a n e t s  a r e  cons t ra ined  by t h e  l i m l t  of f l y b y  
hyperbola p e r i c e n t e r  a l t i t u d e  r e d u c t i o n  t o  v a l u e s  r, < Rper .  
Therefore,  i n  many cases ,  a n  a c t i v e - g r a v i t y  maneuver wi th  
a d d i t i o n a l  impulsive v e l o c i t y  change i n  t h e  p l a n e t  approach- 
hyperbola departure-hyperbola f lyby  segment becomes advantageous, 



Figure  4.2.12. General scheme 
of s ingle- impulse hyperbola- 
hyperbola t r a n s f e r  (F i s  t h e  
hyperbola focus )  

A q u i t e  complete e x p o s i t i o n  o f  

t h i s  problem i s  given i n  1631. 

The g e n e r a l  scheme of such 

a p l a n a r  s ingle- impulse t r a n s f e r  

is shown i n  F i g u r e  4.2.12. A t  

t h e  p o i n t  T, t h e  v e h i c l e  t r a n s -  

i t i o n s  from t h e  incoming branch 

S of  t h e  approach hyperbola t o  

t h e  incoming branch P of t h e  

d e p a r t u r e  hyperbola.  Four 

p o s s i b l e  hyperbola-hyperbola 

t r a n s f e r  v a r l a n t s  a r e  shown i n  

F igure  4.2.13. The hyperbola 

asymptote t u r n i n g  a n g l e  i s  ( s e e  F igure  4.2.12):  

'P=P+%* (4.2.1)  

where f3 i s  t h e  angle  between t h e  inccming hyperbola asymptotes; 

91"-a i s  t h e  complement of  t h e  hyperbola  asymptote ~ l i n a t i o n  
2 

angle  a.  

The fo l lowing r e l a t i o n  i s  v a l i d  f o r  t r a n s f e r s  of t h i s  type  

where v i s  t h e  i 

( p o s i t i v e  f o r  c  

8=(81-%J + (Y -vJv (4 .2 .2)  

t r u e  anomaly of t h e  impulse a p p l i c a t i o n  p o i n t  

lockwise t u r n i n g  from t h e  a p s i d e  a x i s ) .  

Combining (4.2.1)  and ( 4 . 2 . 2 ) ,  we o b t a i n ,  r e g a r d l e s s  of 

t h e  t r a n s f e r  type ,  



Figure  4.2.13. P o s s i b l e  v a r i a n t s  of t r a n s f e r  between hyperbolas 

We can f i n d  t h e  impulse magnitude from t h e  v e l o c i t y  t r i a n g l e  
a t  t h e  p o i n t  of impulse a p p l i c a t i o n  

AV = (v: + V: - 2VlV, cos ?.)lP. (4.2.4) ! 

where 
x=+ el, 

0 i s  t h e  ang le  wi th  t h e  l o c a l  hor izon.  

A s  was shown i n  [63], i f  we t a k e  $1 and $ 2  a s  t h e  independent - /126 
v a r i a b l e s  and cons ider  t h a t  a = L  , we can express  t h e  ang les  0 

v: 
and v i n  t h e  form 

1 4 2  



The v e l o c i t y  on t h e  con ic  s e c t i o n  t r a j e c t o r y  

i 

I Excluding from (4 .2 .3)  and ( 4 . 2 . 4 )  - (4 .2 .7)  a l l  t h e  v a r i a b l e s  

1 o t h e r  t h a n  $ 1  and.$2, w e  o b t a i n  

I j 
I f  w e  s o l v e  (4 .2 .9)  f o r  r / a , ,  t h e  problem of f i n d i n g  t h e  /127 .r - 2 

minimum AV reduces  t o  f i n d i n g  t h e  minimum w i t h  r e s p e c t  t o  two 
parameters:  $ 1  and $ 2 .  If AV i s  r e f e r r e d  t o  V, , ,  

and we cons ider  t h a t  
rvi1 r - = -- 

P 01 



. 1" l*-__l."",,-**l _- _. _ I . ..- . . .- 

t h e  s o l u t i c n  can be expressed through only two parameters:  a 

[or (51 and @. Thus, t h e  impulse opt imiz ing problem becomes 
v -2 

independent o f  t h e  g r a v i t a t i o n a l  cons tan t  of t h e  p l a n e t  and t h e  
v e l o c i t y  v-, . 

Let us examine t h e  p a r t i c u l a r  t r a n s f e r  c a s e  when t h e  impulse 
i s  a p p l i e d  a t  t h e  p e r i c e n t e r s  of t h e  hyperbolas.  
c e n t r a l  t r a n s f e r  v l=v2=o . For  t h i s  case  [631, 

4 sin $2 tg2$ -.- ---1.- 1 
1_- - a1 'in $1 t g 2 $ 2  , 
111 sin $2 

sin 

For such p e r i -  

(4.2.11) 

(4.2.121 

(4.2.13) 

Excluding r / a l  from ( 4 . 2 . 1 1 )  and (4.2.13) ,  we o b t l i n  an 
express ion  connect ing and $ 2  : 

sin +,= sin $2 

Ol+ (1 -2) sin b 
a1 

Since ,  f o r  p e r i c e n t r a l  t r a n s f e r ,  t h e  impulse i s  d i r e c t e d  
along t h e  t r a n s v e r s a l ,  cos O ~ = C O S ~ ,  and t h e  formula f o r  AV/V,, can 
be w r i t t e n  a s  

We o b t a i n  from ( 4 . 2 . 1 2 )  and (4,2.14)  the coupl ing  equa t ion  

sin (P - 9,) = sin 4 1 ~  

s + ( l - : ) a i n d n  
' 

a1 



Figure  4.2.14. Summary graph of c h a r a c t e r i s t i c s  of p e r i c e n t r a l  
t r a n s f e r  between hyperbolas  

F igure  4.2.15. C h a r a c t e r i s t i c s  of op t ima l  n o n p e r i c e n t r a l  t r a n s -  
f e r s  between hyperbolas  

Summary graphs  of t h e  c h a r a c t e r i s t i c s  f o i  p e r i c e n t r a l  and - /128 

opt imal  n o n p e r i c e n t r a l  t r a n s f e r s  a r e  shown i n  F i g u r e s  4.2.14 and 

4.2.15. "Mirrorn s o l u t i o n s  w i t h  t h e  same v a l u e s  of t h e  r e q u i r e d  

c h a r a c t e r i s t i c  v e l o c i t y  AV apply  f o r  t h e  i n v e r s e  v e l o c i t y  r a t i o s  

2 .  There fo re ,  t h e  va lues  of t h e  c h a r a c t e r i s t i c s  a r e  shown 

only f o r  L 2 / V m 1 ~ 1  . 

The p e r i c e n t r a l  t r a n s f e r  c h a r a c t e r i s t i c  cu rves  i n  F igure  

4.2.14 a r e  bounded by s t r a i g h t  l i n e s  on t h e  l e f t  and a l s a  above 

and below. The l i m i t a t i o n  on t h e  l e f t  Vm2/vm1=1 corresponds  t o  .4 

t h e  p a s s i v e  g r a v i t y  maneuver case  e x m i n e d  above. I n  t h i s  case ,  



Figure  4.2.16. Charac te r i s -  
t i c s  of  n o n p e r i c e n t r a l  t r a n s -  
fers between hyperbolas f o r  
@ = g o 0 :  
1- optimal  t r a n s f e r s ;  2- 
p e r i c e n t r a l  t r a n s f e r s  

bo la  pass ing  through t h e  focus 
a p p l i c a t i o n .  This  case  i s  not  
t h e  l i m i t a t i o n  r, 2 R . per  

The lower bound q, = 0 
r e p r e s e n t s  t h e  degenera te  
unperturbed r e c t i l i n e a r  t r a j e c -  
t o r y  case ,  when t h e  impuL~e i s  
a p p l i e d  o u t s i d e  t h e  p l a n e t ' s  
sphere  of a c t i o n  and t h e  v e l o c i t y  
v e c t o r  changes impuls ive ly  i n  
magnitude only and n o t  i n  
d i r e c t i o n .  

The upper bound cp=n ( ~ . V : ~ / ~ = O  

and AV/V,I=O) a l s o  cori*esponds t o  
t h e  degenera te  r e c t i l i n e a r  hyper- 

and not  r e q u i r i n g  impulse 
r e a l i z e d  i n  p r a c t i c e  because of 

The graph f o r  opt imal  n o n p e r i c e n t r a l  t r a n s f e r  c h a r a c t e r i s t i c s  
i n  F igure  4.2.15.1s i n  g e n e r a l  analogous t o  t h e  graph of F igure  
4 .2 .14 .  However, opt imal  t r a n s f e r s  a r e  r e a l i z e d  f o r  a s m a l l e r  
va lue  of AV, which i s  seen from comparison of t h e  curves  of 
cons tan t  AVIV-i. va lues .  Di f fe rences  a r e  noted i n  t h e  charac te r -  
i s t i c s  f o r @  = 0, where t h e  p e r i c e n t r a l  t r a n s f e r s  t a k e  p l a c e  a t  
i n f i n i t y ,  whi le  f o r  t h e  opt imal  n o n p e r i c e n t r a l  t r a n s f e r s ,  t h e  
parameter r . ~ l 1 / p  does not  t end  t o  i n f i n i t y  bu t  v a r i e s  a s  a  
f u n c t i o n  o f  t h e  V,~V,I value .  We note  t h a t ,  on t h e  boundary 

V,2/V4-l , t h e  r , ~ ? , , / ~  curves i n  F igures  4.2 . l 4  and 4.2.15 
begin a t  t h e  same values  of cp. 

For p r a c t i c a l  cases ,  t h e  parameter ~ V I I  i s  bounded 

because of t h e  cond i t ion  t h a t  t h e  t r a n ~ . f e r  must be r e a l i z e d  w i t h  
> a  minimal va lue  of rT - Rper. I n  t h i i  case ,  it i s  convenient  

t o  r e p r e s e n t  t h e  t r a n s f e r  c h a r a c t e r i s t . i c s  i n  t h e  form shown i n  
F igure  4.2.16. 



The curve  v d ' m i = ~ o % t  has a h o r i z o n t a l  asymptote as r . ~ ~ t ; / ~ - r ~ ,  
f o r  which 

With :approach t o  t h e  p l a n e t  AV/Vmt decreases ,  r each ing  a 
minimum wi th  s m a l l e r  AV/V,~ ,  than  f o r  t h e  p e r i c e n t r a l  t r a n s f e r s .  
Then t h e  AVIVW v a l u e s  aga in  i n c r e a s e ,  approaching t h e  second 
h o r i z o n t a l  asymptote a s  r , ~ t ~ / ~  -.b (degenera te  r e c t i l i n e a r  
hyperbola pass ing  through the  f o c u s ) ,  f o r  which 

T r a n s f e r s  i n  t h e  reg ion  t o  t h e  r i g h t  of t h e  p e r i c e n t r a l  
t r a n s f e r s  correspond t o  type  0 - 0 t r a n s f e r  ( i n  F igure  4.2.13) ,  
i . e . ,  t h e  SC approaches t h e  p l a n e t  along t h e  i n c  g branch of  
t h e  hyperbola and t r a n s f e r s  t o  t h e  second hyperbo, only a f t e r  
pass ing  t h e  p e r i c e n t e r  of  t h e  f irst  hyperbola.  

T r a n s f e r s  i n  t h e  reg ion  t o  t h e  l e f t  of t h e  p e r i c e n t r a l  
t r a n s f e r s ,  inc lud ing  t h e  opt imal  t r a n s f e r s ,  correspond t o  type  
1 - 1 t r a n s f e r s  i n  Figure  4.2.13, i . e . ,  t h e  SC t r a n s f e r s  t o  t h e  
second hyperbola on t h e  incoming branch of t h e  f i rs t  hyperbola 
p r i o r  t o  i t s  p e r i c e n t e r .  The minimal d i s t a n c e  corresponds t o  
t h e  p e r i c e n t e r  r a d i u s  of  t h e  second hyperbola ,  Thus, t h e  opt imal  
t r a n s f e r s  correspond t o  type  1 - 1 if v&'=I>~ . For V W d V m ~ < I  , 
t h e  reg ions  change p l a c e s  and t h e  opt imal  t r a n s f e r s  correspond 
t o  type  0 - 0,  

The curve f o r  VoJ3/Vooi=l has a  minimal p o i n t  w i th  AV/VwI  =O 

and co inc ides  wi th  t h e  p e r i c e n t r a l  t r a n s f e r  poin t ,  I n  t h i s  c a s e ,  
a pass ive  g r a v i t y  maneuver i s  accomplished dur ing  p l a n e t  f l y b y .  

I n  t h e  r e l a t i o n s  of t h e  type  shown i n  F igure  4.2.16, i t  1s 

easy t o  t a k e  i n t o  account t h e  l imi ta tLon  on t h e  parameter  ~ * v L ~ / P  



from t h e  c o n d i t i o n  r, 2 R p e r  ' 

S i n c e  t h e  opt imal  n o n p e r i c e n t r a l  t r a n s f e r s  l i e  i n  t h e  
v i c i n i t y  o f  t h e  p e r i c e n t r a l  t r a n s f e r s ,  we can use  t h e  fo l lgwing  
AV extremum s e a r c h  a lgor i thm.  F i r s t ,  f o r  t h e  given-v,,, V,,Z and cp, 
we f i n d  AV and t h e  parameters  $1" and f o r  p e r i c e n t r a l  t r a n s f e r s .  
Then, from t h e s e  v a l u e s  of  $,' and ch" , we seek  t h e  minimal AV 

f o r  n o n p e r i c e n t r a l  t r a n s f e r s  w i t h  r e s p e c t  t o  t h e  pa ramete r s  $1 

and 14~. T h i s  a lgo r i thm e n s u r e s  unimodal l ty  o f  t h e  s e a r c h  r e g i o n  1 a 
and pe rmi t s  us ing  t h e  d i r e c t  extremum s e a r c h  methods ( g r a d i e n t ,  1 

f 

f o r  example). 

5 3 .  SELECTICN OF INJECTION SCHEME AND ROCKET STAGE 
PARAMETERS FOR ASCENT FROM KARS SURFACE 

Analys is  o f  t h e  f l i g h t  schemes t o  Mars ( s e e  Chapter  8 )  
shows t h a t ,  f o r  launch from t h e  s u r f a c e  o f  Mars, payload i n j e c -  
t i o n  i n t o  t h e  fo l lowing  o r b i t s  i s  p o s s i b l e :  

j 

c i r c u l a r  w i t h  Hcir = 500 - 2000 km; 

e l l i p t i c  wi th  Hn = 500 - 2000 km and Ha 20 - 30 /l?l i 
thousand km; I 

Y 

3 

hyperbo l i c  o r b i t s  w i t h  Hn = 500 - 2000 km. > 
$ 
6 
1 

The two-impulse o r  dual-burn i n j e c t i o n  scheme i s  r a t i o n a l  
f o r  i n j e c t i o n  i n t o  t h e s e  h igh  o r b i t s .  

I n  t h i s  case ,  t h e  SC i s  i n i t i a l l y  i n j e c t e d  i n t o  an  e l l i p t i c  
t r a n s f e r  o r b i t .  The apocen te r  of t h i s  t r a n s f e r  e l l i p s e  c o r r e s -  
pnds t o  t h e  d e s i r e d  o r b i t  p e r i c e n t e r  h e i g h t .  A t  t h e  apocen te r  
of t h i s  e l l i p s e ,  t h e  engine  i s  r e l i g h t e d  and a c c e l e r a t i o n  t o  
e n t r y  I n t o  t h e  d e s i r e d  o r b i t  t a k e s  p l a c e  (F igure  4.3.1) .  



The magnitude of t h e  u s e f u l  
l o a a  depends on t h e  p i t c h  program 
i n  t h e  first and second i n 3 e c t i o n  
segments and on t h e  parameters  o f  
t h e  t r a n s f e r  e l l i p s e .  S ince  t h e  
r a r e f i e d  atmosphere of Mars i s  
q u i t e  ex tens ive ,  marked i n f l u e n c e  
of d rag  on t h e  f l i g h t  t r a j e c t o r y  

Figure  4.3.1. Scheme of i s  p o s s i b l e  dur ing  f l i g h t  a long 
ascen t  from s u r f a c e  of Mars: t h e  t r a n s f e r  e l l i p s e .  
I- first burn; 11- second 
burn; 1- launch; 1 -- 2- 
v e r t i c a l  a s c e n t ;  2 - 3- pro- Examining t h e  f irst  a c t i v e  

turn; - 4- passive f l i g h t  segment i n  t h e  r a r e f i e d  f l i g h t ;  4- a c c e l e r a t i o n  t o  
Vf 2 i  V Mars atmosphere (pO = 5 - 20 

2 
mbar),  we can assume t h a t  t h e  

aerodynamic loads  and d rag  l o s s e s  w i l l  be small. Therefore ,  we 
can assume t h a t  aerodynamic l i f t  f o r c e s  a r e  not  p r e s e n t  and t h e  
drag  c o e f f i c i e n t  i s  independent o f  f l i g h t  speed.  Ignor ing  t h e  
ques t ions  of  c o n t r o l  about t h e  c e n t e r  of mass, we examine t h e  
motlog of  +he rocke t  a s  a v a r i a b l e  mass p o i n t ,  T h i s  formulakion 
of t h e  problem f o r  e s t i m a t i n g  t h e  energy expendi tures  and payload 
weight i n  des ign  studLes is  q u i t e  l e g i t i m a t e  and i s  used i n  
pre l iminary  c a l c u l a t i o n s  of boos te r  i n j e c t i o n  t r a j e c t o r i e s  dur ing  
launch from t h e  Ear th .  

The equat ions  of boos te r  motion i n  t h e  v e l o c i t y  coord ina te  

1 system wi th  account f o r  t h e  assumptions adopted have t h e  form 

sin a+ (S -'%) cor 0 ; 

# : I . . /  
r=V sin B; 

v 
A=-cosfl, , 

r 



where go = 9.81 m/sec2; g i s  t h e  dynamic head (p-y) ; 
Q - Q ( ~ )  and P - P ( ~ )  are t h e  d e n s i t y  and p r e s s u r e  ( s p e c i f i e d  by t h e  
p l a n e t a r y  atmosphere models);  h  = r - r is  f l i g h t  a l t i t u d e ;  

PI 
r is  t h e  rad iuo  o f  t h e  p l a n e t ;  a, = (c,Sfr)/Oo ie t h e  b a l l i s -  
PI 

t i c  c o e f f i c i e n t ,  Sfr i s  t h e  f r o n t a l  a r e a ;  p,=P i s  t h e  b o o s t e r  
Oa - 

thrust-weight  r a t i o  ( A%--- -":) ; Po i s  t h e  p r e s s u r e  a t  t h e  s u r f a c e  

of t h e  p l a n e t ;  Sa is t h e  nozzle  a rea ;  G o  i s  t h e  launch weight;  

V is t h e  f l i g h t  speed,  8 i s  t h e  i n c l i n a t i o n  ang le  o f  t h e  vecto?  
t o  t h e  l o c a l  horizun;  r i s  t h e  d i s t a n c e  from t h e  p l a n e t  c e n t e r  
of mass; X i s  t h e  angu la r  f l i g h t  range;  

'-'PI 
i s  t h e  g r a v i t a t i o n a l  

cons tan t  of  t h e  p lane t ;  
P s ~  

i s  t h e  s p e c i f i c  t h r u s t ;  a i s  t h e  

ang le  of  a t t a c k .  

The p i t c h  ang le  cp==O+a-A . It is  known t h a t ,  i n  t h e  
absence of  aerodynamic l o s s e s ,  t h e  opt imal  p i t c h  program i s  
nea r ly  l i n e a r .  T h e o r e t i c a l  e s t i m a t e s  show t h a t  t h e  aerodynamic 
l o s s e s  a r e  a c t u a l l y  small i n  t h e  r a r e f i e d  Mart ian atmospnere. 
Therefore ,  we assume t h a t  t h e  p i t c h  program v a r i e s  l i n e a r l y  wi th  
time, 1. e . ,  cp=cFo-i (t--to) . C a l c u l a t i o n s  show that t h i s  i n j e c t i o n  
program d i f f e r s  with regard  to  c h a r a c t e r i s t i c  boost  v e l o c i t y  by 
no more than 2 - 3% from t h e  more complicated opt imal  i n j e c t i o n  
programs. 

We assume t h a t  t h e  boos te r  s t a r t s  v e r t i c a l l y  from t h e  su r -  
f a c e .  Then, we can t a k e  a s  t h e  i n i t i a l  cond i t ions  t h e  parameters  
a t  t h e  end of t h e  v e r t i c a l  a c t i v e  segment:* 

-- 

*The d u r a t i o n  of t h e  v e r t i c a l  segment was t aken  t o  r each  Vo - 
60 m/sec. 



The f i n a l  
s p e c i f i e d  
apocenter  

cond i f ions  a r e  determined by t h e  parameters  a t  a 
p o i n t  o f  the  t r a n s f e r  e l l i p s e ,  If t h e  t r a n s f e r  e l l i p s e  

heist ha and t h e  i n j e c t i o n  p o i n t  t r u e  anomaly vf are 

s p e c i f i e d ,  t h e  f i n a l  cond i r~ ions  are represented i n  t h e  form 

e s i n  v, 

where 

The presence of f r e e  parameters  (parameters  of t h e  t r a n s f e r  
e l l ip : s>  ::2!? it p o s s i b l e  t o  s a t i s f y  t h e s e  i n i t i a l ,  and f i n a l  
cond i t ions .  

For  t h e  l i n e a r  p i t c h  program i n  t h e  f i r s t  a c t i v e  segment, w e  

i n v e s t i g a t e d  t h e  i n f l u e n c e  of t h e  t r a r s f e r  e l l i p s e  parameters on 
t h e  t o t a l  c h a r a c t e r i s t i c  v e l o c i t y  r e q x i r e d  f o r  i n j e c t i o n  i n t o  t h e  
s p e c i f i e d  o r b i t  

where Vxl and Vx2 a r c  t h e  c h a r a c t e r i s t i c  v e l o c i t i e s  r e q u i r e d  f o r  

i n j e c t i o n  i n t o  t h e  t ~ a n s f e r  e l l i p s e  and from t h e  t r a n s f e r  e l l i p s e  
i n t o  t h e  specified o r b i t ;  CVcomp i s  t h e  c h a r a c t e r i s t i c  v - l o c i t y  

r e q u i r e d  t o  compensate f o r  t h e  aerodynamic losseb  dur ing  motion 
a long t h e  t r a n s f e r  e l l i g s e .  



With change o f  t h e  t r a n s f e r  e l l i p s e  p e r i c e n t e r  a l l i t u d e ,  f o r  /134 
example, w i th  i n c r e a s e  of  t h i s  a l t i t u d e ,  t h e  g r a v i t a t i o n a l  l o s s e s  

i n  t h e  f i r s t  a c t i v e  segment i n c r e a s e  bu t  t h e  r e q u i r e d  c h a r a c t e r -  
i s t i c  v e l o c i t y  Vx2 an$ compensating impulse d e c r e a s e .  There fo re ,  

t h e r e  i s  a t r a n s f e r  impulse a l t i t u d e  f o r  which t h e  o v e r a l l  energy 
expendi tures  r e q u i r e d  a r e  minimal. 

i 
Study of t h e  i n f l u e n c e  o f  t h e  second a c t i v e  t r a j e c t o r y  

segment d u r a t i o n  f o r  i n j e c t i o n  from t h e  t i - ans fe r  e l l i p s e  t o  t h e  9 
4 s p e c i f i e d  o r b i t  ( f o r  t h r u s t  v e c t o r  o r i e n t a t i o n  s e l e c t e d  t o  3 
,; 

minimize t h e  r e q u i r e d  c h a r a c t e r i s t i c  v e l o c i t y  Vx2)  showed t h a t  3 
r, 

because of t h e  sma l lness  of  t h e  g r a v i t a t i o n a l  l o s s e s  V can  be x2 

determined approximately as t h e  geometr ic  d i f f e r e n c e  of t h e  

v e l o c i t i e s  i n  t h e  t r a n s f e r  e l l i p s e  and ic t h e  s p e c i f i e d  o r b i t  at  

t h e  t r a n s f e r  p o i n t .  

I n  t h e  c a s e  of  f l i g h t  a long  t h e  t r a n s f e r  e l l i p e  a t  low 
, ; . n i czn te r  a l t i t u d e s ,  t h e  t r a n s f e r  o r b i t  d i s t o r t s  bzcause of  

the  atmospheric  d rag  i n f l u e n c e  ( t h e  apocen te r  h e i g h t  d e c r e a s e s  

and a d d i t i o n a l  energy expend i tu res  a r e  r e q u i r e d  t o  compensate 
f o r  t h e  e f f e c t  of t h e  atmosphere) .  The re fo re ,  a n  a d d i t i o n a l  
v e l o c i t y  impulse AVcomp must be imparted a t  some p o i n t  of  t h e  

t r a n s f e r  e l l i p s e .  For  example, a t  h, = 60 and 70 km, t h e  

t r a n s f e r  e l l i p s e  apocencer  h e i g h t  dec reases  from 1000 t o  609 and 
858 km, r e s p e c t i v e l y  ( f o r  t h e  maxlmal atmosphere model) ,  because 

of t h e  atmosphere e f f e c t .  

C a l c u l a t i o n s  have shown t h a t  it i s  b e s t  t 3  impar t  t h e  

a d d i t i o n a l  v e l o c i t y  impulse ( f o r  mtnimal r e q u i r e d  energy expendi- 

t w e s )  I n  t h e  t r a n s f e r  e l l i p s e  p e r i c e n t e r  r e g i o n ,  i . e , ,  t h e  
v e l o c i t y  a t  t h e  end of t h e  f i r s t  i n J e c t i o n  segment must be 

inc reased  somewhat. 



Figure  4.3.2. Vx as a func- 
t i o n  of  a n g l e  Bf f o r  Ha = 

1000 krn and Ha = 20,000 km: 

The energy expend i tu res  

r e q u i r e d  t o  compensate f o r  

a tmospheric  i n f l u e n c e  may r each  

Avcomp = 200 m/sec. 

F i g u r e  4.3.2 shows t h e  

r e q u i r e d  c h a r a c t e r i s t i c  v e l o c i t y  
Vx va lues  as a f u n c t i o n  of  t h e  

v e l o c i t y  v e c t o r  i n c l i n a t i o n  Bf 

t o  t h e  l o c a l  ho r i zon  a t  t h e  end 

of  t h e  first a c t i v e  segment. We 

s e e  t h a t  t h i s  r e l a t i o n  has  a very 
f l a t  optimum f o r  Bf  = 0.5 - 1.5O. 

We a l s o  examined t h e  i n f l u -  
ence of l o c a t i o n  a f  t h e  t r a n s i t i o n  

p o i n t  from t h e  t r a n s f e r  e l l i p s e  

t o  t h e  d e s i r e d  o r b i t .  The 

c a l c u l a t i o n  r e s u l t s  showed t h a t  

t h e  magnitude o f  t h e  second-burn 

impulse  has  a minimum f o r  t r u e  
anomaly of t h e  t r a n s i t i o n  p o i n t  t o  t h e  d e s i r e d  o r b i t  d i f f e r i n g  
somewha2 f r o m  t h e  apocen te r  p o i n t .  However, t h e  o v e r a l l  energy 
expend i tu res  i n  t h i s  c a s e  do no t  d i f f e r  e s s e n t i a l l y  from t h o s e  
f o r  t h e  schemes wi th  i n j e c t i o n  a t  t h e  apocen te r .  Therefore ,  we 

adopted t h e  fo l lowing  i n j e c t i o n  scheme: 

- launch from t h e  s u r f a c e  o f  Mars and i n j e c t i o n  t o  t h e  
t r a n s f e r  e l l i p s e  p e r i c e n t e r  wi th  v e l o c i t y  e n s u r i n g  c o m p e n s & t i o ~  

f o r  t h e  aerodynamic l o s s e s  i n  t h e  t r a n s f e r  e l l i p s e ;  



Figure  4.3.3. In f luence  of t r a n s f e r  e l l i p s e  p e r i c e n t t r  h e i g h t  
hn on Vx f o r  d i f f e r e n t  f i n a l  o r b i t s  

F igure  4.3.4. I n f l u e n c e  of 
c i r c u l a r  o r b i t  he igh t  Xcir on 
Vx f o r  FO = 1 . 2 :  

- p a s s i v e  f l i g h t  t o  t h e  

apocen te r  and a c c e l e r a t i o n  a t  

t h e  a p o c e n t e r  t o  i n j e c t i o n  i n t o  

t h e  d e s i r e d  o r b i t  ( i n  t h i s  case ,  

t h e  t r a n s f e r  e l l i p s e  apocen te r  

h e i g h t  i s  e q u a l  t o  t h e  f i n a l  

s p e c i f i e d  o r b i t  p e r i c e n t e r  

he igh t  ) . 

For  t h i s  i n j e c t i o n  scheme, 
we s t u c i e d  t h e  i n f l u e n c e  o f  

t r a n s f e r  e l l i p s e  p e r i c e n t e r  
h e i g h t  h, on t h e  energy expendi- 

t u r e s  r e q u i r e d  f o r  i n j e c t i o n  
i n t o  v a r i o u s  f i n a l  o r b i t s .  The 



Figure 4.3.5. In f luence  of 
f i n a l  e l l i p t i c a l  and hyper- 
b o l i c  o r b i t  p e r i c e n t e r  
he igh t s  on Vx f o r  EO = 1 . 2 :  

t e r i s t i c  v e l o c i t y .  I n c r e a s e  

Heir = 500 km t o  Hcir = 2000 

approximately 500 m/sec. 

c a l c u l a t i o n  r e s u l t s  a r e  shown i n  
F igure  4.3.3. We s e e  from t h e  
c a l c u l a t i o n s  t h a t  t h e r e  i s  a n  
opt imal  t r a n s f e r  e l l i p s e  p e r i -  
c e n t e r  he igh t  va lue  h, which 

makes i t  p o s s i b l e  t o  o b t a i n  t h e  
minimal r e q u i r e d  energy expendi- 
t u r e s .  I n  t h i s  case,  t h e  opt imal  
p e r i c e n t e r  he igh t  va lue  i s  d e t e r -  
mined b a s i c a l l y  by t h e  atmosphere 
model and i s  h, = 35 - 40 km f o r  

t h e  minimal model wi th  po = 5 mbar, 

40 - 50 km f o r  t h e  in te rmedia te  
model wi th  po = 10 mbar, and 

60 - 70 f o r  t h e  maximal model 
wi th  yC = 20 mbar, varying only  

s l i g h t l y  wi th  change of t h e  t r a n s -  
f e r  o r b i t  apocenter  h e i g h t ,  

The opt imal  thrus t -weight  
r '9 is  go  2 1 . 2 .  

F igure  4.3.4 shows t h e  i n f l u -  
ence of f i n a l  c i r c u l a r  o r b i t  
he igh t  Heir on t h e  t o t a l  charac-  

of t h e  c i r c u l a r  o r b i t  h e i g h t  from 
Xm l e a d s  t o  i n c r e a s e  of Vx by 



Figure 4.3.5 shows t h e  in f luence  of f i n a l  e l l L p t i c  and 
hyperbolic o r b i t  pe r i cen t e r  height  Hn on Vx. Increase  of t h e  

pe r i cen t e r  height  H, by 500 Lan leads  t o  i nc rea se  of Vx by 

approximately 250 - 500 mlsec, depending on t h e  f i n a l  o r b i t  

type-  



CHAPTER 5. FLYBY AND IMPACTING INTERPLANETARY TRAJECTORIES 

5 1. CALENDAR OF FLIGHTS TO THE PLANETS 

Exact determination of interplanetary flight trajectory /I38 

characteristics involves solution of a three-dimensional problem, 

requiring quite laborious calculations. Preliminary estimates 

of the basic trajectory characteristics and nominal launch dates 

for optimal flight cycles to the planets can be carried out 

under the following assumptions: 

- the Earth and planet orbits are circular and all lie 
in the same plane; 

- flight is accomplished along minimal energy trajectories. 

The minimal energy trajectories for this c:se have been 

examined by Hohrnann 1511 and are ellipses (Figure 5.1.la) tangent 

at the apsidal points of the circular planetary o~bits. 

This problem formulation is not exact, but it permits 1139 

obtaining simple approximate relations which can be used as the 

zero approximation characteristics. 

FLIGHT TIME 

The period of revolution in this ellipse is 

2n 2. T =  1 
vGa  * 

wheroe a is the semimajor axis of the vehicle flight orbit; Po is 

the gravitational constant of the Sun. 
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a b  
Figure  5.1.1. T r a n s f e r  schemes 

a- Hohmann e l l i p s e ;  b- de te rmina t ion  of d i f f e r e n c e  of Ear th  
and p l a n e t  long i tudes  

For c i r c u l a r  Ear th  and p l a n e t  o r b i t s  

where rE, r a r e  t h e  mean r a d i i  of  t h e  Ear th  and p l a n e t  o r b i t s ,  
PI 

r e s p e c t i v e l y .  

We s h a l l  express  d i s t a n c e s  i n  astronomic u n i t s  (rE = 1) and 

time i n  Ear th  s i d e r e a l  pe r iods  (TE = 1 ) ;  then  

T=V& 
The f l i g h t  t ime from t h e  Ear th  t o  t h e  p l a n e t  A t f  = T/2. 

S u b s t i t u t i n g  t h e  q u a n t i t y  5 = ( 1  + Sp1)/2, we o b t a i n  

The f l i g h t  t ime t o  t h e  p l a n e t s  from t h e  Ear th  i s  shown i n  

Table 5 . 1  and F igure  5.1.2. The f l i g h t  t ime t o  t h e  a s t e r o i d  

b e l t  (97% of t h e  a s t e r o i d s  have o r b i t s  i n  t h e  range  Fa, = 2.2 t o  

E - A  3.6) i s  equal  t o  A t f  = 1 . 0 1  - 1 . 7 4  yea r s .  For  t h e  case  of 



TABLE 5.1. 

F i g u r e  5.1.2.  P l a n e t  r s v o l u t i o n  p e r i o d  T, f l i g h t  t ime A t f ,  and 

synodic  p e r i o d  Ts as f u n c t i o n s  of d i s t a n c e  r from t h e  Sun. 

; 

f l i g h t  from p l a n e t  t o  p l a n e t  

where F1 and c2 a r e  t h e  mean p l a n e t  o r b i t  r a d i i .  

. Plane t  

Years 

Atf,Days 

P l a n e t  

Years 

Thus, t h e  f l i g h t  t ime from V e r ~ ~ l s  t o  Mercury i s  A t f  = 0.207 
1 

3 

'i 

y e a r s  o r  about  76 days ,  and f o r  f l i g h t  from Mars t o  t h e  a s t e r o i d s ,  
3 5 

A t f  = 1.27  -- 2.05, Mars t o  J u p i t e r  A t f  = 3.08, Mars t o  S a t u r n  i 

j L t f s D a y s  

Sun 

0.177 

65  

J u p i t e r  

2.745 

, 1,000 

Mercury 

0.288 

105 

S a t u r n  

5 980 

2,180 

Venus 

0.401 

1 4 6  
Uranus 

16 .0  

A 5,840 

Mars 
0.710 

259 
Neptune 

30.65 

A s t e r o i d s  

1 . 0 1  - 1.74 

369 - 636 

P l u t o  

45.80 

, 11,203 16,800 



The v a l u e s  o f  A t f  p r e s e n t e d  above were c a l c u l a t e d  f o r  c i r c u -  
l a r  o r b i t s .  To e v a l u a t e  t h e  i n f l u e n c e  of o r b i t  e c c e n t r i c i t y  on 

TABLE 5.2.  

f l i g h t  t ime,  we de termine  

?-- - 

P l a n e t  

0 

+ rnin 3 
2 ) 

This  o r b i t  combinat ion i s  u n l i k e l y ,  bu t  v a l u e s  o f  A t f  c l o s e  t o  

Atf max and Atf min a r e  p o s s i b l e  a t  g r e a t  o p p o s i t i o n  times. 

The v a l u e s  o f  A t f  max and Atf min a r e  shown i n  Tab l e  5 .2 .  

LAUNCH DATES 

2 
a 
o 
k 
Q, z 

F l i g h t  from E a r t h  t o  a p l a n e t .  The launch  date can be 
determined from t h e  c o n d i t i o n  t h a t  t h e  d i f f e r e n c e  o f  t h e  h e l i o -  
c e n t r i c  l o n g i t u d e s  of t h e  Ear th  a t  t h e  launch  t i m e  and t h e  

p l a n e t  a t  t h e  a r r i v a l  t ime ( t r a n s f e r  a n g l e )  i s  I = m, 

tn 
&I 
a 
E 

rn 
a c 
a, 
3 

The l o n g i t u d e  o f  the  E a r t h  a t  t h e  launch  time 

0.644 
23 4 
0.780 
283 

0.390 
138 
0.412 
150 

Atf rnin 

Atf max 

b 

k a, 
C, 
4 
a a 
b 

YearS0.260 

Days 195 
~ e a r s 0 . 3 2 0  

c 
k s 
sr, 
(d 
vj 

2.550 
93 5 

Days 

o 
4~ 
a 
A 
P1 

tn 
s 
c 
a 
L 
3 

5.36 
1 ,955  

115 

38.5 
W , 0 6 0  
57.3 
20,95 

Q, c 
a 
4~ 
a 
a, 
Z 

15.0 

5,475 
17 .1  

6,240 
2.910 16.600 
1,070 2,408 I 

30.2 
11,040 

30.8 
11,250 



where $, i s  t h e  l o n g i t u d e  o f  t h e  E a r t h  a t  ze ro  t ime  i n  r a d ;  

= 2 = 2n i s  t h e  a n g u l a r  r a t e  of  r e v o l u t i o n  o f  t h e  E a r t h  
W~ TE 
around t h e  Sun i n  rad /year ;  tst i s  t h e  launch d a t e  from t h e  

Ear th  t o  t h e  p l a n e t  from z e r o  t ime i n  y e a r s .  

The l o n g i t u d e  of t h e  p l a n e t  a t  t h e  a r r i v a l  t ime  

$ p l  = 'pl 0 + Wpl(ts t  E + A t f ) ,  

where JI 
P l  0 

i s  t h e  l o n g i t u d e  of t h e  p l a n c  ~ i ;  s t - ~ r ,  t i m  - e ;  Wpl - 
2n/T i s  t h e  angu la r  r a t e  of r e v o l u t i o n  of  t h e  p l a n e t  around 

P l  
t h e  Sun. 

The d i f f e r e n c e  of t h e  E a r t h  and p l a n e t  l o n g i t u d e s  may d i f f e r  
by 2n (F igure  5 .l. l b )  

$E - 'pl = + n + k 2 n ;  ( k = O ;  +_ 1 ;  2 2 ;  +3) ,  

where k i s  t h e  number of  c y c l e s  from z e r o  t ime ,  

On t h e  o t h e r  hand, t h e  l o n g i t u d e  d i f f e r e n c e  

OE - Opl ( W E  0 

hence, t h e  launch d a t e  from t h e  E a r t h  t o  t h e  p l a n e t  

where 

A$, = $, 0 - 'Jpl 0; 

O i s  t h e  launch d a t e  f o r  t h e  ze ro  c y c l e ;  Ts i s  t h e  t i m e  E 

p e r i o d  between c y c l e s .  



The t ime pe r iod  between c y c l e s  i s  

i . e . ,  t h e  synodic pe r iod  of r e v o l u t i o n  of t h e  p l a n e t .  

The synodic p e r i o d s  f o r  t h e  p l a n e t s  a r e  p resen ted  i n  a  
t a b l e  i n  t h e  Appendix and i n  F igure  5.1.2, The synodic pe r iod  
of r e v o l u t i o n  and t h e  t ime pe r iod  between cyc les  f o r  fl1g;hts t o  
an a s t e r o i d  i s  

( t h e  pe r iod  of -evolut ion Tast k3= J ( 2 . 2  - 3 . 6 ) 3  = 'ast 

For f l i g h t  from p l a n e t  t o  p l a n e t ,  t h e  synodic pe r iod  i s  

The launch d a t e  from t h e  h s t h  f o r  t h e  zero c y c l e  from t h e  
time o r i g i n  i s  

where 

To determine t h e  launch d a t e ,  i t  i s  necessary  t o  know t h e  
h e l i o c e n t r i c  long i tudes  of t h e  p l a n e t s  a t  t h e  i n i t i a l  i n s t a n t  of 
t ime . 



con t inued  

e a r s  

F i g u r e  5 .1 .3 .  Ca lendar  o f  f l i g h t s  t o  t h e  p l a n e t s :  

T - t ime  between f l i g h t  c y c l e s  i n  y e a r s ;  A t f -  f l i g h t  time i n  s 
y e a r s ;  A t s o -  s t o p o v e r  t i m e  a t  t h e  p i a n e t  i n  y e m s ;  A t x  = 

A t f  + A t s o  + A t f -  t o t a l  e x p e d i t i o n  c y c l e  time i n  y e a r s  



A ca lendar  of  f l i g h t s  t o  t h e  p l a n e t s  i s  shown i n  F igure  5. 

F l i g h t  from p l a n e t  t o  t h e  Ear th .  The p l a n e t  long i tude  a t  
t h e  launch time i s  $ = Opl + w p l t s t  pl. 

531 
The Ear th  long i tude  

a t  t h e  a r r i v a l  t lme i s  JIE = $E + uE(tst  + A t f ) .  The long i tude  

d i f f e r e n c e  i s  OE - ypl = f n + k2n, o r  

The launch d a t e  from t h e  p l a n e t  t o  t h e  E a r t h  / I43  

The t ime pe r iod  between c y c l e s  
m 

is  t h e  same a s  f o r  f l i g h t s  from t h e  Ear th  t o  t h e  p l a n e t .  

launch d a t e  of t h e  ze ro  c y c l e  from ze ro  t ime i s  

Knowing t h e  h e l i o c e n t r i c  l o n g i t u d e s  of t h e  p l a n e t s  a t  ze ro  
0 t ime, we can determine tst pl and t h e  zero  cyc le  launch d a t e .  

1,:. .owing t h e  launch d a t e  and t h e  f l i g h t  t ime,  wa can d e t e r -  
mine t h e  ssopover t ime A t s o  a t  t h e  p l a n e t  and t h e  time r e q u i r e d  

foi* t h e  complete c y c l e  A t C :  f l i g h t  t o  t h e  p l a n e t ,  s topover ,  

at?d f l i g h t  t o  t h e  Ear th  (Table 5.3 and Figure  5.1.31, where 



- 

P l a n e t  

Mercuq 
Venus 
Mars 
J u p i t e r  
S a t u r n  
Uranus 
Neptune 

Years 
0.76 
2.085 
2.666 
6.48 

13.026 
33 0 1  

62.17 

TABLE 5.3 .  

At s o  

Days - Years 
0.18 
1.284 
1.234 
0.56 
0.93 
0 936 
0 935 

REQUIRED LAUNCH VELOCITIES AND PLANET APPROACH VELOCITIES 

Days 
66 

469 
453 
214 

40 
-- 
-- 

The v e l o c i t y  of  a body i n  o r b i c  

The c i r c u l a r  v e l o c i t y  a t  the  d i s t a n c e  r from a c e n t r a l  5ody 

S u b s t i t u t i n g  Vcir i n t o  t he  e x p r e s s i o n  for V, we o b t a i n  

We examine t h e  moment o f  l aunch  from t h e  Earth,  ; e , ,  t h t  moment 
o f  e scape  from t h e  E a r t h t s  s p h e r e  o f  a c t i o n .  I n  t h i s  c a s e ,  t h e  
v e l o c i t y  r 5 q u i r e d  f o r  t r a n s f e r  t o  a n  e l l i p t i c  o r b i t  t a n g e n t  t o  
t h e  o r b i t s  of t h e  E a r t h  and p:!.anet 



The r e l a t i v e  launch veloci4,y (approximately t h e  v e l o c i t y  
c'?) at  t h e  p l a n e t  sphe re  of  acc ion  

The va lues  o f  t h e s e  v e l o c i t i e s  a r e  p r e s e n t e d  i n  Table  5,4 

and F i g ~ r e  5.1.4. For  f l i g h t  t c  t h e  a s t e r o i d s  (F = 2.2  - 3.6), 
t h e  r e l a t i v e  launch v e l o c i t y  

Fc.? t h e  c a s e  of launch from a  p l a n e t  t o  t h e  E a r t h  

The r e l a t i v e  launch v e l o c i t y  

It i s  easy  t o  s e e  t h a t  t h e  r e l a t i v e  launch v e l o c i t y  from t h e  
OD 

p l a n e t  AVst pl i s  equa l  t o  t h e  a r r i v a l  v e l o c i t y  a t  t h e  p l a n e t  
OD 

LV a r  p l  f o r  f l i g h t  from t h e  E a r t h  and t h e  r e l a t i v e  v e l o c i t y  of 

launch f r o a  t h e  E a r t h  h v i t  i s  equa l  t o  t h e  a r r i v a l  v e l o c i t y  a t  

t h e  E a r t h  A V ~ ~  f o r  f l i g h t  from t h e  p l a n e t .  

Using t h e  eqergy i n t e k r a l ,  we o b t a i n  

where V t s t  - - 'en p l  i s  t h e  launch v e l o c i t y  from t h e  p l a n e t  

s u r f e c e ,  equa l  t o  t h e  v e l o c i t y  of  appi-oach co t h e  s w f a c e  of t i le 



9 
1 p l a n e t  wi thout  account  f o r  g r a v i t a t i o n  and atmospheric  d rag  

I l o s s e s ;  Vpar i s  t h e  p a r a b o l i c  v e l o c i t y  a t  t h e  p l a n e t  s u r f a c e ;  
g 
1 

R ~ l  
i s  t h e  r a d i n s  o f  t h e  p l a ~ i e t ;  Rsp a pl i s  t h e  r a d i u s  of t h e  

p l a n e t ' s  s p h i ~ ~  of  a c t i o n .  

1 Usilig t h e s e  two express ions ,  we o b t a i n  



Figure  5.1.4. V e l o c i t y  of launch from E a r t h ' s  sphe re  of a c t i o n  
i 
I' 

f o r  f l i g h t s  t o  p l a n e t s .  4 
* 
j 

The c a l c u l a t i o n  r e s u l t s  a r e  shown i n  Table  5.4.  For f l i g h t  

from p l a n e t  t o  p l a n e t  

Thus, f o r  f l i g h t  from Venus t o  Mercury, AVi t  = 5.6; Mercury t o  
i 

Venus - 7.15; Mars t o  t h e  a s t e r o i d s  - 2.16 - 4.58; Mars t o  
J u p i t e r  - 5.98; Mars t o  S a t u r n  - 8.20; J u p i t e r  t o  S a t u r n  - 
1.79; J u p i t e r  t o  Uranus - 3.28 km/sec. 

For  t h e  e s t i m a t e  of p l a n e t  o r b i t  e c c e n t r i c i t y  i n f l u e n c e ,  we -- / I49  

- ,/ -2~$!!~ 
'st E min - ' c i r  E 

t s  w i t h  .1 a0 

The v a l u e s  of  AVst max and A V ; ~  E min f o r  t h e  p l ane  

l a r g e  e c c e n t r i c i t y  a r e  shown i n  Table  5.4 (numerals i n  p a r e n t h e s e s ) .  



The launch v e l o c i t y  from c i r c u l a r  APS o r b i t  of r a d i u s  Rcir = 
R 
PI 

where 

The launch v e l o c i t y  A V ~ ;  from APS o r b i t  i s  equa l  t o  t h e  

v e l o c i t y  of braking i n t o  APS o r b i t .  The va lues  of AV:~ 

and AV;~ f o r  AES and APS a r e  p resen ted  i n  Table 5.4. 

The c h a r a c t e r i s t i c s  of t h e  Hohmann i n t e r p l n n e t a r y  t r a j e c -  

t o r i e s  presented  above g i v e  an  approximate i d e a  of  t h e  r e a l  
va lues  of t h e s e  c h a r a c t e r i s t i c s .  Thcs, t h e  f l i g h t  t ime along 

t h e  Hohrnann e l l i p s e  l i e s  approximately between t h e  r e a l  f l i g h t  
t imes  a long t h e  opt imal  f irst  and second semiorbi t  t r a j e c t o l 4 e s .  
The energy experr l i tures  of t h e  Hohmann t r a j e c t o r i e s  correspond 

approximately t o  t h e  energy expend i tu res  of t h e  r e a l  f l i g h t s  i n  

t he  bes t  cyc les .  The s tart  d a t e s  a long t h e s e  t r a j e c t o r i e s  i i e  
approximately between t h e  r e a l  launch d a t e s  of  f l i g h t  a long t h e  
opt imal  f irst  and second semiorb i t  t r a j e c t o r i e s .  These launch 

d a t e s  can be used a s  nominal d a t e s  i n  c a l c u l e t i n g  t h e  a c t u a l  
t r a j e c t o r i e s  . 

ACCELERATED TRAJECTORIES 

F l i g h t s  t o  t h e  d i s t a n t  p l a n e t s  along minimal enerzy t r a j e c -  

t o r i e s  r e q u i r e  a  long t ime.  It i s  i n t e r e s t l z g  t o  eva lua te  how 

much energy expendi ture  i n c r e a s e  i s  required t o  s h o r t e n  t h e  

f l i g h t  t ime.  



For a prel iminary ana lys i s  of  t h e  p o s s i b i l i t y  of a c c e l e r a t i n g  

f l i g h t s  t o  t h e  p lane t s ,  we s h a l l  es t imate  t h e  c h a r a c t e r i s t i c s  of 

such f l i g h t  t r a j e c t o r i e s  under t h e  fol lowing assunpt ions ,  

1. We consider t h a t  t h e  s o l a r  system p lane t  o r b i t s  a r e  

c i r c u l a r  and l i e  i n  t h e  e c l i p t i c  p lane,  

2 .  The SC f l i g h t  t r a j e c t o r i e s  a l s o  l i e  i n  t h e  e c l i p t i c  
i 

plane.  SC launch i s  accomplished i n  t he  d i r e c t i o n  of t h e  Ea r th ' s  
ve loc i t y  along i t s  o r b i t ,  i . e , ,  t h e  launch point  i s  an a p s i d a l  

point  of t h e  S C  t r a n s f e r  o r b i t  ( t a n g e n t i a l  launch) .  Tangential  /I50 

h u n c h  provides f i i g h t  along t r a j e c t o r i e s  c lose  t o  t h e  minimal 
energy t r a j e c t o r i e s  f o r  f i xed  f l i g h t  time A t  ( "acce le ra ted  

t r a j  e c t w i e s " )  . 

I n  t h i s  case, t he  magnitude of t h e  h e l i o c e n t r i c  launch 

ve loc i ty  Vo def ines  t he  f l i g h t  t r a j e c t o r y .  

The f l i g h t  t r a j e c t o r y  parameter 

t he  e c c e n t r i c i t y  

t he  r ad ius  

where 
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r= P 
-. I + e cos e ' 

The f l i g h t  t i n e  f o r  e l l i p t i c  t r a j e c t o r i e s  

a3P = (E  - e sin E) ,  
V P ~  



f o r  t h e  p a r a b o l i c  t r a j e c t o r y  

and f o r  t h e  hyperbo l i c  t r a j e c t o r y  

am A t  =- (esh H-H), 
h v G  

where 

We s h a l l  conver t  t o  d imens ionless  q u a n t i t i e s ,  r e f e r r i n g  

l i n e a r  dimensions t o  t h e  launch p ~ i n t  r a d i u s  ro and v e l o c i t i e s  

t o  t h e  launch p o i n t  c i r c u l a r  v e l o c i t y  Vcir = A m .  I n  t h i s  
p l  0 

c a s e ,  

- ==P- f o r  t h e  e l l i p s e  
I -e= 

g = L -  f o r  t h e  hyperbola ,  
82-1 

We r e f e r  t h e  f l i g h t  t ime  t o  t h e  r e v o l u t i o n  p e r i o d  i n  t h e  

launch o r b i t  

I- - c i r  

h,, 
Then t h e  r e l a t i v e  f l i g h t  t ime  f o r  t h e  e l l i p s e  

w = -  
*'el ur 

(E - e sin E); 



f o r  t h e  pa rabo la  

f o r  t h e  hyperbola  

F i g u r e  5 .1 .5  shoxs cu rves  of t h e  d e p a r t u r e  v e l o c i t y  vz 
from t h e  E a r t h ' s  s p h e r e  cf a c t i o n  and e n t r y  v e l o c i t y  vi l  i n t o  

t h e  p l a n e t  sphe re  of a c t i o n  f o r  a c c e l e r a t e d  f l i g h t  t r a j e c t o r i e s .  

Although such t r a j e c t o r i e s  a r e  of most i n t e r e s t  f o r  f l i g h t s  t o  

t h e  d i s t a n t  o u t e r  p l a n e t s ,  i t  i s  i n t e r e s t i n g  t o  de termine  t h e  

p o s s i b i l i t i e s  of  s h o r t e n i n g  t h e  f l i g h t  t ime t o  t h e  nearby p l a n e t s  

as w e l l .  

The r e d u c t i o n  of t h e  f l i g h t  t ime A t f  wi th  i n c r e a s e  of t h e  

d e p a r t u r e  v e l o c i t y  from t h e  E a r t h ' s  sphe re  o f  a c t i o n  by ~ v Z =  
= 0.5 k d s e c  i n  comparison w i t h  t h e  minimal v a l u e  i s  shown i n  
Table  5.5.  

We s e e  t h a t  a  no t  very  l a r g e  i n c r e a s e  of t h e  t r a j e c t m y  

energy expend i tu res  r educes  t h e  f l i g h t  t i m e  t o  t h e  nearby p l a n e t s  
s i g n i f i c a n t l y .  

For  f l i g h t s  t o  t h e  d i s t a n t  p l a n e t s ,  i n c r e a s e  of t h e  energy 
expend i tu res  by AV, = 0.5 km/sec makes jt p o s s i b l e  t o  s h o r t e n  t h e  

f l i g h t  t ime A t f  by a  f a c t o r  o f  1 . 5  - 2, which i s  expla ined  by 

t h e  q u i t e  f l a t  optimum of t h e  V? = f  (Atr)  ~ u r v e s  . However, t h i s  

sha rp  f l i g h t  t ime r e d u c t i o n  l e a d s  t o  s i g n i f i c a n t  i nc r ea se  o f  

t h e  SC p l a n e t  encounter  v e l o c i t y  v which may cause  d i f f i c u l t i e s  

f o r  SC e n t e r i n g  t h e  p l a n e t  atmosphere.  Thus, f o r  f l i g h t s  a long  

a c c e l e r a t e d  t r a j e c t o r i e s  t o  Venus t h e  v e l o c i t y  V: i n c r e a s e s  

from 2.7 t o  5.6 km/sec, which l e a d s  t o  i n c r e a s e  of t h e  e n t r y  



Figure  5.1.5.  C h a r a c t e r i s t i c s  of a c c e l e r a t e d  t r a j e c t o r i e s  

-.- 
TABLE 5.5.  

I I P l a n e t  7 rra j e c  t ory I C h a r a c t e r i s t i c  form 

i Optimal 
A t f ,  days 

Acce le ra t e  v@ km/sec 4 .. 
A t f ,  days 

y e a r  

9 .3  
1 .75  
y e a r  

G 
k 
5 +' 
(d 
Cfl 

10.3  
6.05 
y e a r  

i o .  8 

3.7 
Y e a  

11.9 112.1 

8.0 116.0 
yea r  y e a r  

11. 

14 
y e a r  

*For f l i g h t s  i n  1970 - 1980 p e r i o d .  

Y v e l o c i t y  Ven i n t o  t h e  p l a n e t  atmosphere from 1 0 . 4  t o  11 .5  km/sec. 

For a c c e l e r a t e d  f l i g h t s  t o  Mars, t h e  v a l u e s  of @ i n c r e a s e  from 
2.6 t o  5 .5  km/sec, which l e a d s  t o  e n t r y  v e l o c i t y  i n c r e a s e  from 
5.55 t o  7.4 km/c::. This  may be o f  s i g n i f i c a n t  importance f o r  SC 

l and ing  i n  t h e  r a r e f i e d  atmosphere of Mars. 
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For a c c e l e r a t e d  f l i g h t s  t o  J u p i t e r ,  t h e  v e l o c i t y  v? i n c r e a s e s  

from 5.7 t o  9.3 km/sec, which, because of  t h e  h igh  p a r a b o l i c  

v e l o c i t y  of J u p i t e r ,  aauses  i n c r e a s e  of  t h e  e n t r y  v e l o c i t y  i n t o  

Z u p i t e r ' s  atmosphere from 60 t o  61 km/sec, 

We s e e  from t h i s  d i s c u s s i o n  t h a t ,  even on t h e  b a s i s  of t h e  
e s t ima ted  v a l u e s ,  t h e  a c c e l e r a t e d  f l i g h t  t r a j e c t o r i e s  a r e  q u i t e  

i n t e r e s t i n g  f o r  r e a l i z a t i o n  of au tomat ic  i n t e r p l a n e t a r y  v e h i c l e  
f l i g h t .  

5 2 .  OPTIMIZATION OF INTERPLANETARY FLIGHT TRAJECTORY 

HELIOCENTRIC SEGMENTS ON ISOLINE FIELDS 

The f l i g h t  t p a j e c t o r i e s  of  t h e  f l y b y ,  l and ing ,  a r d  some 

forms of combined f l i g h t  schemes a r e  of t h e  single-imp3llse t y p e ,  

It i s  convenient  t o  r e p r e s e n t  t h e  s ingle- impulse  f l i g h t  

t r a j e c t o r y  c h a r a c t e r s t i c s  i n  t h e  form of i s o l i n e s  of t h e  charac-  

t e r i s t i c  launch v e l o c i t y  A V ~ ~  from AES o r b i t  ( o r  I;? ) i n  t h e  

c o o r d i n a t e s :  launch d a t e  t:t and f l i g h t  t ime  A t f  Such a 

t y p i c a l  i s o l i n e  f i e l d  f o r  t h e  f l i g h t  c y c l e  t o  Mars i s  shown i n  
F igure  5.2.1.  The V ?  v e l o c i t y  f i e l d  i s  d iv ided  by a  " r idge"  

wi th  l a r g e  va lues  of V? ( f o r  t r a n s f e r  a n g l e s  Lw180° ) i n t o  two 

reg ions  : 

- t r a n s f e r  a long t h e  first semiorb i t  (low?? r e g i o n  w i t h  

180"); 

- t r e n s f e r s  a long t h e  second semiorb i t  (upper  r e g i o n  wi th  

1 SO0). 

P o i n t s  wi th  minimal 2'2 v a l u e  e x i s t  f o r  each r e g i o n .  

R e a l i z a t i o n  of a  t r a j e c t o r y  nea r  t h e s e  p o i n t s  n a t u r a l l y  maximizes 

t h e  payload weight i n j e c t e d  i n t o  t h e  f l i g h t  t r a j e c t o r y  t o  t h e  



F i g u r e  5.2. 

p l a n e t .  I n  a d d i t i o n ,  on t h i s  i s o l i n e  f i e l d ,  we can  op t imize  
t r a j e c t o r i e s  i n  two v e r s i o n s :  

- t r a j e c t o r i e s  which minimize I/? f o r  t h e  l a r g e s t  range  of 

launch d a t e s  t:t (maximum launch d a t e  "window") ; 

- t r a j e c t o r i e s  which minimize f o r  a g iven  f l i g h t  t ime  

A t f  ( " a c c e l e r a t e d "  t ra j  e c t o r i e s  ) . 

The f i r s t  c l a s s  of t r a j e c t o r i e s  can be r e a l i z e d  foil f l i g h t s  /155 

t o  t h e  nearby p l a n e t s  (Mars and Venus) and t h e  d i s t a n t  i n n e r  

p l a n e t  (Mercury),  when t h e r e  a r e  no l i m i t a t i o n s  on t h e  f l i g h t  

t ime.  On t h e  v2 i s o l l n e  f i e l d ,  t h e s e  t r a j e c t o r i e s  l i e  on t h e  
curve  connect ing  t h e  p o i n t  of tangency o f  t h e  s t r a i g h t  l i n e s  rGkt = 

cons t  w i t h  t h e  i s o l i n e s  V? . 



T r a j e c t o r i e s  of t h e  second c l a s s  can be r e a l i z e d  f o r  f l i g h t s  
t o  t h e  d i s t a n t  o u t e r  p l a n e t s  ( J u p i t e r ,  S a t u r n ,  and s o  o n ) ,  when 
l i m i t a t i o n  of t h e  f l i g h t  t ime  i s  e s s e n t i a l .  On t h e  V? i s o l i n e  
f i e l d ,  t h e s e  t r a j e c t o r i e s  l i e  on t h e  curve  connect ing  t h e  poi r . t s  
of tangency of t h e  s t r a i g h t  l i n e s  A t f  = c o n s t  w i t h  t h e  V? i s o -  

l i n e s .  N a t u r a l l y ,  i n  t h i s  c l a s s ,  t h e  first s e m i o r b i t  t r a j e c t o r -  
i e s  l y i n g  below t h e  minimum p o i n t  on t h e  V? i s o l i n e  f i e l d ,  a r e  
of g r e a t e s t  i n t e r e s t .  

The f l i g h t  v e l o c l t y  around t h e  p l a n e t  o r  t h e  v e l o c i t y  o f  
encounter  wi th  t h e  p l a n e t  can be c h a r a c t e r i z e d  by t h e  e n t r y  
( encoun te r )  v e l o c i t y  i n t o  t h e  p l a n e t ' s  sphe re  of  a c t i o n .  I n  
t h e  p resence  o f  l i m i t a t i o n s  on vE1 ( f o r  example, i i m i t a t i o n  of 
t h e  e n t r y  v e l o c i t y  Ven z V, i n t o  t h e  p l a n e t ' s  atmosphere because 

of pa rachu te  b rak ing  system e n t r y  c o n d i t i o n s ,  l i m i t a t i o n  of t h e  
p l a n e t  f l y b y  v e l o c i t y  because of mapping r e s o l u t i o n ,  an9 s o  o n )  
we can draw on t h e  i s o l i n e  f i e l d  t h e  l i m i t i n g  vE1 i s o l i n e  and 
opt imize  i n  t h e  t r a j e c t o r y  c l a s s e s  i n d i c a t e d  above wi th  account  
f o r  t h e  l i m i t a t i o n  on vE1. 

The V< i s o l i n e s  a r e  drawn i n  F i g u r e  5.2.2. and on t h e  y: 
i s o l i n e  f i e l d  f o r  t h e  first s e m i o r b i t  t r a j e c t o r i e s .  The t r a j e c -  
t o r i e s  which opt imize  V? and V: correspond t o  p o i n t s  of tangency* 
of  t h e s e  i s o l i n e s .  Such a r o u t e  i s  shown i n  F i g u r e  5 .2 .2 .  It 

obvious ly  must p a s s  through t h e  V? and V< ml.nimwn p o i n t s .  We 
s e e  t h a t ,  i n  t h i s  case ,  t h e  V? minimum p o l n t  l i m i t s  t h e  launch 
d a t e s  on t h e  l e f t .  On t h e  segment t o  t h e  r i g h t  of t h i s  p o i n t  (~7.1  

t o  t h e  min V: p o i n t ) ,  t h e  launch d a t e  p o i n t s  a r e  c l o s e  t o  t h e  
p a t h  of t r a j e c t o r i e s  which a r e  op t ima l  wi th  r e s p e c t  t o  maximrm 
launch d a t e  "window." To t h e  r i g h t  of t h e  min V< p o i n t ,  t1.s 
V? p o i n t s  d e v i a t e  s h a r p l y  downward frorn t h e  r t h  of  t r a j e c t o r i e s  
which a r e  opt imal  wi th  r e s p e c t  t o  t h e  l a u p  . d a t e    win do^,^^ 

* We I f f e r e n t i a t e  t r a j e c t o r i e s  w i t h  rnin and m a x e  f o r  a 
g iven  v a l u e  of v? ( s e e  F igure  5 . 2 . 2 ) .  



Figure  5 .2 .2 .  Opt imiza t ion  
by minimum Mars encounter  
v e l o c i t y  7: 

Let u s  c o n s i d e r  o t h e r  
t r a j e c t o r y  o p t i m i z a t i o n  examples. 
I s o l i n e  f i e l d s  f o r  f l i g h t  t r a j e c -  
t o r i e s  t o  Venus a r e  p l o t t e d  i n  
F i g u r e  5.2.3. On t h e  launch 
v e l o c i t y  y:t from AES o r b i t  

i s o l i n e  f ie lG,  t h e r e  i s  p l o t t e d  
t h e  E a r t h  s p h e r e  of a c t i o n  
escape  v e l o c i t y  v e c t o r  V? d e c l i n -  
a t i o n  a n g l e  a? i s o l i n e  f i e l d .  
T h i s  a n g l e  c h a r a c t e r i z e s  SC 

v i s i b i l i t y  c o n d i t i o n s  i n  t h e  
i n i t i a l  segment of t h e  f l i g h t  
t r a j e c t o r y .  For  s t a t i o n s  l o c a t e d  
i n  t h e  nor the rnhemisphere ,  t h e  

b e s t  v i s i b i l i t y  c o n d i t i o n s  correspond t o  t h e  maximal va lue .  1156 

I n  F i g u r e  5.2.3, such a r o u t e  i s  p l o t t e d  on t h e  v : ~  i s o l i n e  f i e l d .  
The l a r g e s t  8 f o r  g i v e n  energy expend i tu res  (5;) l i e  t o  t h e  

l e f t  of t h e  min v,"~ p o i n t .  Also shown i s  t h e  r z u t e  cor responding  

t o  t r a j e c t o r y  o p t i m i z a t i o n  by launch d a t e  tit. The r o u t e  which 

minimizes I./: (and consequent ly  t h e  .; e n t r y  v e l o c i t y  i n t o  
t h e  p l a n e t ' s  acmosphere) i s  a l s o  a , ~ I V  r, .n Flg,ure 5.2.3. The 
r o u t e  of t h e s e  opt lmal  t r a j e c t o r l e ;  3 c - 1 ~  t o  t h a t  of t h e  
t r a j e c t o r i e s  opt imized by  launch da te  

We have examined some c a s e s  of t r ~ , ~ c t o r y  ~ ; p t i m i z a t i o n  on 
t h e  i s o l i n e  f i e l d s .  It i s  p o s s i b l e  t o  c m s t r u c ;  i s o l i n e s  of 
o t h e r  c r i t e r i a ,  f o r  example, payload weight o r  o t h e r  c m b i n e d  
c r i t e r i a .  Opt imiza t ion  or: t h e  i s o l i n e  f i e l d s  pe rmi t s  de te rmin ing  
not  only  t h e  ~ p t i m a l  t r a j e c t o r i e s  but  a l s o  t h e  behavior  of t h e  
c r i t e r i o n  i n  t h e  v1cl.nit.y of t h e  opt imal  v a l u e s .  T h i s  makes i t  
p o s s i b l e  t o  d e v i a t e  f r o n  t h e  op t ima l  r o u t e s  i n  t h e  b a l l 1  l c  
des ign  p rocess ,  t a k i n g  i n t o  account  a d d i t i o n a l  cons ida rac ions .  
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F i g u r e  5.2.3. Opt imiza t ion  by minimum d e c l i n a t !  on a n g l e  

The t r a j e c t o r y   characteristic^ f o r  d i f f e r e n t  o p t 4 m i z a t i o n  

c o n d i t i o n s  can  be o b t a i n e d  f r n z  t h e  i s o l i n e  f i e l d .  However, i t  

i s  more convenien t  t o  o b t a i n  t h e s e  c h a r a c t e r i s t i c s  s e p a r a t e l y .  

Fo r  example, t r a i e c t o r y  o p t i m i z a t i o n  by launch  d a t e  tlwindow" 
can  be made w i t h  t h e  r i d  o f  a d i g ~ t a l  compute:, de t e rmin ing  f o r  

a g i v e n  launch  d a t e  t h e  o p t i m a l  f l i g h t  t ime  t o  p r o v i d e  

v 5,  
3 t '  

I n  t h i s  c a s e ,  t o  e n s u r e  un imodal f tv  o f  t h e  s e s r c h  

r e g i o n  ( r e g i o n  wi th  a s i n g l e  extremum), i t  i s  neces sa ry  t c  

d i v i d e  t h e  t r a j e c t o r i e s  i n t o  g roups :  

- t r a J e c t o r B i e s  of  t h e  f irst  s e m i o r b i t  w i t h  ~ < f - < l a ~ " ;  

- trajectories of  t h e  second s e m i o r b i t  w i t h  18@<L<360". 



I n  o r d e r  t o  e x c l u d e  noda l  po!nta* and c h a r a c t e r i s t i c s  i n  
t h e  energy r i d g e  r e g i o n ,  i t  i s  n e c e s s a r y  t o  r e s t r i c t  t h e  t r a n s f e r  
a n g l e  L: 

- O<L<n - ( l + c )  f o r  t he  first s e m i o r b i t  t r a J e c t o r y ;  

- n+ (i+e)<L<2.1: f o r  t h e  s e c m d  s e m i o r b i t  t r a j e c t o r y ,  

Here i i s  t h e  a n g l e  between t h e  p l a n e s  of  t h e  p l a n e t s .  The 
v a l u e  c + 0.5 - lo e n s u r e s  exclusTon o f  t h e  fiodal p o i n t s .  

Tab le s  5 . 5  - 5 .8  p r e s e n t  t h e  minimum energy e x p e n d i t u r e  
t r a j e c t o r y  c h a r a c t e r i s t i c s  f o r  f l i g h t  t o  Mars, Venus, and 
Jupiter i n  1970 - 1990. 

During t h e  1970 - -  1980 p e r i o d  (Tab le  5.61, t h e  minimum / I 6 1  - 
energy e x p e n d i t u r e  f o r  f l i g h t s  t o  Venus a l o n g  t h e  f irst  s e m i o r b i t  
t r a j e c t o r i e s  occu r s  i n  1975 ( V? = 2 . 5  km/dec). 

The launch  d a t e  "window1' dt:t f o r  margin AV=- 0.5 km/sec 

i s  A t s t  : 2 - 3 months. 

For1 f l i g h t  t o  Mars (Table  5.71, t h e  f l i g h t  c y c l e s  from 
1379 t o  1986 ( ~ 2 -  3 lui~/sec)  w i l l  be  o p t i m a l  f o r  t h e  f i r s t  semi- 
o r b i t  t r a j e c t o r i e s .  The l aunch  "window" i s  At:t : 1 - 1.5 
mont;,s f o r  t h e  first s e m i o r b i t  t - a j e c t o r l e s  end ~ l ; ~ ~  = 3 - 4  
months f o r  t h e  second.  

?o r  f l i g h t c  t o  J u p i t e r  (Table  5 . 9 ) ,  t h e  o p t i n s 1  y e a r  was 
1970 w i t h  r e q u i r e d  v e l o c i t y  4 ~ ' : ~  6 . 2 4  km/sec. Automatic S C  

; 
f l i g h t s  w i t h  d u r a t i o n  2 - 3 y e a r s  pref jen t  s e r i o u s  difficulties 8 

i n  r e s a r d  t o  e m u r i n g  o p e r a t i n g  l i f e  o f  tlv onboard sys tems  and ?- 
t h e  v e h i c l e  as a whole. The re fo re ,  ene i*ge t ica l l1*  ~ p t i s a l  +a 

"acce le ra2ed"  f l i g h t  t r a j e c t o r i e s  a r e  of i n t e r e s t  f o r  f l i g h t s  t o  $ 
5 

t h e  d i s t a n t  p l a n e t s .  
* F l i g h t  from E a r t h  o r b i t  node t o  p l a n e t  o r b i t  node. 
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TABLE 5.6. CHARACTERISTICS OF SINGLE-IMPULSE FLIGHT 
TRAJECTORIES TO VENUS* 

*Translatorts Note. Commas in numbers indicate decimal points, 



. . .  . . . . . . . .  . - .  " . - -  

TABLE 5.7. CHARACTERISTICS OF SINGLE-IMPULSE PLIGHT 
TRAJECTORIES MARS 

*Tranala*or ts  Note. Commas i n  the numbers i n d i c a t e  decimal p o i n t s .  



. . .. . .  .. . . .~ ~ , .  

TABLE 5.8. CHARACTERISTICS OF SINGLE-IMPULSE FLIGHT. 
TRAJECTORIES TO JUPITER (FIRST SEMIORBIT)* 

. . - -. . . . . . - . . - . - - . . . . - . . . . 

date - - "  days 

1970 - 6 . 2  .I 5.6) 

*Translatorfs Note: Commas in numbers indicate decimal points . 



Figure  5.2.4. Earth-Mars f l i g h t  t r a j e c t o r y  (1969 c y c l e )  

F igure  5.2.4 shows i n  t h e  p r o j e c t i o n  on t h e  e c l i p t i c  p lane  
a  nea r ly  opt imal  SC t r a j e c t o r y  t o  Mars f o r  one f l i g h t  c y c l e ,  The 
f l i g h t  t r a j e c t o r y  i s  i n  t h e  f irst  semiorb i t  t r a j e c t o r y  group. A t  / I62 - 
t h e  launch t ime,  t h e  d i s t a n c e  between t h e  Ear th  and Mzrs i s  

L~ P  
: 165 m i l l i o n  kil.ometers. Mars oppos i t ion  occurs  a t  A t p  2 

90 days wi-kh d i s t a n c e  LE 2 73 m i l l i o n  km. The SC passes  
t h  nea r  Mars on t h e  160- day of  t h e  f l i g h t .  A t  t h i s  t ime,  i t s  

d i s t a n c e  from t h e  E a r t h  i s  L 
E P 

z 100 m i l l i o n  h. Afte r  Mars 

f lyby  ( f l y b y  o u t s i d e  t h e  p l a n e t ' s  a c t i v i t y  s s h e r e ) ,  t h e  SC d i s -  
t a n c e  from t h e  Sun i n c r e a s e s ,  r each ing  t h e  maxinum rs 2 228 

t h  m i l l i o n  km on t h e  270- day of f l i g h t .  The SC rea?hes  t h e  
g r e a t e s t  d i s t a n c e  from t h e  E a r t h  a t  A t f  z 380 day&, iqrhere t h e  

d i s t a n c e  is  LE t 318 m i l l i o n  km. The SC d i s t a n c e  Ls i_ from 

t h e  Sun determines t h e  power of t h e  s o l a r  b a t t e r i e s ,  t h e  d i s t a n c e  



S t a r t  1'01169 

Figure 5.2.5. Earth-Venus f l i g h t  t r a j e c t o r y  (1969 cyc le )  

L~ v  from t h e  Earth t o  t h e  SC determines t h e  r a d i o  communication 

l i n k  range. 

Figure 5.2.5 shows t h e  geometric c h a r a c t e r i s t i c c  of t h e  
f l i g h t  t r a j e c t o r y  t o  Venus. The veh i c l e  starts fro~ii t h e  Ear th  
along a t r a j e c t o r y  which i s  c lose  with r e spec t  t o  energy expendi- 
t u r e s  t o  t h e  optimal f i r s t  semforbit  t r a j e c t o r y .  The SC a r r i v e s  

Venus i n  exact ly  fou r  months. The minimal d i s t ance  L 
E P 

t h  42 mi l l i on  km between t h e  Ear th  and Venus occurs on t h e  90- day 
of t h e  f l i g h t .  A t  t h e  time of approach t o  Venus, t he  d i s t ance  t o  
t h e  l a t t e r  i s  L 

E P 
z 67 mi l l i on  km. 

Figure 5.2.6 shows t h e  geometric c h a r a c t e r s i t i c s  of t h e  
optimal acce le ra ted  f l i g h t  t r a j e c t o r y  t o  J u p i t e r  with f l i g h t  time 



Figure  5.2.6. E a r t h J u p i t e r  f l i g h t  t r a j e c t o r y  C1971 c y c l e )  

A t f  = 700 days. The maximal d i s t a n c e  from the  E a r t h  t o  t h e  SC 

corresponds approximately t o  t h e  moment of  SC a r r i v a l  a t  J u p i t e r  
and i s  LE = 925 m i l l i o n  km. It i s  i n t e r e s t i n g  t h a t  this d i s -  

t ance  does not  vary monotonical ly,  i n  c o n t r a s t  w i t h  f l i g h t  t o  
t h e  n e a r e s t  p l a n e t s .  Thus, t h e  l o c a l  maximum of LE occurs  on 

t h  t h  t h e  350- day of  f l i g h t  and t h e  l o c a l  minimum occurs  on t h e  5CO- 

day. 

S 3 .  VARIATION OF OPTIMAL TRAJECTORY CHARACTERISTICS 
BETWEEN FLIGHT CYCLES 

It was noted above t h a t  t h e  f l i g h t  c y c l e s  t o  a p l a n e t  a long 
t h e  minimal energy t r a j e c t o r i e s  r e p e a t  a f t e r  p e r i o d s  c l o s e  t o  t h e  
p l a n e t  synodic per iod  Ts. It i s  a l s o  known t h a t  t h e  minimal 

energy t r a j e c t o r y  c h a r a c t e r i s t i c s  a r e  d i f f e r e n t  i n  t h e  d i f f e r e n t  
f l i g h t  cyc les .  Analyzing t h e  r e s u l t s  of  ex tens ive  opt imal  
t r a j e c t o r y  c h a r a c t e r i s t i c  c a l c u l a t i o n s  f o r  d i f f e r e n t  f l i g h t  c y c l e s ,  



Figure  5.3.1. Reachable 
region and i t s  sec t ion :  
1- i n i t i a l  c i r a u l a r  o r b i t  
plane; 2- l i n e  of maximal 
dev ia t ion  from i n i t i a l  c i rcu-  
l a r  o r b i t  plane; 3- i n i t i a l  
c i r c u l a r  o r b i t ;  4- l i n e  of 
minimal d i  s tance  from 
a t t r a c t i n g  center ;  5- l i n e  
of maximal d i s tance  from 
a t t r a c t i n g  center ;  6- secant  
plane P 

- , . - , , . .. - ,- * .  . ". .~ .-,. . -. ..... . . 

we can note  some pat t ,erns  of 
t h e i r  v a r i a t i o n  between cycles.  
However, t h i s  approach is  q u i t e  
tedious  and does not  always d i s -  
.-- - . . . . .+. . . . . . 

c lose  t h e  complex va r i a t i ons  of 
t h e  c h a r a c t e r i s t i c s  between 
cycles ,  p a r t i c u l a r l y  f o r  f l i g h t s  
t o  t h e  i nne r  p lane ts .  

The present  sec t ion ,  based 
on the  d a t a  of C63, is  devoted 
t o  determining t h e  dynamics of  
t he  v a r i a t i o n  of t hese  character-  
i s t i c s  f o r  var ious  f l i g h t  cycles .  
The "reachable region" concept :  
is used, The essence of t h i s  

method l i e s  i n  t h e  f a c t  t h a t ,  f o r  a given characteristic launch 
ve loc i ty  from c i r c u l a r  o r b i t ,  t h e  boundary of t he  maximal reach- 
a b l e  region of space i s  determined, The minimal energy f l i g h t  
t r a j e c t o r y  is  r e a l i z e d  i f  t h e  t a r g e t  p lanet  i s  loca ted  on t h e  
boundary of t h e  maximal reachable region.  

The reachable region i s  a body of revolu t ion  about t h e  
N - N ax i s  pass ing through t h e  a t t r a c t i n g  cen te r  S perpendicular  
t o  t h e  i n i t i a l  c i r c u l a r  o r b i t  plane (Figure 5.3.1).  Therefore, 
i t  i s  s u f f i c i e n t  t o  determine t h e  s e c t i o n  of t he  reachable 
r e g i m  by the  secant  plane P passing through the  a x i s  of revo- 
l u t i o n  N - N.  

The s a l i e n t  f e a t u r e  of t h e  proposed method is t h a t  i t  
permits separa t ing  t h e  problem of' determining t h e  optimal lauch 
da t e s  from t h e  problem of determining t h e  geometric and kinematic 
c h a r a c t e r i s t i c s  of t h e  optimal t r a j e c t o r i e s .  Moreover, by t h i s  
method, t h e  d i s c r e t e  process of c h a r a c t e r i s t i c  v a r i a t i o n  between 



. - - - .  . .. -...- .... - - r ..-...--...-* * .--.--..----... , .-,-..-.-.-.-.. ".- ... .. -..,, 

f l i g h t  cycles-can be reduced t o  :a  p e ~ i o d i c  continuous-.prm., 

I n  place  of t he  graphica l  or* numerical extremum search  methods 
usual ly  used, it reduces t h e  problem t o  f ind ing  t h e  so lu t ion  of 

t h e  equation t r a j e c t o r y  . . -. .. .-. r.r.. . far..lly .. -_-.- -..I+ envelopes -- - - ~  .-- i n  t h e  ----- plane -. . P ,  For 
c e r t a i n  cases,  an  ana ly t i c  so lu t ion  of t h i s  equation can be  

obtained. This reduces considerably t h e  labor  involved i n  
ca l cu l a t i ng  optimal t r a j e c t o r y  o h a r a c t e r i s t i c s  and. makes it 
poss ib le  t o  i d e n t i f y  t h e  q u i t e  camplex p a t t e r n  of v a r i a t i o n  of  
t hese  c h a r a c t e r i s t i c s  between f l i g h t  cyc les ,  .. 

We s h a l l  use t h e  following assumptions: 

1. A s  a consequence of i t s  small e c c e n t r i c i t y ,  t h e  Ea r th r s  
o r b i t  i s  taken t o  be c i r c u l a r .  

2.  The p lane t  o r b i t a l  elements do not undergo s i g n i f i c a n t  
changes i n  t h e  next 20 - 30 years  - .  as a r e s u l t  of s ecu la r  per- 
tu rba t ions  and a r e  taken t o  be constant  i n  t h e  ca l cu l a t i ons .  

3 .  The p lane t  spheres of a c t i o n  a r e  considered t o  be 
po in t s ,  as i s  assumed i n  approxima.te i n t e rp l ane t a ry  t r a j  ectory 
ca lcu la t ions .  

4 .  The ve loc i ty  changes impulsively during launch from 
o r b i t .  

DETERMINATION OF REACHABLE REGION SECTION CONTOUR 

A spacecraf t  i n  AES o r b i t  is imparted the  ve loc i ty  impulse 
, ~v ,$~ ,  which provides t h e  required ve loc i ty  V z  a t  depar ture  from 

the  E a r t h ' s  sphere of ac t ion .  The SC he l iocen t r i c  ve loc i ty  



- .  . .. . ,  ". . . . . , . .  - 

where V&, i s  t h e  Ea r th ' s  ve loc i t y  i n  c i r c u l a r  o r b i t ,  

The optimal p o s i t i o n  of the vec tor  i n  space Is defined 
by two angles  a and $ (Figure 5.3.2). Let - us examine t h e  

. 

p a r t i c u l a r  case  when t h e  veloci+;y t r i a n g l e  l i e s  i n  t h e  plane 
tangent  t o  t h e  Ea r th ' s  o r b i t  ( 8  = 0, 0 = 0, and vo  = 0 ) .  I n  

Figure 5.3.2. Transfer  t ra j lec tory  scheme: 
a- r e l a t i v e  p o s i t i o n  of bas ic  p lanes;  b- launch ve loc i ty  
t r i a n g l e ;  1- Ear th ' s  o r b i t  p lane;  2- t r a n s f e r  o r b i t  plane;  
3- secant  plane F; 4- tangent  plane (If$); 5- l i n e  of apsiues  

t h i s  case, t h e  p o s i t i o n  of t h e  vec tor  i n  space i s  defined by t h e  
s i n g l e  angle a.  This  case  ( " t angen t i a l  launch") y i e l d s  s o l u t i o n s  
c lo se  t o  optimal f c r  t h e  bas ic  f l i g h t  t r a j e c t o r y  c h a r a c t e r i s t i c s .  

Determination of reachable reg ion  s e c t i o n  contour f o r  
t a n g e n t i a l  launch. We s h a l l  examine a h e l i o c e n t r i c  t r a j e c t o r y  
(see  Figure 5.3.2) along which t he  SC t r a v e l s .  



I I s o l i n e s  (contours of reachable 
region)  f o r  A t f  = const  

Figure 5.3.3a. Reachable region s e c t i o n  contour f o r  t a n g e n t i a l  
launch with v?= 2.5 km/sec 

The plane P of t h e  reachable region s e c t i o n  passes through 
the  a t t r a c t i n g  cen te r  perpendicular  t o  t h e  e c l i p t i c  plane and 
r o t a t e s  about t h e  N - N ax i s .  For f i x e d  modulus of t h z  vec tor  
lV?I and d i r e c t i o n  a of t h e  vec tor  V?: t h e  SC f l i g h t  t r a j e c t o r y  
t r a c e  remains i n  the  plane P as it r o t a t e s  about t he  N - N a x i s .  
We construct  t he  t r a j e c t o r y  t r a c e  envelope f o r  var ious  a varying 
i n  t h e  i n t e r v a l  0 - 180° (Figure 5.3.3a). This envelope w i l l  

then be t h e  maximal reachable region s e c t i o n  contour o r  t h e  
ve loc i ty  i s o l i n e  V? =const. The SC h e l i o c e n t r i c  ve loc i ty  a t  
launch 

v2 ' (v~r) '  + 2 ~ : ~ ~  V? cos e + (VSP.  

The d i s tance  R from t h e  a t t r a c t i n g  cen te r  S t o  t he  point  M 

on t h e  t r a j e c t o r y  is 

where p i s  t h e  parameter, e  = (p/pcir ) - 1 t h e  e c c e n t r i c i t y  of 

t h e  t r a j e c t o r y ;  v i s  the  t r u e  anomaly. 

The d i s t ance  z of t h e  point  M from t h e  e c l i p t i c  plane (see  
Figure 5.3.2) i s  

z = R  sin u sin I ,  (5.3.3) 



. - -  . . . ... _ .  . _ _ . . , , . -_._ .. . . 

where I i s  t h e  t r a j e c t o r y  i n c l i n a t i o n  t o  t h e  e c l i p t i c .  7' . , % ; l .  and 

@sin0 
sin I== v *  

, . , . .. ~ 

It i s  obvious t h a t ,  f o r  h>0, z w i l l  have both p o s i t i v e  (for 
o(l8o0 ) and negat ive  ( f o r  u>lW ) values.  This w i l l  correspond 
t o  f l i g h t  along t h e  f irst  and second t r a n s f e r  t r a j e c t o r y  semi- 
o r b i t s .  If z and a have the  same s igns ,  f l i g h t  t akes  p lace  along 
t h e  first semlorbit ;  i f  they have un l ike  s igns ,  f l i g h t  t akes  p lace  
along the  second semiorbit .  

Excluding the  quant i ty  v 
transformations,  we o b t s i n t h e  
family i n  t h e  plane P: 

from (5.3.2) and (5. 
equation of t h e  t r a j  

We convert t o  r e l a t i v e  q u a n t i t i e s  

3 - 3 1 ,  a f t e r  
ectory t r a c e  

After  some transformations (5.3.5) can be wr i t t en  i n  t h e  
f o m  

where y-cosa 

This equation f o r  f i xed  V- def ines  a one-parameter (parameter 
a )  family of curves,  each of which i s  t h e  t r a c e  on the  plane P 

of an SC f l i g h t  t:.ajectory. 



Differentiating (5.3.7) w i t h  r e s p e c t  t o  t h e  parameter y, we 
o b t a i n  

Solving t h e  system of equa t ions  (5.3.7) ant?. C5.3.8), we 
o b t a i n  t h e  fo l lowing formulas f o r  determining t h e  envelopes 

Determination of r eachab le  r e g i o n  contour  f o r  two-parameter 
problem (nonplanar l aunch) .  L e t  t h e  v e l o c i t y  v e c t o r  a t  d v  fure 
from t h e  Ear th ' s  sphere  of a c t i o n  be or ient ,ed  arb i t rar ! .  
space and i t s  p o s i t i o n  be def ined by two ang les  a and f .,pre 
5.3.2b). The magnitude o f  t h e  launch h e l i o c e n t r i c  ve lo ,  ;y f o r  /168 
t h i s  choice of parameters  i s  a f u n c t i o n  of  a and independent of 
B 

The launch v e l o c i t y  components are: t h e  v e l o c i t y  component a long  
t h e  norna l  t o  t h e  r a d i u s  v e c t o r  a t  t h e  launch p o i n t ,  l y i n g  i n  
t h e  f l i g h t  t r a j e c t o r y  p lane  

t h e  r a d i a l  component 

V+ V? sin u sin 8; 

t h e  p r a j e c t i o n  of t h s  launch v e l o c i t y  on t h e  p lane  p e r p m d i c u l a r  
t o  t h e  c i r c u l a r  v e l o c i t y  v e c t o r  

V,= V z  sin a c'w p. 



Figure 5.3.3b. Reachable region sec t ion  contour f o r  ncnplanar 
launch with ,v? 0.1:* 

The distance from the a t tract ing  senter  i s  found 
expression 

j+- P 
l+rcor(u-w) 

* 

where w is the argument o f  the  pericenter.  

The deviation from tCe e c l i p t i c  plane 

z= R sin i sin u, 

where 

v, sin 1- - . 
Vn 

We convert t o  r e l a t i v e  quantrties using ( 5 , 3 . 6 ) .  
(5 .3 .13)  in to  (5 .3 .12 ) ,  we ohtain 

from the 

(.5.3.13) 

Substituting 



. . .  .- .... - ... . ,. .. . . - .  , 

Excluding v from (5.3.14) and C5.3.111, a f t e r  trangformation, 
we obtain  

where 

For f i xed  V,, t h e  r e l a t i o n  obtained def ines  a two-parameter 
f a m i l y  of curves, each of which i s  t h e  t r a c e  of an  SC f l i g h t  

t r a j e c t o r y  on the  plane P.  

The envelope of the  two-parmeter f a m i l y  i s  found from a 
system of the  type 

For t h e  first two equations of t h i s  system, we can ob ta in  an 
ana ly t i c  so lu t ion  i n  t he  form 

where A='(Q: - 1) ( 



... . . . & "- -- ..- -.- ...-.,---..*- ' .." , ,-. ., ..... . -.. ,. ,. ., ,,. . 
However, i t  was not poss ib l e  t o  ob ta in  a s u f f i c $ g t , l x  

simple ana ly t i c  so lu t ion  f o r  t h e  complete system C5,3,161; and 
therefore ,  i n  order  t o  cons t ruc t  the  envelope of t h e  two.cgarameter 
family of curves, we developed a d i g i t a l  computer algori thm 

. . .. . . . . .- - . * .  -. 

using the  a n a l y t i c  s o l u t i o n  of the  system cons i s t i ng  of t h e  first 
two equations (5.3.17), (5.3.18). 

The two-parameter envelope y i e l d s  a somewhat l a r g e r  reach- 
ab le  region than f o r  t angen t i a l  launch (see  Figure 5.3.3b). The 
angle 8 vanishes a t  t h r e e  po in t s :  f o r  &0, s=lmO (corresponds 
t o  ou te r  and inner  Hohmann t r a n s f e r s )  and 

v? a,=2arc sin - 
lV%r 

(corresponds t o  the  maximal r o t a t i o n  of t h e  c i r c u l a r  o r b i t  launch 
plane) .  The value a separa tes  t h e  ou te r  and inner  t r a n s f e r  3 
regions.  

The reachable region sec t ion  f i e l d  can be constructed using 
the  method described above by varying the  modulus of th.e ve loc i ty  
vector  a t  departure from Ear th ' s  sphere of ac t ion  V?, Such a 
f i e l d  f o r  t h e  range of coordinates 3 and 6 corresponding t o  
f l i g h t s  t o  Mercury, Venus, and Mars i s  shown i n  Figure 5.3.4 
and t h e  f i e l d  f o r  f l i g h t  t o  J u p i t e r ,  Saturn,  Uranus, and Neptune 
is  shown i n  Figure 5.3.5. These f i e l d s  show f l i g h t  time A t f  

i s o l i n e s  and planet  pos i t i on  l i n e s  - t r a c e s  of t h e  planetary  
o r b i t s  on ' t he  plane P.  

The planetary  o r b i t  t r a c e s  on t h e  plane P a r e  c losed curves 
corresponding t o  a l l  poss ib le  posi t ip-1s  of t h e  p l ane t s  a f t e r  
t h e i r  s i d e r e a l  period of r evo lu t ion ,  For a given p lane t  p o s i t i o n  
a t  t he  time of a r r i v a l ,  we can determine from such i s o l i n e  f i e l d s  
t h e  optimal t r a j e c t o r y  c h a r a c t e r i s t i c s .  Examining a l l  pos i t i ons  



Figure  5.3.4. Reachable r e g i o n  contours  f o r  f l i g h t s  t o  Mercury, 
Venus, and Mars 

of t h e  p lane t  on i t s  orbi t ; ,  we o b t a i n  a l l  p o s s i b l e  va lues  of 
t h e  t r a j e c t o r y  c h a r a c t e r i s t i c s .  

F igure  5.3.6 shows t h e  v a r i a t i o n  of t h e  v e l o c i t y  v ? ~  a t  
depar tu re  from t h e  E a r t h ' s  sphere  of a c t i o n  as a f u n c t i o n  of 
p l a n e t  p o s i t i o n  i n  o r b i t .  This  p o s i t i o n  c h a r a c t e r i z e s  t h e  
dependence of t h e  nominal a r r i v a l  d a t e  tar "Om on t h e  f , l lowing 
q u a n t i t i e s  : 

- r a d i u s  i; of p l a n e t  o r b i t  p r o j e c t i o n  on e c l i p t i c  p lane  

- d i s t a n c e  2 of p l a n e t  from t h i s  p lane .  



Figure  5.3.5. Reachable r e g i o n  con tour s  f o r  f l ig i l t ; ;  co J u p i t e r ,  
Sa tu rn ,  Uranus, and Neptune 

We s e e  t h a t  t h e  d e v i a t i o n  of  V@ .. from t h e  average  v a l u e s  

( p l a n a r  c i r c u l a r  p l a n e t  o r b i t s )  c o r r e l a t e s  w i t h  t h e  d e v i a t i o n  

of t h e  r a d i u s  F~~ from t h e  average  v a l u e  and t h e  v a r i a t i o n  of 
t h e  modulus 2. I n c r e a s e  of  t h e  p l a n e t  r a d i u s  apl r e q u i r e s  

i n c r e a s e  of t h e  energy expend i tu res  (V".  l lDeparturell  o f  t h e  
p l a n e t  from t h e  e c l i p t i c  p l a n e  a l s o  r e q u i r e s  i n c r e a s e  of t h e  
energy expend i tu res .  The i n f l u e n c e  of e l l i p t i c i t y  and non- 
c o p l a n a r i t y  shows up most markedly f o r  Mercury, For  Mars, t h e  

i n f l u e n c e  of both  f a c t o r s  i s  about  t h e  Lane. For  t h e  o t h e r  

p l a n e t s ,  t h e  i n f l u e n c e  of noncop lana r i ty  of  t h e i r  o r b i t s  shows 
up more s t r o n g l y .  This  i n d i c a t e s  t h a t  account  f o r  p l a n e t  o r b i t  



Figure 5.3.6. Velocity at departure from Earth's sphere of 
action required for flight to various planets -planar and 
nonplanar transfers 

noncoplanarity is an essential factor in determining the dynamics 

on crbit characteristic variation between flight cycles. 

DETERMINATION OF FLIGHT TRAJECTORY CHARACTERISTICS FROM 

NOMINAL LAUNCH DATES 

The expressions obtained above for determining the reachable 

rezlon section contour (trajectory trace envelope) permit finding 

the basic flight trajectory characteristics. The three-dimensional 

problem reduces to a problem on the plane P: through a given 

point of space, defined by the coordinates ? and 2 ,  draw the 
maximal reachable region section. To do this, it is necessary 
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t o  s e l e c t  values of t h e  parameters a and Bopt,  opt  
defining the 

minimal energy t r a j e c t o r y ,  which w i l l  be tangent a t  t h e  given 
ba in t  t o  t h e  maximal reachable region sec t ion  contour,  

I n  order  t o  determine V? and a f o r  t h e  t a n g e n t i a l  launch 
case,  we use t h e  so lu t ion  f o r  Pb, and y of t h e  envelope equat ions  
(5.3.9) and (5.3.10) i n  dimensionless form. The so lu t ion  of 
these  equations f o r  v- can be obtained a n a l y t i c a l l y  

- 4v:y [82_ (p'- 1 p - (, - l)] v,= 
F(3- 1)(3-p)-($- i p ( 1  -p)?-$ 

' C5*3*19) 

Subs t i t u t i ng  t h e  value of Pb. i n t o  [5.3.8), we ob ta in  a 
s i x t h  degree equation i n  y .  An algori thm f o r  determining V, and 
y on a d i g i t a l  computer was formulated from (5.3.9) - C5.3.10) 
and use of t h i s  algori thm made it poss ib le  t o  determine t h e  
values of V? and a f o r  any p l ane t  pos i t i on  f o r  f l i g h t  along t h e  
minimal energy t r a j e c t o r y .  These values of V? and a were used 
a s  t h e  zero approximation f o r  ca l cu l a t i ng  t h e  three-dimensional 
launch t r a j e c t o r y  when so lv ing  t h e  system (5.3.16). 

By specifying t h e  planet  pos i t i on  i n  o r b i t  i n  t h e  course 
of t h e  s i d e r e a l  period of p lane t  revolu t ion ,  we can determine 
the  minimal energy t r a j e c t o r y  c h a r a c t e r i s t i c s  f o r  f l i g h t  a long 
t h e  f i r s t  and second semiorbi ts .  These c h a r a c t e r i s t i c s  can be 
represented i n  t he  form of continuous curves versus nominal 
launch da t e s  as follows.  We spec i fy  t h e  "zero" a r r i v a l  da t e  a t  
t he  p lane t  (0.01.1965), from which t h e  nominal a r r i v a l  da tes  t nom 

PI 
a r e  reckoned. The nominal launch da t e  

where t h e  f l i g h t  time along the first semiorbit  



where 

is  t h e  f l i g h t  t r a j e c t o r y  semimajor a x i s ;  9 is  t h e  d imensionless  
launch v e l o c i t y .  

The f l i g h t  t i m e  a long  t h e  second semiorbi t  

For nega t ive  va lues  of  t:tm, t h e  p l a n e t  s i d e r e a l  p e r i o d  

i s  added. By varying t h e  nominal a r r i v a l  d a t e  from ze ro  t o  
t h e  magnitude of t h e  sidereal p e r i o d  T~~ wl th  t h e  r e q u i r e d  
i n t e r v a l ,  w e  examine a l l  p o s s i b l e  p l a n e t  p o s i t i o n s  i n  o r b i t  and 
o b t a i n  a l l  p o s s i b l e  minimal energy t r a j e c t o r y  c h a r a c t e r i s t i c s ,  

T h i s  technique was used t o  o b t a i n  t h e  minimal energy 
t r a j e c t o r y  c h a r a c t e r i s t i c s  f o r  t a n g e n t i a l  and nonplanar  
(Bopt) launch,  which a r e  shown i n  F igures  5.3.7 - 5.3.10. 

The values  of Vq and A t f  f o r  t h e  opt imal  nonplanar launch 

t r a j e c t o r i e s  ( v e l o c i t y  V? a t  d e p a r t u r e  from t h e  E a r t h ' s  sphere  
of  a c t i o n  and f l i g h t  t ime A t f )  d i f f e r  very l i t t l e  from t h e  same 

va lues  f o r  t h e  t a n g e n t i a l  launch t r a j e c t o r i e s .  

The r e l a t i v e  v e l o c i t y  ( e n t r y  v e l o c i t y  i n t o  t h e  p l a n e t  t s  

sphere  o f  a c t i o n )  v e c t o r  



Figure  5.3.7. Dynamics of opt imal  Venus f l + g h t  t r a j e c t o r y  
c h a r a c t e r i s t i c s  : 

= 8 yea r s ;  i = 3O23'4O1l; a  = 0.7233; e = 0.00685; Ts = 
Tgo 
1.599 yea r s ;  e x -  p o i n t s  c a l c u l a t e d  us ing  Lambert-Euler method 
w i t h  op t imiza t ion  w r t  t3Qt and A t f ;  I---- f i r s t  semiorb i t ,  B = 0, 

t s n g e n t i a l  launch; - - -- second s e m i o r b i t ,  8 = 0, t a n g e n t i a l  
l a lnch ;  ---- first s e m i o r b i t ,  B = BODt ,  nonplanar launch; - 
second semiorb i t ,  B = Bop t ,  nonplanar' launch.  
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Figure 5.3.8. Dynamics of o p t i m a l  Mars flight trajectory 
characteristics: 

T ~ o  
= 15.83 years; a = 1,5327 a u ;  e - 0.0934; i = 1°51'03"; 



sec  
as 

F i g u r e  5 .3 .9 .  Dynamics o f  o p t i m a l  J u p i t e r  t r a j e c t o r y  
c h a r a c t e r i s t i c s :  

Ts = 1.092 y e a r s ;  i = 1°181221'; a = 5.2025 a u; e  - 0.0482 



Figure 5.3.10. Dynamics of optimal Saturn flight trajectory 
characteristics: 

i = 2°2911911; a - 9.545 au; e - 0.0552; Ts = 1.065 years 



The modu .li of t h e  d e s t i n a t i o n  p l ane t  sphere of a c t i o n  en t ry  
ve loc i ty  a r e  shorn i n  Figures  5.3.7 - 5.3.10. The d i f f e r ence  
between t h e  vE1 curves f o r  t a n g e n t i a l  and nonplanar launch i s  
s i g n i f i c a n t  . Theref ore,  t h e  v:' values  must be determined us ing 

. . 

a more exact  computational scheme f o r  nonplanar launch from 
Earth o r b i t .  

I n  Figures  5.3.7 - 5.3.10, t h e  p o i n t s  i n d i c a t e  t h e  tra3ec- 
t o r y  c h a r a c t e r i s t i c  values  determined by opt imizat ion on t h e  V@ 

.) 

i s o l i n e  f i e l d s .  The V@ (opt imizat ion c r i t e r i o n )  p o i n t s  f i t  t h e  1180 
0 

curves wel l .  The A t f  and Vmen po in t s  have considerable  s c a t t e r ,  
s ince  t h e i r  exact  determination on t h e i s o l i n e f i e l d s  is  d i f f i c u l t  
because of t h e  f l a t n e s s  of t h e  V z  minimum. 

We can a l s o  examine t h e  energy expenditure v a r i a t i o n  with 
account f o r  p lanat  o r b i t  e l l i p t i c i t y  and noncoplanar i ty ,on t h e  
bas i s  of t he se  c h a r a c t e r i s t i c s .  

LAUNCH DATE DETERMINATION (PHASING PROBLEM) 

The technique ou t l ined  above was used t o  determine t h e  
t r a j e c t o r y  geometric parameters PSC and eSC and t h e  t r a j e c t o r y  

i n c l i n a t i o n  iSC t o  the  e c l i p t i c  plane.  The longi tude of t he  SC 

t r a j e c t o r y  ascending node coincides  wi th  t h e  launch po in t  

"c = P1 - 
PI 

where i s  t h e  p lane t  h e l i o c e n t r i c  longi tude a t  t h e  time of 
p l  

SC arrival.;  AAf is t h e  p ro j ec t i on  of t h e  a r r i v a l  angle  on t h e  

e c l i p t i c  plane.  

The d e s t i n a t i o n  p lane t  h e l i o c e n t r i c  longi tude 

+ Arc t g  [ t g ( o  + vP1) cos  I 3 = ~ ~ ' ( t ~ l )  
PI ar PI ar ar ' 

 ompu put at ion of the  t r a j e c t o r i e s  on a  d i g i t a l   compute^ us ing t h e  
Lapbert-Euler method ( s ee  5 1, Chapter 2 )  w i th  opt imizat ion with 
respec t  t o  t h e  parameters t ' '  and A t f .  

s t  



* ,  . . , -  . .- 

where Rpl is t h e  planet  node longi tude$ w Is t h e  apgumont o f  
PI 

plane t  per ihe l ion  l a t i t u d e .  

A t  t he  launch time, t h e  W t h  occupies a . p o s i t i o n  character-  
ized by t h e  he l locen t r i c  longitude 

where 'Y is the  he l iocen t r i c  longitude of t h e  Ear th  a t  t he  
i n i t i a l  time; neis t h e  d iu rna l  motion of t he  Earth.  

The d i f fe rence  of t h e  h e l i o c e n t r i c  longl tudes  of t h e  p lane t  
a t  t h e  time of a r r i v a l  and t h e  Earth a t  t h e  t h e  of S C  launch 

A t  t h e  t ime of a r r i v a l  a t  t h e  dps t ina t lon  p l ane t ,  t h e  
pro jec t ion  of t h e  SC f l i g h t  angle  on t h e  e c l i p t i c  plane i s  ySC 

and t h e  d i f f e r ence  of t h e  he l iocen t r i c  longi tudes  of t h e  planet  
a t  t he  a r r i v a l  time and t h e  Earth a t  t h e  launch time must be 

A X f  A X .  (5.5.20) 

Knowing a t  t h i s  i n s t a n t  t he  a r r i v a l  da t e  and f l i g h t  t h e ,  w e  
f i nd  t h e  da te  of SC launch from t h e  Ear th  

Therefore, t h e  process of determining launch da t e s  f o r  f l i g h t  

along optimal t r a j e c t o r i e s  reduces t o  varying the  a r r i v a l  
time i n  t h e  spec i f i ed  range and f ind ing  t h e  roo t s  of the  
synchronization equation (5.3.20) (Figure 5.3.11). 

I n  Figures 5.3.7 - 5.3.10, the, bars i n d i c a t e  t h e  launch 
da tes  itt from the  Earth,  determined from so lu t ion  of t h e  
synchronization equations. 



F i g u e  5.3.11. Diagram f o r  determining t h e  r o o t s  of t h e  
synchroniza t ion  equa t ion  

VARIATION OF OPTIMAL TRAJECTORY CHARACTERISXCS FOR 

VARIOUS FLIGHT CYCLES 

It i s  w e l l  known t h a t  SC f l i g h t  cyc les  t o  t h e  p l a n e t s  a long  
minimal energy t r a j e c t o r i e s  l i e  i n  t h e  reg ion  of  launch d ~ t e s  
from t h e  Ear th  c l o s e  t o  t h e  d a t e s  f o r  f l i g h t  a long  Hohmann 
t r a j e c t o r i e s  f o r  t h e  c a s e  of p l a n a r  c i r c u l a r  p l a n e t  o r b i t s .  For  
t h e s e  t r a j e c t o r i e s ,  t h e  f l i g h t   cycle^ r e p e a t  af ter  t h e  t i n e  Ts 

- t h e  synodic pe r iod  o f  p l a n e t  r e v o l u t i o n  r e l a t i v e  to t h e  Ear th  

For t h e  ~ c t u a l  ( e l l i p t i c  and noncoplanar) p l a n e t  o r b i t s  
i n  t h e s e  c y c l e s ,  t h e  t a r g e t - p l a n e t  occupies  d i f f e r e n t  p o s i t i o n s  
i n  i t 3  o r b i t .  However, t h e s e  p o s i t i o n s  w i l l  r e p e a t  a f t e r  
approximateiy t h e  pe r iod  T - t h e  pe r iod  o ! "  g r e a t  oppos i t ions  

go 
of t h e  p lane t .*  Consequently, t h e  c h a r a c t e r i s t i c s  of t h e  opt imal  
f l i g h t  t r a j e c t o r i e s  w i l l  a l s o  r e p e a t  a f t e r  approximately T 

go 
f o r  t h e  c a s e  of lauoch from any p o s i t i o n  i n  Ear th  o r b i t .  

*Tgo = kid = k Z ~ P 1  : 1 k2 - k I T  is t h e  approximate l e a s t  common 1 s 
m u l t i p l e  of TI, T ~ I ,  and T, ( s e e  § 1, Chapter 9 ) .  
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The t-echniqua outlined above makes it possible .to..be%ernl.ne. 
the dynamics of the minimal energy -trajectory characteristics 

for various flight cycler. FigWes 5.3.7 - 5.3.10 present 
information on the characteristics of the optimal trajectories . . . . . . . . . . . . . . . . . . . . .  .......-.. .- . 
to the planets for any flight cycles. Each point of these curves 

will correspond (or has corresponded) to a definite real flight 

cycle, therefore these curves can be considered continuous 

re:, tions. These relations have a quite complex nature, which 

could scarcely .bz shown by calculating using the existing 

trajectory optimization methods for the inaividual discrete 

characteristic values even for a quite large number of flight 
cycles. We see that the vahies of the characteristics for 

certain cycles are ambiguous, which is reflected on the V z  

isolina fields in the coordinates t:t and Atf (region with 

several local V? minima). The characteristic points at the 

juncture of the first and second semiorbit trajectory curves 

correspona to flight along trajectories in the ecliptic plane 

to a point when the target-planet is at its orbital node, 

However, for practical purposes, it is convenient to 

represent the dependence of the optimal trajectory characteristics 
@ on the actual launch dates tst* rather than the nominal dates. 

Figures 5.3.12 - 5.3.15 show such relations for flights to 
Mars, Jupiter, Venus, and Mercury, arbitrarily represented in 

the form of continuous curves with bars denoting the actual 

launch dates from the Earth. 

Figure 5.3.12 shows characteristics of the optimal flight 

trajectories to Mars: 

*Sample of the corresponding characteristics with pe?iod approxi- 
mately equal to Ts form the periodic variations of these 
characteristics with pr oiod T 

PI' 



Figure 5.3.12, Characteristics of optimal flight trajectories 
to Mars 

A W t  is ths velocity required for leunch from circular ASS 

orbit (heir 2 200 km); Atf is the flight time; V& is the 

velocity of SC entry into the planet atmosphere. 

The curves of these characteristics have a period equal 

to the great opposition period: T I s  approxbately 15.8 years. 
go 

The flight cycles to Mars repeat approximately after the 

synodic period: Ts = 2.135 years. The points show the values of 

the corresponding characteristics calculated on the basis of 

optimization on the isoline fields. 

The 1971, 1979, and 1986 flight cycles along +he first 
smiorbit traJectories lie in the region of minimal flight energy 

expenditures (launch velocity A%$>. The flight cycles to Mars 

in the 1970s correspond to the largest variation of the optimal 

characteristics. The largest values of A V ~ C  occur in the 1975 

and 1977 flight cycles along the first semiorbit trajectories. 

The increase of Vft in comparison with the 1971 "besttt cycle 



Figure 5.3.13. Character is t ics  of optimal f l i g h t  t r a j e c t o r i e s  
t o  Jupi ter  ( f i r s t  semiorbit) 

amounts t o  about 500 - 1000 d s e c .  Transit ion t o  the more 
economical ( fo r  these f l i g h t  cycles) second semiorbit t r a j ec -  
t o r i e s  i s  poss5ble i n  these "poort' f l i g h t  cycles along the f i r s t  
semiorbit t r a j e c t o r i e s .  However, as  we see from Figure 5.3.16, 
t h i s  leads t o  f l i g h t  time increase from A t f  = 210 - 220 days t o  

A t f  = 300 - 400 days. 

The f l i g h t  cycles t o  Mars i n  the 19809, j u s t  as  the  pas t  

f l i g h t  cycles i n  the  1960s, a re  more s t ab le  i n  regard t o  f l i g h t  
energy expenditure var iat ion.  An important cha rac te r i s t i c  Car 
Mars landers i s  the  entry velocity Vgn i n t o  the  planet 
atmosphere.* The smallest values of occur i n  the  1971 and 

1973 f l i g h t  cycles f o r  the  first semiorbit t r a j e c t o r i e s .  These 
f l i g h t  cycles a r e  obviously more favorable f o r  the design of 
Mars landers. 

Figure 5.3.13 shows the cha rac te r i s t i c s  of optimal f l i g h t  
t r a j e c t o r i e s  t o  Jupi te r .  The great  opposition period T of 

go 
t h i s  planet i s  approximately equal t o  i t s  s ide rea l  period (T = 

80 
*Defined i n  terms of the entry veloci ty  i n t o  the  planet 
sphere of act ion.  



Figure 5.3.14. Cha rac t e r i s t i c s  of optimal f l i g h t  t r a j e c t o r i e s  
t o  Venus. 

11.09 years ) .  The f l i g h t  c y c l e s t o J u p i t e r  repea t  every Ts + 1.09 

years. I n  t h e  first half of t he  19709, t h e r e  a r e  cyc les  w i t h  

smal ler  energy expenditure v a r i a t i o n  (d i f fe rence  ~ v i ~  P 300 m/sec 

between the  "bes tH and "worst" f l i g h t  cyc les ) .  The bes t  f l i g h t  
cycles  a r e  i n  1970 and 1975. H~wever, they  correspond t o  a 
long f l i g h t  t i m e  tf = 800 - 850 days ( f l i g h t  near ly  toward t h e  

nodes of J u p i t e r ' s  o r b i t ) .  F l igh t  along o thcr  t r a J e c t o r i e s  i n  
these  cycles leads  t o  Increase  of AVit by 200 m/sec but  permits  

shortening the  f l i g h t  time t o  A t f  = 720 - 730 days. The 

dynamics of f l i g h t s  t o  Saturn,  because of t h e  long opposi t ion 
period of t h i s  p lane t  (T - T" - 29.5 years), can be examined 

€3' 
using t h e  curves of t r a j e c t o r y  character is t .Lcs  as a funct ion of 
nominal launch d a t e  (see  Figure 5.3.10). 

The smal les t  energy expenditures correspond t o  t he  f l i g h t  

cycles  i n  lO7O and 1985. The worst i n  t h i s  sense a r e  t h e  f l i g h t  
cycles c lose  t o  1980. However, t he se  cycles  correspond t o  t h e  
sho r t e s t  f l i g h t  time A t p  = 1300 days, i n  comparison with t h e  

"bestt1 cyc les ,  where A t f  = 1600 - 1800 days. The energy 
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.&days---1st semiorbit:  --;,2nd semiorbit.  

Figure 5.3.15. Cha rac t e r i s t i c s  of optimal f l i g h t  t r a j e c t o r i e s  
t o  Mercury 

requirements f o r  f l i g h t s  t o  Saturn a r e  considerhbly l a r g e r  

(range iv:. = 7 7. - 8 km/sec) than f o r  f l i g h t s  t o  J u p i t e r .  

The dynamics or' the  c h a r a c t e r i s t i c s  of f l i g h t  t r a j e c t o r i e s  
t o  Venus i s  shown i n  Figure 5.3.14. The g rez t  opposit ions of  
t h i s  p lane t  occur every T 1: 8 years (see 5 1, Chapter 9 ) .  The 

f33 

synodic period i s  Ts = 1.598 years .  The range of AvsT v a r i a t i o n  

f o r  the  various f l i g h t  cycles  i s  about 400 m/sec. The bes t  
f l i g h t  cyc les  i n  regard t o  energy expenditure were those of 
1967 - 1969 (first semiorbit  t r a j e c t o r i e s )  and w i l l  repeat  i n  
1975 - 1977. The en t ry  ve loc i ty  i n t o  t he  Venus atmosphere v a r i e s  
i n  t h e  l i m i t s  V& = 10.9 - 1 2 . 2  ludsec.  

The optimal f l i g h t  cycles  t o  Mercury occur t h ree  times a 
year (Ts = 0.317 years ) .  The g rea t  opposit ion period of t h i s  

p lanet  i s  sho r t  - Tw z 1 year.  The dynamics of the  charac- 

t e r i s t i c s  havea rap id ly  varying and complex nature  (see Figure 
. . ~. 



5.3.15). The energy expendi tures  f o r  f l i g h t s  t o  Meroury we 

considerebly  g r e a t e r  ( range of variation r V t t  = 4.9 -, 7 5 km/sec), 

than  t o  Venus. P r a c t i c a l l y  every year ,  we can f i n d ,  among t h e  
optimal  f irst  o r  second semiorb i t  t r a j e c t o r i e s ,  one wi th  energy 
expendi tures  c l o se  t o  t h e  minimal va lues  A a 5 W s e c ) .  

SCHEME FOR DETERMINING OPTIMAL ACCELERATED TRAJECTORY 
CHARACTERISTICS BY THE REACHABLE REGION METHOD 

For f l i g h t s  along r t n i m a l  energy t r a j e c t o r i e s ,  t h e  f l i g h t  
t i m e  along first semiorbar. t r a j e c t o r i e s  ( t r a n s f e r  ana l e  L<18v ) 

t o  t h e  o u t e r  p l a n e t s  v a r i e s  i n  wide l i m i t s  and may reach l a r g e  
v a l ~ e s .  The range of opt imal  f l i g h t  t i m e  t o  shes2 p l a n e t s  is! 
t o  Mars A t f  = 190 - 25P da;s, t o  J u p i t e r  A t f  = 700 -- 1000 

days, and t o  Saturn  A t f  = 1200 - 2500 days.  

A t  t h e  p resen t  t ime,  SC  wi th  ope ra t i ng  l i f e  o f  about one 
year  have been cons t ruc ted  (SC f o r  f l i g h t s  t o  Venus and Mars 
and communications s a t e l l i t e s ) .  Inc rease  o f  t h e  opera t ing  
l i f e  of automatic SC p re sen t s  a s e r i o u s  des ign  problem, There- 
f o r e ,  f i n d i n g  acce l e r a t ed  t r a j e c t o r i e s  which are opt imal  i n  
regard  t o  energy expend i tu res  i s  an  urgent  problem. 

T ra j ec to ry  op t imiza t ion  by t h e  reachab le  r eg ion  method makes !186 - 
it  pos s ib l e  t o  ob ta in  t h e  c h a r a c t e r i s t i c s  of  t h e  opt imal  acce le r -  
a t ed  t r a j e c c o r l e s  f o r  a l l  p o s s i b l e  f l i g h t  cyc l e s  (.in t h e  l i m i t s  
of t h e  assumption of  p l ane t  o r b i t a l  parameter  s t a b i l i t y  f o r  a 
time i n t e r v a l  of  about 20 - 30 yea r s ) .  

The problem i s  formulated as fol lows:  f o r  Ear th  o r b i t  
launch, determine t h e  minimal energy t r a j e c t o r i e s  f o r  f l i g h t  t o  
any po in t  of t h e  s o l a r  system wi th  f l i g h t  t ime l e s s  than  o r  

< equal  t o  t h e  s p e c i f i e d  va lue  A t f  , A t f  giv. 



We examine the  general case when the  launch veloci ty  vector 
does not l i e  i n  the  plane perpendicular t o  t h e  e c l i p t i c  plane 
and tangent t o  the  c i r c u l a r  Earth o r b i t  ("nonplanar launchw). 
Traj ectory optimlzat ion on the  cha rac te r i s t i c  velocity isolirle 

. . . . . . . . 

f i e l d s  y ie lds  similar values of the  optimal t r a j ec to ry  
charac ter i s t ics .  

To each point of t h e  f l i g h t  traajectory t r ace  on the  
reachable region contour envelope (Figure 5,3.16), the re  corres- 
ponds a d e f i n i t e  f l i g h t  time, which can be found from the  Kepler 
equation 

- a f i  A t f  - - [ (E-  Eo)-e(sin E -  sin Eo)], 
2s 

v 
where - a =  i s  the  f l i g h t  t r a j ec to ry  semimajor ax i s  j V=- 

2 - P  Sir 
i s  the dimensionless geocentric launch veloci ty  ; e e l - -  

. . 

' i s  the  - a 

f l i g h t  t r a j ec to ry  eccent r ic i ty ;  ~ = ! 2 a ~ ~ t g ( r / 1 - - c ~ ~ )  i s  the  eccen- 
l + a  

t r i c  anomaly; u i s  the  t rue  anomaly. 

We l i m i t  the  reachable region by l i n e s  of f ixed f l i g h t  time 
A t f  f o r  IVg =const. 

Specifying the parameters a and vo, we f ind  t h e  f l i g h t  

t ra jec tory  (parameters p ,  e,  and a )  as  follows, 

Knowing the  quantity a and the  f l i g h t  time At , we determine 

from the formula f o r  A t f  t he  encent r ic  anomaly E and consequently, 

the t r u e  anomaly v .  After t h i s ,  we use the  formulas 

i s  determined i n  terms of 9 Csee Figure 5,3,2b),  which depends 



,. ." . 

t r a c e  

Figure 5.3.16. Reachable region contours f o r  t r a j e c t o r i e s  w i t h  
f ixed  f l i g h t  time (acce le ra ted  t r a j e c t o r i e s )  

t o  determine the  values of t h e  coordinates r and z 
P. 

i n  t h e  plane 

Neglecting the  parameters a and vo,  w e  ob ta in  

region contour envelope f o r  f i xed  f l i g h t  time A t f .  

t h e  reachable 

The i s o l i n e s  

of t he  f i xed  time A t p  ( f o r  II/I =const) ) a r e  tangent t o  t h e  maximal 

reachable region i s o l i n e s  f o r  f r e e  f l i g h t  time. Thus, t he  
reachable region contour f o r  A t f  5 A t g i v  w i l l  cons i s t  of a seg- 

ment of t h e  i s o l i n e  with f r e e  f l i g h t  time up t o  t he  point  where 

Atf = Atgiv and t h e  f ixed  f l i g h t  time A t  giv i s o l i n e .  

Taking var ious  values of  t he  modulus Iv?l -const , we can 
construct  t he  reachable region f i e l d  f o r  f r e e  and f ixed  f l i g h t  
time. Figure 5.3.16 shows t h e  f i e l d  of such i s o l i n e s  f o r  t h e  
coordinates 5 and iE corresponding t o  f l i g h t s  t o  Mars. Knowing 
the  target-planet  o r b i t a l  elements, t ak ing  u i n  t he  range from 

PI 
0 t o  2n and using t h e  same formulas f o r  R and z, we can calcu- 
l a t e  t h e  p lane t  o r b i t  t r a c e  i n  t h e  plane P. The Mars o r b i t  
t r a c e  is p l o t t e d  i n  t h i s  way i n  Figure 5.3.16. A d e f i n i t e  f l i g h t  
t i m e t  t o  t he  p lane t  corresponds t o  each point  on t h e  p lane t  ar 
214 



o r b i t  t r a c e .  We in t roduce ,  as before,  t h e  nominal arrival time 

tnom, varying from zero  t o  T ~ '  ( s i d e r e a l  pe r iod  of p l ane t  ar 
r evo lu t i on ) .  Taking a f i x e d  f l i g h t  time A t f  and varying Iv?l , 
we can cons t ruc t  t h e  r e l a t i o n  lVei i f  ( t t g m ) .  The nominal 

"Om from t h e  Ear th  launch time tst 

Thus, we o b t a i n  t h e  r e l a t i o n  IVg = f (tzy) f o r  f i r e d  

f l i g h t  t imes  A t f .  Curves of t h e  depar tu re  v e l o c i t y  V? from t h e  

Ear th ' s  sphere  of a c t i o n  and en t ry  v e l o c i t y  vZ1 i n t o  t h e  p l ane t  

sphere of a c t i o n  a r e  shown i n  Figures  5.3.17 - 5.3.19 f o r  f i xed  
A t f  as func t ions  of t h e  nominal launch d a t e s  ~ : t ~  f o r  f l i g h t s  t o  

Mars, J u p i t e r ,  and Saturn .  

DYNAMICS OF OPTIMAL ACCELERATED FLIGHT TRAJECTORY 

CHARACTERISTICS 

Tra jec to ry  a c c e l e r a t i o n  i s  of i n t e r e s t  f o r  f l i g h t  t o  t h e  
d i s t a n t  ou t e r  p l a n e t s  ( J u p i t e r  and Sa tu rn ) .  The f l i g h t  t ime 
t o  t h e s e  p l ane t s  a long minimal energy t r a j e c t o r i e s  i a  q u i t e  
long ( 2  - 3 years  t o  J u p i t e r  and 3.5 - 6 yea r s  t o  Sa tu rn ) .  

Examination of a cce l e r a t ed  f l i g h t  t r a j e c t o r i e s  t o  more 
d i s t a n t  p l a n e t s  (beyond Sa tu rn)  i n  t h e  impulsive formula t ion  i s  
not advisable .  Because of  t h e  comparatively h igh energy expen- 
d i t u r e s ,  t h e  f l i g h t s  t o  t h e s e  p l a n e t s  w i l l  probably u t i l i z e  
low-thrust power p l an t s .  

Although t h e  f l i g h t  t ime a long t h e  opt imal  energy t r a j e c -  
t o r i e s  t o  Mars does not  exceed one year ,  t h i s  t ime i s  q u i t e  
long (from s i x  t o  n ine  months).. Therefore,  It is advisable to 



Figure  5.3.17. C h a r a c t e r i s t i c s  of a c c e l e r a t e d  f l i g h t  t r a j e c t o r i e s  
t o  Mars: 

Tgo = 15.8 yea r s  (5771 days ) ;  1 = 1°51'03"; e = 0.0934; a = 
1.5237 a  u  



5.3.18. 
ter: 

Figure 
to Jupi 

Characteristics of accelerated fligh .t trajectories . 

.0482; rears (433k days); 1 = 1°18'22"; e = 0 



Figure 5.3.19. Characte;.istics of a cce l e r a t ed  f l i g h t  t r a j e c t o r ~ e s  
t o  Saturn:  

T ~ o  
= 29.458 years  (10,750 days) ;  i = 2O29'19"; e = 0.0552; 



examine the  p o s s i b i l i t y  of shor tening the  f l i g h t  t i s e  t o  t h i s  
p lanet  as well .  

Figure 5.3.17 shows t h e  c h a r a c t e r i s t i c s  of acce le ra ted  
f l i g h t  t r a j e c t o r i e s  t o  Mars: 

V? i s  t h e  depar ture  ve loc i ty  from the  Ear th ' s  sphere of 
ac t ion  required f o r  f l i g h t  t o  Mars; A t f  i s  the  f l i g h t  time from 

the  E a r t h  t o  Mars; V:. i s  t h e  en t ry  ve loc i ty  i n t o  the  Mars 
nom sphere of ac t ion ;  as funct ions  of t h e  nominal launch d a t e  tst . 

I n  t h i s  f i gu re ,  t h e  bars denote t h e  optimal l aunch 'da tes  f o r  
t he  f l i g h t  cycles from 1967 t o  2000. 

The c l acu la t i ons  showed t h a t  t he  launch da t e s  f o r  t h ~  
"accelerated" f l i g h t  t r a j e c t o r i e s  d i f f e r  very l i t t l e  from t h e  

@ launch da t e s  f o r  f r e e  f l i g h t  t r s j e c t o r i r s  (Atst = 10 - 15 days) .  

We see  from these  curves that ,  w i t h  reduct ion of t h e  f l i g h t  

time, the  energy c-xpenditures f o r  t h e  f! i g h t  t o  Mars (V?) and 
a l s o  t h e  en t ry  ve loc i ty  (V:)  i n t o  t he  planet  sphere of a c t i o n  
increase .  These f l i g h t  t r a j e c t o r y  c h a r a c t e r i s t i c  curves can be 
expanded f o r  t he  calendar launch da t e s  ( a s  was done above f o r  
t h e  minimal energy t r a j e c t o r i e s .  

The c y c l i c i t y  of a l l  t he  c h a r a c t e r i s t i c s  w i l l  correspond t o  
t he  Mars g r e a t  opposit ion period of T 2 15.8 yeays. F l i g h t  

go 
cycles along the  acce le ra ted  t r a j e c t o r i e s  with energy exyendi- 
t u r e s  c lo se  t o  t h e  minimal values w i l l  occur i n  1971, 1973, 1981, 
1986, and 1988. The f l i g h t  cycles  w i t h  lowest energy expendi- 
t u r e s  a l s o  correspond approximately t o  the  smal les t  values of 
entry  ve loc i ty  i n t o  t h e  Mars sphere of ac t ion .  



I n  F igure  5.3.17, t h e  cnossea I n d i c a t e  t h e  valuea of t h e  
corresponding f l i g h t  t r d e c t o r y  c h a r a c t e r i s t i c s  determined from 
op t imiza t ion  on t h e  'V?. i s o l i n e  f i e l d s ,  

F igure  5.3.18 shows t h e  c h a r a c t e r i s t i c s  of  a c c e l e r a t e d  
f l i g h t  t r a j e c t o r i e s  t o  J u p i t e r .  T:ie curves of t h e  t r a j e c t o r y  
c h a r a c t e r i s t i c s  a s  f u n c t i o n s  of  launch d a t e  a l s o  have a  c y c l i c  
n a t u r e  wi th  pe r iod  equal  t o  T  e T4 = 11.9 yehrs .  The f l i g h t  

g'' 
cyc les  t o  J u p i t e r  along a c c e l e r a t e d  t r a j e c t o r i e s  wi th  energy 
expend i tu res  c l o s e  t o  t h e  opt imal  va lues  occurred i n  1970 and 
1971 and w i l l  occur  i n  1982 and 1983. 

F igure  5.3.19 shows t h e  c h a r a c t e r i s t i c *  of  a c c e l e r a t e d  
f l i g h t  t r a j e c t o r i e s  t o  Saturn .  The curves  of t h e  t r a j e c t o r y  
c h a r a c t e r i s t i c s  a s  f u n c t i o n s  of launch d a t e  a l s o  have a  c y c l i c  
n a t u r e  w i t h  pe r iod  T z T4 3 29.5 y e a r s .  

80 

The t r a J e c t o r y  c h a r a c t e r i s t i c s  obta ined by op t imiza t ion  
on t h e  V? i s o l i n e  f i e l d s  d i f fe r  somewhat from rhose cb ta ined  
by t h e  reachab le  r eg ion  method. Howzver, Lhis d i f f e r e n c e  does 
not  exceed t h e  e r r o r s  a s s o c i a t e d  with t h e  reachab le  r e g i o n  
method approximations ( c i r c u l a r  E a r t h  o r b i t ,  t a g e n t i a l  l aunch) ,  
which in t roduce  e r r o r s  i n  de termining V z  no g r e a t e r  than  200 t o  
300 m/sec. 



CHAPTER 6. INTERPLANETARY FLIGHT TRiJECTORIES WITH 
. . . . .  .. . - - - .  . ~ .  . .  ~ 

INSERTION INTO PLANETARY ORBIT 

§ 1. OPTIMIZATION OF INTERPLANETARY TRAJECTORIES WITH 

INSERTION INTO ORBIT AROUND TARGET PLANET 

The op t imiza t ion  of  a r t i f i c i a l  p l a n e t  sa te l l i te  (APS) SC 

t r a j e c t o ~ i e s  i s  based on maximum payload weight.  

For APS with aerodynamic braking,  t h e  u s e f u l  payload 

where G : ~  i s  t h e  payload of t h e  s t a g e  launched from AES ~ r b i t ;  

Gab is  t h e  weight of t h e  aerodynamic braking equipment i n  APS 

o r b i t .  

I cB A s  i s  known, Gul = f(Vst; and i t s  maximum corresponds t o  

@ minimum AES launch c h a r a c t e r i s t i c  v e l o c i t y  f t  o r  v e l o c i t y  Vw 

a t  depar tu re  from t h e  E a r t h ' s  sphere  of a c t i o n .  The weight Gab 

depends on t h e  aerodynamic parameters  3f t h e  SC braking system 

and t h e  atmosphere e n t r y  cond i t ions  ( e n t r y  v e l o c i t y  v:: and e n t r y  

a n g l e ) .  Of t h e s e  parameters ,  only Ven i n f l u e n c e s  t h e  t r a j e c t o r y  

s e l e c t i o n .  Therefore,  i n  t h e  g e n e r a l  case ,  t h e  op t imiza t ion  

c r i t e r i o n  f o r  such a mission i s  



s i n c e  

I - However, i n  most cases ,  Gab << Gul and, 

. 
i n  p r a c t i c e ,  

t r a j e c t o r y  o p t i m i z a t i o n  f o r  such a f l i g h t  miss ion  reduces  t o  

f i n d i n g  t h e  optimum f o r  t h e  one-impulse scheme. For t h e  g iven  
@ va lue  of  Vst, w e  s e l e c t  on t h e  i s o l i n e  f i e l d s  t h e  r e g i o n  with 

P l  s m a l l e s t  v a l u e  of  Vm . 

For t h e  scheme w i t h  a c t i v e  braking,  t h e  t r a j e c t o r y  i s  /I94 

optimized w r t  t h e  maximum of  G = G G u l  I 'I For  r o c k e t  s t a g e s  u l  u l '  
of t h e  same type ,  t h e  maximum of  G corresponds t o  minimum u l  
t o t a l  c h a r a c t e r i s t i c  v e l o c i t y  VxZ. This  i s  a l s o  approximately 

v a l i d  f o r  s t a g e s  wi th  c h a r a c t e r i s t i c s  which do no t  d i f f e r  markedly. 

Usually Vxz i s  d i v i d e d  between t h e  first and second s t a g e s  

a s  r e q u i r e d  by t h e  ac t l ra l  d i s t r i b u t i o n  cf Vx.E a long  t h e  t r a j e c -  

t o r y .  However, cases  may occur when opt imal  d i v i s i o n  of Vxz i n t o  

components which do not correspond t o  t h e  a c t u a l  impulse d i s t r i -  
bu t ion  i s  adv i sab le .  I n  t h i s  case,  bne of t h e  s t a g e s  o p e r a t e s  

with a d i s c o n t i n u i t y  - two a c t i v e  segments separa ted  by t h e  
t r i p  t ime from t h e  Ear th  t o  t h e  p l a n e t .  

For  f l i g h t s  t o  c e r t a i n  p l a n e t s ,  i t  i s  p o s s i b l e  t h a t  t h e  

first s t a g e  ( launch from AES) o r  t h e  second s t a g e  (b rak ing  i n t o  

APS) r e q u i r e s  s p l i t t i n g  i n t o  two s t a g e s .  For  example, two launch 

s t a g e s  from t h e  Ear th  us ing  l i q u i d  r o c k e t  engines f o r  p ropu l s ion  

provide high u s e f u l  load f o r  f l i g h t  t o  J u p i t e r .  



-- . . . . . . . . . . . . .. .. . . - . .. . . - . + . . . - . - . - - 

However, i n  most p r a c t i c a l  cases ,  t h e  t r a j e c t o r y  2s optimized 

wrt minimum load c h a r a c t e r i s t i c  ve loc i ty  

where i s  t h e  c h a r a c t e r i s t i c  ve loc i ty  of  launch from AES 

o r b i t ;  A$' i s  t h e  c h a r a c t e r i s t i c  ve loc i ty  ~f braking i n t o  APS 

o r b i t .  

Optimization can a l s o  be ca r r i ed  out i n  two va r i an t s :  

- w r t  maximtlm launch d a t e  window, i . e . ,  whe3 we seek 

min VXI f o r  given launch time t@ from AES o r b i t  ( v e r t i c a l  s t  
tangents  on t h e  V.8 i s o l i n e  f i e l d  i n  t h e  coordinates tZt; A t f ;  

- f o r  acce le ra ted  t r a j e c t o r i e s ,  when we seek 'min vxz f o r  

given f l i g h t  time A t f  (hor izonta l  tangents on t h e  Vxx f i e l d ) .  

The c h a r a c t e r i s t i c s  of t he  two-impulse t r a j e c t o r i e s  a r e  

examined f o r  two APS o r b i t  va r i an t s :  

- extremely low c i r c u l a r  APS o r b i t ;  

- ene rge t i ca l ly  more favorable extremely elongated 
e l l i p t i c  APS o r b i t  with minimal pe r i cen te r  height  hn. 

For Mars s a t e l l i t e s ,  we can take a s  such o r b i t s ,  f o r  
example, o r b i t s  with t he  following parameters : 

- c i r c u l a r  o r b i t  with heir = 1000 ian; 

- e l l i p t i c  o r b i t  with h, = 1000 loo and ha = 20,000 h. 
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Fox .Venus s a t e l l i t e s :  

- c i r c u l a r  o r b i t  wi th  hCir = 500 km; 

- e l l i p t i c  o r b i t  with h, = 500 km and ha = 50,000 km. 

This c i r c u l a r  o r b i t  a 3 t i t u d e  ensures long (on t h e  order  of 
a year )  APS l i f e t i m e  because of braking i n  t h e  upper l a y e r s  of 

t h e  atmosphere while t h e  parameters of t he  e l l i p t i c  o r b i t s  with 
extremely low height  h, a r e  c lo se  w r t  energy c h a r a c t e r i s t i c s  t o  

t h e  minimal poss ib le  ( i n s e r t i o n  i n t o  parabol ic  o r b i t ) .  

Table 6.1 shows t h e  c h a r a c t e r i s t i c s  of t h e  optimal first 

and second semiorbit f l i g h t  t r a j e c t o r i e s  t o  AMS o r b i t  i n  t h e  
1970s and 1980s. 

Comparing t h e  optimal launch da t e s  of t h e  two-impulse and 
single-impulse t r a j e c t o r i e s  ( s ee  Table 5.7),  we note  t h a t  they 
d i f f e r  by no more than 1 0  - 15 days,  The minimal energy 
expenditures correspond t o  t h e  f l i g h t  cyc les  i n  1971 and 1979. 

Table 6 .2  shows the  c h a r a c t e r i s t i c s  of t h e  optimal t r a j e c -  
t o r i e s  t o  Venus. The minimal energy expenditures occur i n  the  
f l i g h t  cycles i n  1975 and 1983. 

S 2. SELECTION OF PLANETARY SATELLITE ORBITAL PARAMETERS 

Se lec t ion  of a r t i f i c i a l  p lane t  s a t e l l i t e  (APs) o r b i t  para- 

meters i s  made t o  ensure minimal energy expenditures f o r  i n j e c t i n g  i 

the  SC i n t o  o r b i t  and sat isfy  t h e  requirements assoc ia ted  with 5 

t he  SC mission. 
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TABLE 6.1. CHARACTERISTICS OF TWO-IMPULSE FLIGHT TRAJECTORIES 

TO MARS (CIRCULAR AMS [ARTIFICIAL MARS SATELLITE] ORBIT)* 

*[Translator's Note: Commas In numbers Indicate decimal points.] 



TABLE 6.2. CHABACTERISTICS OF TWO-IMPULSE FLIGHT TRAJECTORY TO 
VENUS (CIRCULAR AVS [ARTIFICIAL VENUS SATELLITE) ORBIT)# 

--- 
t:t I A% 
Date Days km/s ec 

1970 
1 ( 04.09.70 1 110 1 7.69 1 3.97 

2' 1 15.06.70 1 191 1 1.41 1 '3.38 

1 1 17.04.72 1 110 7.77 1 3.75 

2 1 28.02.72 ( is 1 7,73 '1 3.94 

I973 I 1 '  1 25.11.73 1 113 ( 730 ! 3.37 

2 1 14.11.73 1 154 1 7.34- 1 3.78 

1975 
1 I 09.06.75 1 142 1 6.88 1 3.31 I -2 1 06.06.75 ( 153 1 6,91 1 3,38. 

1 1 1i.oi.n I in ( 7,40 I a , ~  
lm 1 2 09.12.76 .I 170 I 711 I 3.28 

1978 1 1 / 01.09.78 1 111 1 7.68 1 3,98 

2 1 15.06.78 1 190 1 7,39 1 3,38 

. 1 1 14.04.80 1 110 f 7.78 1 3.77 

2 1 21.02.80 1 .I88 1 7.73 3.87 

1981 1- 1 I 23.11.8 1 112 1 7.3( 1 3.38 

2 1 12.11.81 1 154 1 7,37 1 3.81 

1 1 09.06.83 1 143 '- 6.92 1 . 3,35 

10Bl I 2 / 07.06.83 1 148 1 6.9 1 3.40 

1 1 10.01.85 ! 128 1 7,38 1 3.82 1 2 1 08.12.84 / 168 1 7.08 1 3.28 

1986 I I 129.08.86 1 1 1 1  1 7 . 6 7  1 3 . 9 8  

2 1 15.06.86 1 188 1 7.36 1 3,37 

1 1 12.04.88 1 110 1 7.80 1 3,79 

2 1 18.02.88 1 192 1 7.73 1 3,75 

1989 I 1 1 21.11.89 1 111 1 7.37 1 3,40 

2 1 10.11.89 f 155 1 7,41 1 3.85 

1 1 10.06.91 . 1 139 1 6.94 1 3 . ~ 1 '  

2 1 09.06.91 1 141 1 6,94 1 335 

*[~ranslator~s Note: Commas in numbers indicate decimal points.] 
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The problem can be examined i n  t h e  fo l lowing  formulation. 
We cons ide r  t h a t  t h e  e n t r y  v e i o c i t y  i n t o  t h e  p l a n e t  sphere  o f  
a c t i o n  0:' i s  s p e c i f i e d ,  i . e . ,  t h e  v e l o c i t y  modulus 19!'1 and 
i t s  o r i e n t a t i o n  ang les  i n  t h e  e q u a t o r i a l  . . p l a n e t o c e n t r i c  coor- 
d i n a t e  system: d e c l i n a t i o n  a n g l e  6 and r i g h t  a scens ion  a n g l e  

p l  
a a r e  given.  
PI 

W2 f i rs t  examine the  APS o r b i t  parameters  i n  t h e  approach 
hyperbola p lane .  Deparcure from t h e  approach hyperbola p l a n e  
i s  u s u a l l y  a s s o c i a t e d  w i t h  l a r g e  energy expendi tures .  

For  approximate de terminat ion  of t h e  energy e x p e n d i ~ u r e s  
of launch from a n  e l l i p t i c  o r b i t  i n t o  a  hyperbola and b rak ing  
from t h e  l a t t e r  i n t o  a n  e l l i p s e ,  we can cons ide r  that t h e  t r a n s -  
f e r s  between t h e s e  o r b i t s  t a k e  p l a c e  impuls ive ly .  I n  t h i s  case, 

p l a n a r  t r a n s f e r s  wi th  mating of t h e  t r a j e c t o r i e s  a t  t h e i r  p e r i -  
c e n t e r s ,  examined i n  5 2 of Chapter 4, w i l l  be op t ima l ,  Thz 
c h a r a c t e r i s t i c s  of t h e s e  t r a n s f e r s  a r e  shown i n  F i g u r e s  4.2.1 and 
4.2.2.  The ang le  ah between t h e  hyperbola asymptote and t h e  

e l l i p s e  l i n e  of a p s i d e s  i s  

The p o s i t i o n  of t h e  p o i n t  of t r a n s i t i o n  from t h e  hyperbola t o  
t h e  e l l i p s e  r e l a t i v e  t o  t h e  v e c t o r  vi l  i s  de f ined  i n  terms o f  
t h i s  angle .  

We s e e  from t h e  d i s c u s s i o n  i n  § 2 of Chapter 4  t h a t  t h e  - /198 
e n e r g e t i c a l l y  opt imal  APS o r b i t  w i l l  have t h e  minimal admiss ib le  
p e r i c e n t e r  r a d i u s  rT and t h e  maximal admiss ib le  apocenter  
r a d i u s  r,. 



t ,  davs' 

Figure  6.2.1. P l a n e t  s a t e l l i t e  r e v c l u t i o n  p e r i o d .  

The p e r i o d  of  r e v o l u t i o n  i n  such an  o r b i t  i s  

r., + rx where a= i s  t h e  o r b i t  semimajor a x i s .  
2 

F i g u r e  6 .2 .1  shows t h e  v a l u e s  of T f o r  s a t e l l i t e s  of v a r i o u s  

p l a n e t s  . 

S e l e c t i o n  of t h e  p e r i o d  T may i n f l u e n c e  t h e  APS o r b i t  r a d i u s  
With s e l e c t i o n  of T which i s  a  m u l t i p l e  of t h e  p l a n e t  revo- 

l u t i o n  p e r i o d ,  t h e  APS w i l l  t r a v e l  a l o n g  t h e  same p a t h s  over  
t h e  s u r f a c e  of  t h e  p l a n e t ,  which may no t  s a t i s f y  t h e  p l a n e t  
mapping requi rements .  S e l e c t i o n  of a p e r i o d  T which i s  a mul- 
t i p l e  of E a r t h  days 
t h e  same t ime .  
228 

ensu res  communication seances  wi th  t h e  S C  a t  - /199 
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Figure  6.2.2. Determinat ion 

.*E 
Figure  6.2.3. Determinat ion of 

of p l a n e t  s a t e l l i t e  o r b i t  p l a n e t  sat e l l i t  e  argument of 
nodal  long i tude  Q. l a t i t u d e  w 

L e t  u s  examine t h e  c h a r a c t e r i s t i c s  which determine t h e  
APS o r b i t  p lane  p o s i t i o n .  

If t h e  APS o r b i t  i n c l i n a t i o n  angle  i t o  t h e  equa to r  ( F i g m e  
6.2.2) i s  given t h e  long i tude  Sl of t h e  l i n e  of nodes from t h e  

d i r e c t i o n  y ( t h e  o r i g i n  i s  t h e  d i r e c t i o n  t o  t h e  Earth 's  v e r n a l  
is found from t h e  r e l a t i o n  

t g  6 
s i n  (a  - Q) = 2 . (6.2.2) 

p l  t g  i 

equinox p o i n t )  

The ang le  
found from t h e  

between the v e c t o r  v:' and t h e  l i n e  of nodes i s  
e q u a l i t y  

sin 8 srn u= - , 
sin i 

and t h e  angu la r  d i s t a n c e  w o f  t h e  p e r i c e n t e r  n from t h e  l i n e  of 
nodes Sl (F igure  6.2.3) is  

It fo l lows from F igure  6.2.2 and Formula (6.2.2)  t h a t  t h e  
APS o r b i t  i n c l i n a t i o n  i cannot be l e s s  than  t h e  a n g l e  6 

PI' 
i . e . ,  



- . .  

f o r  p l a n a r  t r a n s f e r  from the 
approach hyperbola t o  e l l i p t i c  
APS o r b i t .  

The APS o r b i t  i s  s u b j e c t e d  t o  
v a r i . n s  p e r t u r b a t i o n s .  Noncen- 
t r a l i t y  of  t h e  p l a n e t ' s  g r a v i t y  
f i e l d  has t h e  s t r o n g e s t  i n f l u e n c e  
on t h e  o r b i t  parameters .  Account 
f o r  t h e  e f f e c t  of  p l a n e t  f l a t t e n i n g  
l e a d s  t o  changes of t h e  s a t e l l i t e  

'Igure 6 * 2 * 4 *  Characteristics o r b i t  nodal  l o n g i t u d e  and o r b i t  of s a t e l l i t e  o r b i t  e v o l u t i o n  
r e s u l t i n g  from p l a n e t  g r a v i t y  p e r i c e n t e r  angu la r  p o s i t i o n  w .  
f i e l d  n o n c e n t r a l i t y  The fo l lowing formulas were pre-  
sen ted  i n  5 3 of Chapter 1 f o r  de termining t h e  v a r i a t i o n  o f  S l  /200 
and w dur ing  a s i n g l e  s a t e l l i t e  r e v o l u t i o n  

F igure  6.2.4 p r e s e n t s  curves  f o r  determining t h e  c h a r a c t e r -  
i s t i c s  of APS o r b i t  parameter e v o l u t i o n  r e s u l t i n g  from p l a n e t  
f l a t t e n i n g  

where a  i s  t h e  p l a n e t  e q u a t o r i a l  r a d i u s ,  
e  q 



The magnitudes of t h e  p l a n e t  
f l a t t e n i n g  aob and angu la r  v e l o c i t y  

PI 

1 
and a are g iven  i n  t h e  

eq 
Appendix. 

The v a r i a t i o n  o f  t h e  quan t i -  
t i e s  $2 and w w i l l  be l a r g e s t  f o r  

F igure  6.2.5. Determinat ion o r b i t s  wi th  i n c l i n a t i o n  -i c .ase t o  
of v i s i b i l i t y  zone boundaries  z e r o ,  The APS o r b i t  wi th  i z 63.4O 

has  no p e r t u r b a t i o n s  of t h e  o r b i t  
p e r i c e n t s r  l a t i t u d e  argument. The p o l a r  o r b i t  i = 90° has no 
d r i f t  of t h e  o r b i t a l  l i n e  of nodes. The r e s i s t a n c e  of t h e  upper 
l a y e r s  of t h e  p l a n e t ' s  atmosphere may have a s j g n i f i c a n t  i n f l u -  - /201 
ence on t h e  o r b i t  parameters  of a n  APS wi th  r e l a t i v e l y  small 
p e r i c e n t e r  r ad ius .  The technique  f o r  t a k i n g  i n t o  account t h i s  
i n f l u e n c e  on s a t e l l i t e  motion i s  presen ted  i n  [50]. However, 
adequate ly  r e l i a b l e  d a t a  on t h e  c h a r a c t e r i s t i c s  of t h e  upper 
l a y e r s  of t h e  p l a n e t a r y  atmosphere a r e  no t  a v a i l a b l e  at  t h e  
p resen t  t ime.  For a Mars s a t e l l i t e ,  we can  cons ide r  t e n t a t i v e l y  
t h a t  an  accep tab le  l i f e t i m e  (on t ? e  o r d e r  of a y e a r )  can be 
ob ta ined  wi th  r,L 1,000 km, and f o r  a  Venus s a t e l l i t e  wi th  r,, 2 
500 km. 

The r a t i o  of p l a n e t  s a t e l l i t e  mass t o  p l a n e t  mass i s  

cons iderably  smal le r  t h a n  t h e  Moon-Earth mass r a t i o .  Therefore ,  
t h e  i n f l u e n c e  of  p l a n e t  s a t e l l i t e s  on A?S o r b i t  parameters  w i l l  

be weaker than  t h e  i n f l u e n c e  of  t h e  Moon on AES o r b i t s ,  

The i n f l u e n c e  of t h e  Sxn and o t h e r  p l a n e t s  on APS parameters  
w i l l  be s t i l l  smal ler .  The o r d e r  of magnitude o f  t h i s  i n f l u e n c e  
can be judged on t h e  b a s i s  of t h e  i n f l u e n c e  of t h e  Sun and 
p l a n e t s  on AES parameters  ( s e e ,  f o r  example, [50]).  



The i n f l u e n c e  of t h e  Sun and o t h e r  p l a n e t s  on APS o r b i t  
parameters  w i l l  be n o t i c e a b l e  f o r  long APS l i f e t i m e  (on t h e  o r d e r  
of s e v e r a l  months o r  y e a r s ) .  Methods f o r  c a l c u l a t i n g  t h e  APS 

o r b i t  e v o l u t i o n  r e s u l t i n g  from t h e s e  f a c t o r s  were p resen ted  i n  
[ l o ,  501- 

Let u s  examine t h e  ques t ions  of c a l c u l a t i n g  APS t r a c k  and 
v i s i b i l i t y  zones from i t s  o r b i t .  

For  problems of photographing t h e  s u r f a c e  of t h e  p l a n e t  
dur ing  f l y b y  and mapping t h e  s u r f a c e  from APS o r b i t ,  i t  i s  
necessary t o  know t h e  SC t r a c k  over  t h e  s u r f a c e  of t h e  p l a n e t  
and t h e  v i s i b i l i t y  zone boundcries .  

The angular  range  K of  t h e  v i s i b i l i t y  zone boundary (Figure 
6.2.5) i s  determined from t h e  formula 

x= arc cos 1 cos Y) -,. 
where R i s  t h e  r a d i u s  of  t h e  p l a n e t ;  h i s  t h e  APS height a.bove 

p l  
t h e  p l a n e t  s u r f a c e ;  y i s  t h e  APS e l e v a t i o n  ang le  above t h e  
ho1,izon. 

The APS t r a c k  o r  p r o j e c t i o n  of t h e  s a t e l l i t e  o r b i t  on t h e  
s u r f a c e  of  t h e  p l a n e t  i s  found from She r e l a t i o n s  

$=arc sin (sin u sin I ) ;  
A=Bf arctg(tgucos2)- w ( t - - t ) < - ~ Q *  (6-2.9) 

PI 

where $ 18 t h e  l a t i t u d e  of  a p o i n t  of t h e  t r a c k ;  h i s  t h e  
long i tude  of a poirtt of t h e  t r a c k ;  u=o+u+Sc~1 i s  t h e  argument of 
t h e  l a t i t u d e  of a p o i n t  on t h e  APS o r b i t ;  Q is t h e  long i tude  of 
t h e  ascending node of the o r b i t ;  w i s  t h e  argument of  t h e  o r b i t  
p e r i c e n t e r  l a t i t u d e ;  i i s  t h e  APS o r b i t  i n c l i n a t i o n  t o  t h e  p lane  
of t h e  equator ;  r is  t h e  p e r i c e n t e r  passage time; v i s  t h e  t r u e  



Figure 6.2.6. Track and v i s i b i l i t y  zones from c i r c u l a r  p o l a r  
s a t e l l i t e  with r e v o l u t i o n  pe r iod  T equa l  t o  t h e  p l a n e t  revolu-  
t i o n  pe r iod  T 

P l  

du I - r  momaly ; A@ = - - 
dt T 

is  t h e  change of w from p l a n e t  f l a t t e n i n g ;  
d~ t-r ~ s z = - -  - 
dl T i s  t h e  change of fl from p l a n e t  f l a t t e n i n g ;  T i s  t h e  

APS r e v o l u t i o n  pe r l cd ;  t i s  t i n e  corresponding t o  t h e  APS 

anomaly 6. 

The v i s i b i l i t y  zone boundary i s  found from t h e  r e l a t i o n s  

h=arc  sin (sin 9 cos w +cos(i( sin x cos?); 1 
cor x - cos + aln rp 

cos+corJ, 

where 9 and A a r e  t h e  l a t i t u d e  and long i tude  of p o i n t s  on t h e  
Y Y 

v i s i b i l i t y  zone boundary;cp is t h e  a n g l e  from a p o i n t  of t h e  
t r a c k  t o  a  po in t  on t h e  v i s i b i l i t y  zone boundary ( v a r i e s  from 0 
t o  2n i n  Ceterminlng t h e  visibility zone boundary).  

F igures  6.2.6 - 6.2.7 show t h e  t r a c k s  and v l s i b l l i t y  zone 
boundaries  of c i r c u l a r  p o l a r  s a t e l l i t e s  with r e v o l u t i o n  pe r iod  
T equa l  t o  t h e  p l a n e t  r e v c l u t i o n  pe r iod  T and one h a l f  t h e  

p l  



F i g u ~ e  6 .2 .7 .  Track and v i s i b i l i t y  zones from c i r c u l a r  p o l a r  
s a t e l l i t e  wi th  per iod  T = (1/2)Tpl 

pe r iod  T The t r a c k s  of t h e s e  s a t e l l i t e s  a r e  c losed ,  i . e . ,  
~ 1 '  L 

they  p a s s  through t h e  same s u r f a c e  p o i n t s .  The f i e l d s  of view /2O5 ; 
i 

from such o r b i t o  a r e  q u i t e  broad and make i t  p o s s i b l e  t o  view 
t h e  e n t i r e  s u r f a c e  of t h e  p l a n e t .  

It i s  i n r e r e s t l n g  t o  no te  t h a t  t h e  c i r c u l a r  Mars s a t e l l i t e  
o r b i t  w i t h  T = 

T~ 1 
provides  minimal energy expendi ture& f o r  SC 

i n s e r t i o n  i n t o  t h i s  o r b i t  ( i n  t h e  c l a s s  of c i r c u l a r  o r b i t s ) .  

A s  was noted above, a SC wi th  i n c l i n a t i o n  1 + 63.4O does 
not  have p e r t u r b a t i o n s  of t h e  p e r i c e n t e r  l a t i t u d e  argument o 
r e s u l t i n g  from p lane t  f l a t t e n i n g .  The t r a c k s  and v i s i b i l i t y  
zones of such APS i n  e l l i p t i c  o r b i t s  wi th  h, : 0.05 Rpl and 

with r e v o l u t i o n  p e r i o d s  T = ( 1 / 3 ) ~ ~ ~ ;  (1/2)Tpl, and T a r e  
PI 

shown i n  Figures  6.2.8 - 6.2.10. S ince  t h e  APS r e v o l u t j o n  
pe r iod  i s  a m u l t i p l e  of t h e  p l a n e t  r e v o l u t i o n  pe r iod  T t h e  PI' 



Figure  6.2.8. Track and v i s i b i l i t y  zones from e l l i p t i c  
wi th  T = T 

PI' 
o r b i t  i n c l i n a t i o n  i = 63.4' 

s a t e l l i t e  

s a t e l l i t e  t r a c k s  a r e  c losed .  I n  t h e  APS o r b i t  apogee r 

t h e  v i s i b i l i t y  zones a r e  very broad ( f o r  t h e  APS wi th  T 

t h e  v i s i b i l i t y  zone encompasses nea r ly  h a l f  t h e  surdace  
p lane t  ) . 

egion,  

= T 
PI 

of  t h e  

5 3 .  CHARACTERISTICS OF OPTIMAL TRAJECTORIES 

FOR VARIOUS FLIGHT CYCLES 

We can determine t h e  dynamics of opt imal  two-impulse 

t r a j e c t o r y  c h a r a c t e r i s t i c  v a r i a t i o n  between f l i g h t  c y c l e s  by 

accumulating t h e  d a t a  of c a l c u l a t i o n s  of  such t r a j e c t o r i e s  f o r  
va r ious  f l i g h t  cyc les .  However, j u s t  as i n  t h e  case  of t h e  

s o l u t i o n  of t h i s  problem f o r  t h e  s ingle- impulse t r a j e c t o r i e s ,  
i t  i s  b e t t e r  t o  s o l v e  t h i s  problem by t h e  reachab le  r e g i o n  

method. The problem was solved under t h e  same assumptions used 

i n  § 3 of Chapzer 5. 



Figure 6.2.9. Track and v i s i b i l i t y  zones from e l l i p t i c  s a t e l l i t e  
wi th  T = (1/2)Tpl, i = 63.4O 

TRAJECTORY OPTIMIZATION 

The opt imal  t r a j e c t o r y  must minimize t h e  op t imiza t ion  
c r i t e r i o n  - t h e  t o t a l  c h a r a c t e r i s t i c  v e l o c i t y  V,, equal t o  

L 

where AVst = J 2 B 2 - V $  i s  t h e  launch v e l o c i t y  from (Vpar) + (V,) 

AES o r b i t ;  V @ - 
P a r  

- 
42%/rcir i s  t h e  hyperbo l i c  v e l o c i t y  i n  launch 

@ = JU./ 'c i ,  i s  t h e  c i r c u l a r  v e l o c i t y  i n  AES launch o r b i t ;  VCir 

@ o r b i t ;  V, i s  t h e  v e l o c i t y  a t  d e p a r t u r e  from t h e  E a r t h ' s  sphere  
of a c t i o n ;  rcir = Rg + heir i s  t h e  r a d i u s  of t h e  c i r c u l a r  launch - /206 

o r b i t  (heir = 200 loo); Rg i s  t h e  r a d i u s  of t h e  Ear th ;  pe i s  t h e  

g r a v i t a t i o n a l  cons tan t  of t h e  Ear th  



Figure  6.2.10. Track and v i s i b i l i t y  zones from e l l i p t i c  
s a t e l l i t e  wi th  T = (1/3)Tpl, i = 63.h0 

v - - 
p a r  - J2vpl'rnel i s  t h e  p a r a b o l i c  v e l o c i t y  a t  t h e  p l a n e t ;  V,, - 

J L ~ P ~ ~ ~ ~ J / C ~  n (  r n  + r a ) j  i s  t h e  v e l o c i t y  at  t h e  e l l i p t i c  APS 

o r b i t  p e r i c e n t e r ;  vE1is thr? e n t r y  v e l o c i t y  i n t o  t h e  p l a n e t  

sphere  of a c t i o n ;  

r n = R  + h n ; r a Z R  + h a ;  
PI p l  

R~ 1 
i s  t h e  r a d i u s  of t h e  p l a n e t ;  hm and ha a r e  t h e  APS o r b i t  

p e r i c e n t e r  and apocenter  h e i g h t s ,  r e s p e c t i v e l y .  

The b a s i c  c h a r a c t e r i s t i c  of t h e  " reachable  r e g i o n u  method 

i s  s e p a r a t i o n  of t h e  problem of  determining t h e  opt imal  t r a j e c -  

t o r y  c h a r a c t e r i s t i c s  from t h e  problem of de termining t h e  launch 

d a t e .  Following t h e  i d e a s  of t h e  "reachable r eg ion"  method ( s e e  

5 3 ,  Chapter 5 ) ,  we s p e c i f y  t h e  p o s i t i o n  of t h e  t a r g e t  p l a n e t  

a t  t h e  moment of a r r i v a l  ( s e e  F igure  5 .3 .2) .  I n  t h i s  case ,  w e  

w i l l  know t h e  p l a n e t  r a d i u s  R ,  i t s  d e v i a t i o n  z from t h e  e c l i p t i c  



plane,  and t h e  p l a n e t  v e l o c i t y  v e c t o r  
PI' 

The problem of 

f i n d i n g  t h e  opt imal  t r a d e c t o r y  is a two-parameter problem. We 

t a k e  as t h e  op t imiza t ion  parameters:  A - t h e  p r o j e c t i o n  of  

t h e  t r a n s f e r  ang le  on t h e  e c l i p t i c  p lane ,  and uo - t h e  t r u e  

anomaly of t h e  t r a n s f e r  v b i t  a t  t h e  launch p o i n t .  The q u a n t i t i e s  
z and R d e f i n e  t h e  a r r i v - 1  p o i n t  h e l i o c e n t r i c  l a t i t u d e  cp 

2 .  sin cp=- 
R ' 

and t h e  s i g n  of z determines t h e  s i g n  ofcp.  We determine t h e  

t r a n s f e r  a n g l e  from t h e  r i g h t  s p h e r i c a l  t r i a n g l e  AIBC (F igure  
6.3.la) 

cos L = cos A cos 9. 

Since  t h e  q u a n t i t i e s  X and L a r e  similar, t h e  v a l u e  of L can 
be determined from cos L.  

The t r a n s f e r  t r a j e c t o r y  i n c l i n a t i o n  i i s  def ined  as 

tgi=-:Xt; 
sin 1 

and t h e  s i g n  of i corresponds t o  t h e  s i g n  of  z f o r  t h e  f i r c ,  

semiorbi t  t r a j e c t o r i e s  (O<L<n) and r e v e r s e s  f o r  t h e  second 

semf-orbit t r a j e c t o r i e s  (n<L<2n) . 

The t r a n s f e r  t r a j e c t o r y  parameter f o r  g iven  vo w i l l  be 

p=R,(l +ecosu,). 

The t r a n ~ f e r  t r a j e c t o r y  e c c e n t r i c i t y  is  found from t h e  r e l a t i o n s  

P P Ro = ; 4s-- I 

1 + e cos 1% 1 + E cos (L + vO) 

and w i l l  be 

R - R o  e= 
R" ' 0 5  l-0 - R COS ( L  4- vo) 

The t r a j e c t o r y  parameters  obta ined above d e f i n e  t h e  h e l i o c e n t r i c  

v e l o c i t i e s  of launch from t h e  Ear th  vst and a r r i v a l  a t  t h e  

p l a n e t  tl: 



Figure  6.3.1. Determinat ion of v e l o c i t y  of encounter  with 
p l a n e t .  

vr=I;"e P sin i s  t h e  r a d i a l  cornponefit; 

v=I/v:+v: i s  bhe velocity vec tor  modulus, 



where U=L'O' a t  t h e  launch t ime and a t  t h e  a r r i v a l  time. 

The components of  t h e  d e p a r t u r e  veLocity V? from t h e  E a r t h ' s  
sphere  of a c t i o n  and i t s  modulus a:*e d e t e m i n e d  from t h e  launch 
v e l o c i t y  t r i a n g l e  ( s e e  F igure  5.3.2)s 

st n  - 2 v  v C G S i ;  st c i r  

'+ v,; V? = l/ (v2J2- 

The v e l o c i t y  v e c t o r  7 and i t s  components vK1 and v:' a r e  
PI 

determined by t h e  p l a n e t  p o s i t i o n  at  t h e  SC a r r i v a l  t ime.  The 
components of t h e  e n t r y  v e l o c i t y  i n t o  t h e  p l a n e t  sphere  of 
a c t i o n  and i t s  modulus a r e  ( s e e  F igure  6 . 3 . l b )  

Here, only  t h e  ang le  A i  between t h e  f l i g h t  t r a j e c t o r y  p lane  and 
t h e  d e s t i n a t i o n  p l a n e t  w b i t  p lane  i s  unknown. We f i n d  from t h e  
s p h e r i c a l  t r i a n g l e  A I B A ~  ( s e e  F igure  6 . 4  . l a )  

sin L ctg 0. - h ) - cos L cos 1 
ctg ~i=- PI 

sin 1 
* 

where h i s  t h e  long i tude  of t h e  p l a n e t  from the  node of i t s  
PI 

o r b i t .  

For a c t u a l  f l i g h t  t r a j e c t o r i e s ,  t h e  ang le  Ai i s  smal l  (IA~I<$) 9 

t h e r e f o r e  cosA1 i s  always p o s i t i v e .  Knowing t h e  q u a n t i t i e s  V? 
@ and v:', we can f i n d  t h e  AES o r b i t  launch v e l o c i t y  Vst and t h e  /209 

APS o r b i t  braking v e l o c i t y  and consequently,  t h e  t o t a l  
c h a r a c t e r i s t i c  v e l o c i t y  Vxr. 

#The index @ on t h e  v e c t o r  Y! i s  omit ted  i n  F igure  5.3.2. 



Figure  6.3.2. C h a r a c t e r i s t i c s  of opt imal  f l i g h t  t r a j e c t o r i e s  
t o  a r t i f i c i a l  s a t e l l i t e  o r b i t  of Mercury 

The t r a j e c t o r y  op t imiza t ion  minimizing VXr w r t  t h e  param- 
e t e r s  A and vo was a.ccomplished us ing  t h e  Gauss-Seidel (coor- 

d i n a t e  descen t )  method. A s  t h e  zero  approximation, we used t h e  
opt imal  s ingle- impulse t r a j e c t o r i e s  ( s e e  5 3,  Chapter 5 ) .  
Divis ion  of t h e  t r a j e c t o r i e s  wi th  r e s p e c t  t o  t r a n s f e r  ang le  L 

i n t o  first and second semiorb i t  t r a j e c t o r i e s  ensures  t h e  i d e n t i -  
f i c a . t i o n  of a reg ion  wi th  a  s i n g l e  extremum. 

DYNAMICS OF OPTIMAL CHARACTERISTICS OF TWO-IMPULSE FLIGHT 
TRAJECTORlES TO MERCURY, VENUS, MARS, AND JUPITER 

F igures  6.3.2 - 6.3.5 show t h e  dynamics of t h e  c h a r a c t e r -  
i s t i c s  of two-impulse f l i g h t  t r a j e c t o r i e s  t o  t h e  s o l a r  system 
p l a n e t s .  The r e l a t i o n s  shown i n  F igure  6.3.2 determine t h e  
dynamics of t h e  b a s i c  c h a r a c t e r i s t i c s  of f l i g h t  t r a j e c t o r i e s  

@ t o  Mercury (Atf i s  t h e  f l i g h t  t ime,  Vst i s  t h e  c h a r a c t e r i s t i c  

launch v e l o c i t y  from o r b i t ,  and VxL i s  t h e  t o t a l  c h a r a c t e r i s t i c  
v e l o c i t y  ) . 

24 1 



I n  c a l c u l a t i n g  t h e  two-impulse f l i g h t  t r a j e c t o r i e s  t o  
Mercury wi th  i n s e r t i o n  i n t o  a r t i f i c i a l  p l a n e t  satellite o r b i t ,  
we s e l e c t e d  a c i r c u l a r  APS o r b i t  wi th  hcir = 1000 km. For 

f l i g h t  t o  a r t i f i c i a l  Mercury s a t e l l i t e  o r b i t ,  t h e  b a s i c  charac- 
t e r i s t i c s  of t h e  f l i g h t  t r a j e c t o r y  vary  i n  t h e  fo l lowing  l i m i t s :  

- f l i g h t  t i m e A t f l =  70 - 110 days f o r  f irst  semlorb i t  

t r a j e c t o r i e s  and A t f 2  = 110 - 160 days f o r  second semiorb i t  

t r a j e c t o r i e s ;  
@ - launch c h a r a c t e r i s t i c  v e l o c i t y  AVst = 4.9 - 10.5 km/sec; 

- braking v e l o c i t y  i n  s a t e l l i t e  o r b i t  AVyt = 5.5 - 17.5 
km/sec; 

- t o t a l  c h a r a c t e r i s t i c  v e l o c i t y  Vxz = 12.3 - 28 km/sec. 

@ The c h a r a c t e r i s t i c s  A t f ,  AVst, and Vxr a r e  shown a s  f u n c t i o n s  

of launch d a t e .  Bars i n d i c a t e  t h e  launch ca lendar  d a t e s  f o r  t h e  
va r ious  f l i g h t  c y c l e s  (f irst  semiorbi t  t r a j e c t o r i e s ) .  The 
optimal f l i g h t  cyc les  t o  Mercury s a t e l l i t e  o r b i t  r e p e a t  about 
every one- th i rd  yea r  ( t h e  synodic pe r iod  of Mercury T! = 0.317 

y e a r )  f o r  t h e  t r a j e c t o r i e s  of each semiorb i t .  A s  a  r u l e ,  of t h e  
s i x  p o s s i b l e  f l i g h t  c y c l e s  p e r  yea r  along the  f irst  and second 
semiorbi t  t r a j e c t o r i e s ,  t h e r e  i s  one which f a l l s  i n  t h e  minimal 
energy expendi ture  launch d a t e  r eg ion .  The l a r g e  v a r i a t i o n  range 
of t h e  Mercury f l i g h t  c h a r a c t e r i s t i c s  Is expla ined by t h e  l a r g e  
e c c e n t r i c i t y  and i n c l i n a t i o n  of t h e  p l a n e t ' s  o r b i t a l  p lane .  The 
p e r i o d i c i t y  of t h e  c h a r a c t e r i s t i c s  corresponds approximately t o  
Mercury's g r e a t  o p p o s i t i o n  pe r iod  

T P  = I  y e a r .  
go 



Figure  6 . 3 . 3 .  Dynamics of c h a r a c t e r i s t i c s  of f l i g h t  t r a j e c t o r i e s  
t o  Venus s a t e l l i t e  o r b i t  

For  f l i g h t  t o  Venus, we s e l e c t e d  f o r  t h e  c a l c u l a t i o n s  a 
c i r c u l a r  o r b i t  w i t h  hcir = 500 lan and e longated  e l l i p t i c  APS 

o r b i t  wi th  t h e  parameters:  h, = 500 km, ha = 50,000 km. 

F igure  6 . 3 . 3  shows t h e  dynamics of t h e  minimal V X i  va lues  
f o r  f l i g h t  cyc les  t o  APS o r b i t .  

J u s t  a s  f o r  t h e  s ingle- impulse t r a j e c t o r i e s ,  t h e  energy 
expendi ture  v a r i a t i o n  pe r iod  of  t h e  two-impulse t r a j e c t o r i e s  

9 6  - 8 yea r s .  The f l i g h t  cyc le  i n  1975 i s  opt imal  f o r  SC 

i n s e r t i o n  i n t o  a r t i f i c i a l  Venus s a t e l l i t e  (AVS) o r b i t .  

For  t h e  Mars s a t e l l i t e ,  we s e l e c t e d  a  c i r c u l a r  o r b i t  w i t h  
parameter hcir = 1000 km and e l l i p t i c  o r b i t  w i t h  parameters  h, = 

1000 km, h, = 20,000 km. 

Figure  6.3.4 shows t h e  dynamics of t h e  r i n i m a l  t o t a l  charac- 
t e r i s t i c  v e l o c i t y  Vxz f o r ' 1 f 1 i g h t  c y c l e s  t o  a r t i f i c i a l  Mars 

s a t e l l i t e  (AMS) o r b i t .  We s e e  t h a t ,  j u s t  a s  f o r  t h e  s i n g l e -  
impulse t r a j e c t o r i e s ,  t h e  pe r iod  of t h e  minimum-energy two-impulse 



Figure  6.3.4.  Dynamics of c h a r a c t e r i s t i c s  of f l i g h t  t r a j e c t o r i e s  
t o  Mars s a t e l l i t e  o r b i t  

f l i g h t  t r a j e c t o r i e s  cor responds  t o  t h e  p l a n e t ' s  g r e a t  o p p o s i t i o n  
p e r i o d  pf 2 15.8 y e a r s .  Thus, t h e  b e s t  f l i g h t  c y c l e  from t h e  

go 
energy expend i tu re  viewpoint  f o r  f l i g h t  t o  AMS o r b i t  was t h a t  i n  
1971 a long  t h e  first s e m i o r b i t  and w i l l  be t h o s e  i n  1977 and /211 
1979 a l o n g  t h e  second s e m i o r b i t .  I n  g e n e r a l ,  t h e  f l i g h t  c y c l e s  
of t h e  1970s a r e  f a v o r a b l e  f o r  f l i g h t s  t o  AMS o r b i t .  The energy 
expend i tu re  maximum corresponded t o  t h e  f l i g h t  c y c l e s  i n  1967 
and 1969, and w i l l  occur  a g a i n  i n  1982 and 1984. 

F i g u r e  6.3.5 shows t h e  b a s i c  c h a r a c t e r i s t i c s  o f  t h e  op t ima l  
f l i g h t  t r a j e c t o r i e s  t o  J u p i t e r  (f irst  s e m i o r b i t  ) . For J u p i t e r ,  
we s e l e c t e d  s a t e l l i t e  o r b i t s  w i t h  t h e  parameters :  c i r c u l a r  w i t h  

heir = 1000 )an and e l l i p t i c  w i t h  h, = 1000 lan, ha = 1 m i l l i o n  loo. 

The f l i g h t  t ime range  A t f  = 760 - 1025 days .  

The launch impulse v a r i e s  i n  t h e  l i m i t s  AV:~ = 6.3 - 6.8 /212 

km/sec, t h e  b rak ing  impulse ( f o r  t h e  e l l i p t i c  o r b i t )  i s  i n  t h e  
range ~ v :  = 2.3 - 2.5 km/sec. The t o t a l  c h a r a c t e r i s t i c  v e l o c i t y  



Figure  6.3.5. C h a r a c t e r i s t i c s  of opt imal  f l i g h t  t r a J e c t o r i e s  
t o  J u p i t e r  s a t e l l i t e  o r b i t  (first s e m i o r b i t )  t r a j e c t o r i e s  

The f l i g h t  cyc les  t o  J u p i t e r  occur approximately every 
T$ = 1.092 yea r s .  The g r e a t  o p p o s i t i o n  pe r iod  of  t h i s  p l a n e t  

i s  ~2~ 11.9 yea r s .  

The opt imal  t r a n s f e r  t r a j e c t o r y  c h a r a c t e r i s t i c s  change very 
l i t t l e  with -2hange of t h e  p l a n e t  s a t e l l i t e  o r b i t  parameters .  
The braking impulse can be s c a l e d  f o r  any s a t s l l i t e  o r b i t  wi th  

P l  known v a l u e  of t h e  p l a n e t  sphere  of a c t i o n  e n t r y  v e l o c i t y  Vm . 
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CHAPTER 7 .  OPTIMIZATION OF INTERPLANETAEY VEEICLE BALLISTIC 

DESIGN CHARACTERISTICS WITH ACCOUNT FOR ACTIVE 

FLIGHT SEGMENT LENGTH 

5 1. OPTIMIZATION OF INTERPLANETARY VEHICJ,E BASIC DESIGN 

PARAMETERS AND PLANETOCENTRIC FLIGHT SEGMENTS 

The i n t r o d u c t j o n  of the  pa tched  con ic  b a l l i s t i c  f l i g h t  /213 
t r a j e c t o r y  approximation makes i t  p o s s i b l e  t o  c r e a t e ,  examining 
v e h i c l e  motion i n  p l a n e t o c e n t r i c  c o o r d i n a t e s ,  methods f o r  
s e l e c t i n g  t h e  b a s i c  des ign  parameters  and c a l c u l a t i n g  t h e  powered 
a c c e l e r a t i o n  o r  d e c e l e r a t i o n  segment of t h e  r e q u i r e d  i n t e r p l a n e -  
t a r y  v e h i c l e  hyperbo l i c  d e p a r t u r e  o r  a r r i v a l  o r b i t  f o r  known 
c h a r a c t e r i s t i s s  of  t h e  i n t e r o r b i t a l  t r a j e c t o r y  h e l i o c e n t r i c  
segment. Here, t h e  primary requi rement  i s  pa tch ing  of  t h e  
h e l i o c e n t r i c  segment w i t h  t h e  hyperbo l i c  d e p a r t u r e  and a r r i v a l  
o r b i t s .  The s o l u t i o n  of  t h e  pa tch ing  pyoblem depends t o  6 

.r* 

c o n s i d e r a b l e  degree  on t h e  method and accuracy  of  h e l i o c e n t r i c  3 
'3 

segment de te rmina t ion .  If i t  i s  c a l c u l a t e d  without  account  f o r  e 

t h e  p e r t u r b i n g  i n f l u e n c e  of t h e  E a r t h  and t h e  d e s t i n a t i o n  p l a n e t  i 

and t h e  e x t e n t  of t h e  p l a n e t  g r a v i s p h e r e s ,  when t h e  p o i n t  of  S C  3 

d e p a r t u r e  from t h e  E a r t h ' s  g r a v i s p h e r e  and t h e  p o i n t  of SC e n t r y  3 
i n t o  t h e  p l a n e t  g r a v i s p h e r e  a r e  made t o  co inc ide ,  r e s p e c t i v e l y ,  i 

with  t h e  p o i n t s  a t  which t h e  SC i n t e r o - r b i t a l  t r a r ' s f e r  o r b i t  
c r o s s e s  t h e  o r b i t s  of t h e  E a r t h  and t e s t i n a t i o n  p l a n e t ,  the11 
s o l u t i o n  of t h e  s e g ~ e n t  pa tch ing  problem i s  ob ta ined  wi th  
s a t i s f a c t i o n  of  t h e  e q u a l i t y  - I' v . ~ = V ~ - V ~ ,  J~~ Bf - Opl ' (7 .1 .1)  



Here V* V-, a r e  t h e  hyperbol ic  excess  v e l o c i t i e s  of  t h e  

d e p a r t w e  and a r r i v a l  o r b i t s ,  respe::ively, achieved by t h e  SC 

dur ing  motion i n  t h e  p l a n e t o c e n t r i c  coord ina tes .  This  s o l u t i o n  
technique  i s  s imples t  and b a s i c a l l y  r ! t i s f i e s  t h e  SC d e s i g n  
a n a l y s i s  accuracy requi rements .  

I n  t h e  o t h e r  technique  f o r  c a l c u l a t i n g  t h e  i n t e r p l a n e t a r y  
t r a j e c t o r y  h e l i o c e n t r i c  segment, when t h e  e x t e n t  of t h e  p l a n e t  
g rav i spheres  i s  taken i n t o  account ,  ti;? magnitudes of t h e  v e c t o r s  
(Vi-Ps) and (Vf - v ) w i l l  depend on t h e  p o i n t  of SC d e p a r t u r e  ('214 

PI 
from and e n t r y  i n t o  t h e  p l a n e t  g r a v i s p h e r e s .  I n  t h i s  case ,  a  
s a t i s f a c t o r y  s o l u t i o n  of t h e  i n n e r  and o u t e r  problems can be 
found only by j o i n t  examination o f  both problems. 

We s h a l l  i n i t i a l l y  s o l v e  t h e  problem of s e l e c t i  g t h e  b a s i c  
SC des ign  parameters ,  opt imiz ing t h e s e  parameters ,  and c a l c u l a t i n g  
t h e  powered f l i g h t  segment and hyperbol ic  o r b i t s  i n  t h e  p l a n e t  
gravisphere  under t h e  assumption t h a t  pa tching uf t h e  he l iocen-  
t r i c  segment w i t h  t h e  hyperbol ic  d e p a r t u r e  and a r r i v a l  o r b i t s  is  
obta ined by s a t i s f a c t i o n  of t h e  e q u a l i t i e s  (7 .1 .1 ) .  S a t i s f a c t i o n  
of (7 .1 .1)  corresponds t o  t h e  c o n t i t i o n s  

where Vooo, 10, - V m I s  v -f ' ITf - Ti I a r e  s c a l a r  va lues  of t h e  
0 

p l  
vec to r s ;  VmO, vLlf a r e  u n i t  v e c t o r s .  

We assume t h a t  t h e  s c a l a r  va lues  of V* Vaf and t h e  u n i t  

v e c t o r s  %, v;'" a r e  known from de te rmina t ion  of t h e  h e l i o c e n t r i c  
' f 

segment. Therefore,  we must s e l e c t  t h e  b a s i c  SC des ign  param- 
e t e r s  p f  and no and determine t h e  powered boost o r  braking 



Figure  7.1.1. Bcost segment: 
A- end of powered boost 
segment; 0- beginning of 
powered boost segment; 1- 
parking o r b i t  Blane; 2- 
parking o r b i t  ; 3- d e p a r t u r e  
hyperbola; 4- asymptote; 5- 
boost  szgment; 6- l i n e  of 
ascending node of depar tu re  
o r b i t  p lane  

Figure  7.1.2. Braking segment: 
T- beginning of powered braking 
segment; K- end of powered 
braking segment; 1- f i n a l  ;i 

o r b i t  plane;  2- f i n a l  o r b i t r  
3- a r r i v r :  hyperoola; 4- $ 
asymptote -;i 
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segment" and t h e  hyperbolic  d e p a r t u r e  o r  a r r i v a l  o r b i t  s o  t h a t  
#, 

t h e  s p e c i f i e d  vklues  of V @  and ii:, o r  Vaf and vtf w i l l  be 
rf 

s a t i s f i e d .  I n  so lv ing  t h e  posed problem, we s h a l l  assume t h a t  -2 
i: 

t h e  powered boost  and breking segments and t h e  hyperbol ic  depar- /215 .) 
t u r e  and a r r i v a l  o r b i t s  l i e  i n  t h e  parking and f i n a l  o r t i t  
p l anes ,  r e s p e c t i v e l y  (F igures  7 .1 .1  a ~ d  7 .1 .2 ) ,  which must be 

rz s 
T 

def ined .  Th i s  s a t i s f i e s  t h e  Sequirement f o r  ob ta in ing  minimal -'i 
energy expend i tu res ,  s i n c e  t h e r e  a r e  no expendi tures  on a 
nonplanar maneuver. 

Let s a t i s f a c t i o n  of t h e  requirements  (7.1.2)  be imposed on 
t h e  i n t e r p l a n e t a r y  v e h i c l e  boos t  module - and t h e  requi rements  
(7.1.3) be imposed on t h e  r e t r o  ~ o G u l e .  We t u r n  t o  t h e  problems 
of b a l l i s t i c  des ign  of t h e  3oost  and e n t r y  modules, i.e,, 

s e l e c t i o n  of t h e  b a l l i s t i c  des ign  c h a r a c t e r i s t i c s  of t h e  boost  
and r e t r o  modules. 



INTERPLANETARY VEHICLE BOOST MODULE 

The boost  module des ign  problem invo lves  s e l e c t i n g  t h o s e  

b a l l i s t i c  des ign  c h a r a c t e r i s t i d s  f o r  which t h e  s ~ e c i f i e d  V,, 

a ~ d  Pmo va lues  w i l l  be ot j ta lned.  It i s  impor tant  t o  f i n d  a 
s o l u t i o n  i n  which t h e  r e l a t i v e  u s e f u l  l o a d  r e a c h e s  t h e  

maximal va lue  (max u U l )  We s h a l l  term t h e  b a l l i s t i c  d e s i g n  

c h a r a c t e r i s t i c s  cor responding  t o  max uul t h e  o g t i m l  boos t  

module b a l l i s t i c  des ign  c h a r a c t e r i s t i c s .  Search  f o r  t h e  op t ima l  
b a l l i s t i c  des ign  c h a r a c t e r i s t i c s  c o n s t i t u t e s  t h e  p r i n c i p a l  
problem of boost module b a l l i s t i c  d e s i g n .  The s a l i e n t  f e a t u r e  

of t h i s  problem i s  t h a t  t h e  VWo and V t o  v a l u e s  found from t h e  
o u t e r  problem s o l u t i o n  a r e  cons tan t  and independent of  t h e  

b a l i i s t i c  des ign  c h a r a c t e r i s t i c s .  Th i s  f e a t u r e  makes it p o s s i b l e  

t o  break  t h e  e n t i r e  b a l l i s t i c  des ign  problem down i n t o  two 

p r o b l e m :  b a l l i s t i c  desigr! and b a l l i s t i c  n a v i g a t i o n .  

The s u b j e c t  m a t t e r  of  t h e  b a l l i s t i c  d e s i g n  problem i s  

s e l e c t i o n  of t h e  b a s i c  module des ign  parameters  pf and no, and 

a l s o  de termineat ion  of t h e  powered f l i g h t  segment and t h e  hyper- 

b o l i c  t ' epar ture  o r b i t  Kepler ian  e lements ,  which c h a r a c t e r i z e  i t s  

shape and d i i m n s i ~ r ; ~  f o r  wh ich  t h e  sgecif iec!  1 '  value Is 

s a t i s f i e d .  Opt imiza t ion  of t h e  b a l l i s t i c  d e s i g n  c h a r a c t e r i s t i c s  
involves  t h e  s o i u t i o n  of t h i s  problem on ly .  

The s o l u t i o n  of t h e  b a l l i s t i c  n a v i g a t i o n  problem i n v o l v e s  

l o c a t i n g  t h e  park ing  o r b i t  p l ane  ( i n  which, by assumption,  t h e  
powered boost segment and hyperbo l i c  d e p a r t u r e  o r b i t  a r e  

l o c a t e d )  i n  t h e  g e o c e n t r i c  c o o r d i n a t e  system and t h e  p o i n t  of SC 

launch from t h e  ga rk ing  o r b i t  which s a t i s f y  t h e  c o n d i t i o n  f o r  
. - 
V ~ O  . This  problem must obvious ly  be so lved  wi th  account  f o r  

t h e  requirements  on park ing  o r b i t  p l ane  s e l e c t i o n  f o r  b o o s t e r  

r ccke t  i n s e r t i o n  of maxin;al u s e f u l  load  i n t o  o r b i t .  



BALLISTIC DESIGN PROBLEM 

The primary d i f f i c u l t y  i n  s o l v i n g  t h e  b a l l i s t i c  d e s i g n  

problem l i e s  i n  c o r r e c t  r e p r e s e n t a t i o n  and e v a l u a t i o n  o f  t h e  

boost  module p o ~ ~ e r e d  f l i g h t  segment. I n  t h e  g e n e r a l  c a s e ,  

r e l a t i v e l y  exac t  c o n t r o l l e d  f l i g h t  c h a r a c t e r i s t i c s  can  be ob ta ined  

only  by numerical  i n t e g r a t i o n  o f  t h e  system of d i f f e r e n t i a l  

equa t ions  of motion ( s e e  § §  2 and 3 of Chapter  1). I n  t h i s  case ,  

i t  i s  necessary  t o  r e s o r t  t o  t h e  mathemat ica l  t h e o r y  of  op t ima l  

f l i g h t  v e h L c l e  d e s i g n  ( s e e ,  f o r  example, [43]) i n  o r d e r  t o  s o l v e  
t h e  main problem, which i s  s e l e c t i o n  of t h e  op t ima l  motion 
regime and op t ima l  b a s i c  d e s i g n  parameters .  Although t h e  so lu -  - 
t i o n s  ob ta ined  us ing  t h i s  approach a r e  e x a c t ,  t h e y  a r e  d i f f i c u l t  

*? 

and expensive t o  o b t a i n .  We must f a n e  each  t ime t h e  "curse"  

of  i t e r a t i o n  p rocess  convergence and e v a l u a t i o n  o f  the -boundary  

and o t h e r  c r i t e r i a 1  c o n d i t i o n  s a t i s f a c t i o n  accuracy .  There fo re ,  
every d e s i g n e r  cannot always permi t  h imsel f  t h e  l l luxuryll  of 

us ing  such time-consuming o p t i m i z a t i o n  a l g o r i t h m s .  (It i s  

obvious t h a t  i t  may be d i f f i c u l t  t o  avold  us ing  F L  ch a l g o r i t h m s  

i n  many c a s e s  and a t  c e r t a i n  SC d e s i g n  a n a l y s i s  s t a g e s . )  

I n  t h i s  connect ion ,  t h e  u s e f u l n e s s  of approximate methods 

f o r  c a l c u l a t i n g  SC b a l l i s t i c  d e s i g n  c h a r a c t e r i s t i c s  becomes 
t j ~ d e y s t s n ~ a ~ l e  m ~ -  r r l c  a P p ~ . v x u u a i e  ----- - --'--- metnod f o r  c a l c u l a t i n g  t n e  

powered segment and s e l e c t i n g  t h e  b a s i c  SC d e s i g n  parameters  
F 

! 

can  be used t o  e v a l u a t e  t h e  powered segment k inemat ic  g a r a q e t e r s  . . 
;1. 

and s e l e c t  t h e  b a s i c  boos t  module d e s i g n  pa ramete r s  which s a t i s f y  -2 
t h e  s p e c i f i e d  v a l u e  of Vmo qu ick ly  and wi thout  r e s o r t  t o  l a r g e  3 

d i g i t a l  computers. Such a method i s  t h a t  d e s c r i b e d  i n  d e t a i l  

i n  § 3 of Chapter 2 .  Another advantage of  t h i s  method i s  t h a t  

it makes It p o s s i b l e  t o  de termine  approximately t h e  op t ima l  
va lues  of t h e  p r i n c i p a l  d e s i g n  paramet.ers . 



Bearing i n  mind t h a t  t a n g e n t i a l  c o n t r o l  of t h e  t h r u s t  
v e c t o r ,  as was s h ~ w n  i n  1 3 o f  Chapter 2, i s  c l o s e s t  t o  op t ima l  
c o n t r o l ,  we u t i l i z e  approximate i n t e g r a t i o n  o f  t h e  system o f  
d i f f e r e n t i a l  equa t ions  of t h e  c o n t r o l l e d  motion f o r  such  c o n t r o l .  
Then, i n  accord  wi th  (2 .3 .19) ,  (2.3.23),  and (2.3.28) ,  (2.3.32),  
we have 

where 

S ince  t h e  d e p a r t u r e  o r b i t  hype rbo l i c  excess  v e l o c i t y  

t h e  energy i n t e g r a l  c o n s t a n t  a t  t h e  end of t h e  powered segrtient 

must be 



o r ,  i n  r e l a t i v e  q u a n t i t i e s  

where 

7 

'cir o  =1/2- i s  t h e  c i r c u l a r  v e l o c i t y  of  t h e  c i r c u l a r  p a r k i n g  

o r b i t  w i t h  r a d i u s  ro.  

I n  accord  wi th  t h e  energy i n t e g r a l ,  t h e  fo l lowing  e q u a l i t y  

must be  s a t i s f i e d  a t  t h e  end of t h e  powered boos t  segment 

S u b s t i t u t i n g  i n t o  t h i s  equa t ion  t h e  v a l u e s  of E, and 'Fa 

from (7 .1 .4)  and ( 7 . l . 6 ) ,  we r i n d  

Thus, t h e  requirement  on s a t i s f a c t i o n  of  t h e  s p e c i f i e d  

hyperbo l i c  excess  v e l o c i t y  \'," can  be a s s o c i a t e d  w i t h  s a t i s f a c -  

t i o n  of  (7 .1 .10 ) .  



For g iven c i r c u l a r  parking o r b i t  he igh t  and known powerplant 
p r o p e l l a n t  c h a r a c t e r i s t i c s ,  t h e  r i g h t  s i d e  of (7.1.10) depends 
only on t h e  b ~ . s i c  d e s i g n  parameters  uf and no.  Therefore ,  

s e l e c t i o n  of t h e  b a s i c  des ign  parameters  is  a s s o c i a t e d  wi th  

s o l u t i o n  of (7 .1 .10)  f o r  pf o r  n  0 ' Moreover, (7.1.10) makes it 

p o s s i b l e  t o  determine t h e  dependence of no on uf o r  uf on no, 

s a t i s f a c t i o n  of which when s e l e c t i n g  pf makes i t  p o s s i b l e  t o  

speak of s a t i s f a c t i o n  o f  t h e  f i r s t  e q u a l i t y  (7 .1 .2 ) .  Solving 
( 7 1 . 1 0  f o r  ng, we o b t a i n  

where 

We w r i t e  (7.1.11) i n  d i f f e r e n t  form as 

where 

Wra 

v'iarc sin q 

Equation (7.1.11)  o r  (7.1.14)  f o r  a  g iven  8- and known 
values  of and w permi ts  c a l c u l a t i n g  no as  a f u n c t i o n  of u f .  



It i s  t r u e  t h a t  we must bea r  i n  mind t h a t  t h e  cho ice  o f  pp for 

given  O, i s  c o n s t r a i n e d  by upper pfU and lower vr l  l i m i t s .  The 

upper l i m i t  uf, cor responds  t o  impuls ive  v e l o c i t y  change, which 

cor responds  t o  t h e  e q u a l i t y  s insA I,= 0 as a consequence of %--- 
no 

and i n  accord wi th  (7.1.1.0) l e a d s  t o  t h e  c o n d i t i o n  

and, consequent ly ,  i n  accord  wi th  (7.1.81, t o  t h e  e q u a l i t y  

The lower l i m i t  pfl  i s  determined by v a l u e s  of no = 0.1 o r  

va lues  of t h e  r a d i c a n d s  i n  (7 .1 .12)  c l o s e  t o  zero .  

C a l c u l a t i o n  of no u s i n g  (7 .1 .14)  can  be s i m p l i f i e d  

cons ide rab ly  i f  t h e  f u n c t i o n  N i s  t a b u l a t e d  as a f u n c t i o n  of  
- 
U S  and pf i n  t h e  l i m i t s  p f l  < pf < +u, v a r y i n g  as a f u n c t i o n  

of Gp, and w.  

OPTIMIZATION OF BOOST MODULE BASIC DESIGX PARAMETERS pf 

AND no 

A r b i t r a r y  s e l e c t i o n  of uf i n  t h e  p r e v i o u s l y  i n d i c a t e d  

l i m i t s  may l e a d  t o  v a l u e s  of no f o r  which SC a c c e l e r a t i o n  t o  

t h e  s p e c i f i e d  va lue  hU = VW0 l e a d s  t o  s i g n i f i c a n t l y  reduced 

v a l u e s  of  t h e  r e l a t i v e  u s e f u l  l oad  Consequently,  we need 

t o  s e l e c t  t h o s e  v a l u e s  of pf an6 nil f o r  which t h e  s p e c i f i e d  

va lue  i s  achieved  w i t h  maximal r e l a t i v e  u s e f u l  load  pul .  



The r e l a t i v e  u s e f u l  load can be expressed i n  t h e  form of 
t h e  fo l lowing r e l a t i o n  o r  des ign  equa t ion  (.see, f o r  example, 
[42, Appendix]) 

where yi a r e  des ign  weight c o e f f i c i e n t s ,  whose v a l u e s  a r e  

determined from s t a t i s t i c a l  d a t a .  

The problem i s  formulated a s  fo l lows:  f i n d  t h e  opt imal  
9 and no va lues  f o r  which t h e  s p e c i f i e d  3- va lue  i s  achieved 

wi th  maximal uul, expressed by t h e  r e l a t i o n  (7 .1 .17) .  S ince  

w e  are requ i red  t o  s a t i s f y  t h e  s p e c i f i e d  z m ,  t h e  no va lues  a r e  

connected wi th  pf by (7.1.11)  o r  (7.1.14) .  Then t h e  necessary  

max c o n d i t i o n  i s  t h e  equa t ion  

If f d e s  depends l i n e a r l y  on pf and no, then  Ap = ( a f d e s / a p f )  

and An = -(afdes/anO) a r e  independent of them and t h e  maximum 

c o n d i t i o n  i s  expressed i n  t h e  form 

Bearing (7.1.14) and (7.1.15)  i n  mind, we r e p r e s e n t  t h e  max "l 

c o n d i t i o n  (7.1.18)  a s  fo l lows  



Considering t h e  e x p r e s s i o n s  f o r  q ( 7 . 1 . 1 2 )  and 

we w r i t e  t h i s  last  e q u a t i o n  i n  t h e  form 

where 

Equat ions  (7 .1 .19)  permi t  de termining  f o r  g iven  E ,  t h e  
op t ima l  v a l u e  pfoPt. We n o t e  t h a t  a f i n i t e  v a l u e  of  t h e  d e r i v a -  

t i v e  an,/apf e x i s t s  f o r  1 < m c 2 [ s e e  (7 .1 .19c ) J .  T h i s  makes 

it p o s s i b l e  t o  de termine  t o  some degree  t h e  pf range  i n  which 
- p:Pt e x i s t s .  Analys is  showed t h a t ,  f o r  m = 1 pf - qu, whi le  

f o r  m = 2 p f ,  e q u a l  t o  i t s  lower v a l u e  p f l ,  s a t i s f i e s  t h e  
equa t ion  





l i n e a r  dependence on t h e  t h r u s t  P 

where Q O ' PO are t h e  v a l u e s  o f  G and P a t  t h e  beginning of 
PP * PP 

t h e  examined t r u s t  v a r i a t i o n  range .  

Hence, 

where 

Considering t h e  r e l a t i o n s h i p s  adopted, we o b t a i n  

0  Sometimes i n  t h e  f i rs t  approximation we t a k e  G O  and P equa l  
PP 

t o  zero ,  which l e a d s  t o  t h e  e q u a l i t y  y = yp = ( a G p p ) / a P .  PP 

F igures  7.1.3 - 7.1.6 p r e s e n t  curves of t h e  d e r i v a t i v e  
ano/apf, determined numerical ly a s  a  r e s u l t  of i n t e g r a t i n g  t h e  

d i f f e r e n t i a l  equa t ions  of motion on a  d i g i t a l  computer, as a  
func t ion  of no and pf f o r  v a r i o u s  v a l u e s  of V O  . It i s  i n t e r -  

e s t i n g  t h a t  t h e  curves  of  anO/avf a s  a  f u n c t i o n  of no f o r  P = 
SP 

450 s form a  q u i t ?  narrow bundle,  which broadens somewhat f o r  

P s ~  
= 1000 s. Therefore,  t h e  opt imal  va lues  of nc f o r  t h e  

c h a r a c t e r i s t i c  q u a n t i t i e s  y and a f c  a r e  l o c a t e d  f o r  P = 
PP s P  

450 s i n  a  smal l  range,  a l though t h e  range  of \'d v a r i a t i o n  i s  
q u i t e  l a r g e  - from 2 t o  16 km/sec. For example, f o r  y = 

PP 



F i g u r e  7 * 1 . 3 .  D e r i v a t i v e  anoi3pf  as f u n c t i o n  of  t h r u s t - w e i g h t  

r a t i o  f o r  v a r i o u s  v a l u e s  of  t h e  h y p e r b o l i c  e x c e s s  v e l o c i t y  and 
PSp = 450 s e c .  

0:05 -- 0;02, t h e  o p t i m a l  v a l u e s  no Opt l i e  i n  t h e  r ange  no o p t  = 

0 .3  - 0.5  w i t h  v a r i a , t i o n  of Vmo = 2 - 16 km/sec, I f ,  i n  t h e  I 
f u t u r e ,  i n c r e a s e  of P  t o  800 - 1000 s e c  i s  no t  accompanied by /225 

SP - 
change o f  t h e  p o s s i b l e  r a n g e  of y 

P = Y~~ 
v a l u e s ,  t h e  upper  l i m i t  

o f  t h e - m t i m a l  v a l u e s  no Opt w i l l  advance t o  no = 1 . 0 .  



Figure 7.1.4. Derivative anO/a" as a function of thrust-weight 

ratio for various values of the hyperbolic excess velocity and 
Psp = 1000 sec. 

After calculatinb pf and no or pFpt and niPt, we use the 

- relations (7.1.4 -- 1 .  to determine the kinematic parameters 

+. 0.. i,, and xu of the end of the powered segment. As a result, 

we can find the hyperbolic departure orbit Keplerian elements 

ahd' Phd' and ehd from the formulas: 



Figure  7.1.5.  D e r i v a t i v e  ano/arf  as a f u n c t i o n  01 r e l a t i v e  
f i n a l  weight f o r  v a r i o u s  v a l u e s  of t h e  hyperbo l i c  excess  v e l o c i t y  
and P = 450 s e c .  

SP 

- - -3 

ehd [I t ( v - v ~ ' .  cos o~)']'". J 

ah, - phd/rO 

a n g l e  i s  found from t h e  equa t ion  

- - -  
cos p= - [I + (vWvara cos o~)']-'". (7..1.24) 

d e s i g n  problem i s  completelb so lved .  

where ahd - ahd/rO,  

Then, t h e  asymptote 

Thus, t h e  b : . . ~ l i s t i c  

BALLISTIC NAVIGATION PROBLEM 

After s o l v i n g  t h e  b a l l i s t i c  d e ~ i g n  problem, we d e t e r n i n e  
t h e  d e p a r t u r e  o r b i t  p l ane ,  c o i n c i d i n g  by assumption w i t h  t h e  
park ing  o r b i t  p l ane ,  and t h e  p o i n t  nf  d e p a r t u r e  on t h e  pa rk jng  



Figure  7.1.6. Der iva t ive  ano/auf a s  a  f u . c t i o n  of r e l a t i v e  
f i n a l  weight f o r  v a r i o u s  va lues  of t h e  hypzrbol ic  excess  v e l o c i t y  
and P = 1000 sec .  

SP 

o r b i t  f o r  which s a t i s f a c t i o n  of t h e  fo l lowing c o n d i t i o n  i s  
p o s s i b l e  

= (V0 - V*)W -0 

This  i s  t h e  s u b j e c t  o?' t h e  b a l l i s t i c  nav iga t ion  prob*em, 

Herea f t e r ,  w e  s h a l l  c a l l  t h e  u n i t  vec to r  V:o t h e  t a r g e t  - 
vec to r .  It i s  t h e  inpu t  va lue  f o r  t h e  b a l l i s t i c  nav iga t ion  
problem. Using (1.3.52) ,  we w r i t e  t h e  t a r g e t  v e c t o r  rea1izat ,Lor 
condi t  ton  



Convert ing t o  r e l a t i v e  q u a n t i t i e s ,  w e  r e p r e s e n t  t h e  ta -ge t  1226  

v e c t o r  r e a l i z a t i o n  c o n d i t i o n  (7 .1 .25)  i n  t h e  form 

- - 
fa PI.= [I---; (1- cosB)]+c-  

- ", 

-0 

-[sin$-tg8,(1-cos~)] _ - , 
" Y Bhd i 

$4 
3 4 

-s 

(7 .1 .27)  ? . p 
;% 
rt 

% 

where 

Ccnsequent ly ,  t h e  b a l l i s t i c  n a v i g a t i o n  problem s o l u t i o n  

amounts t o  s e l e c t i o n  of t h e  u n i t  v e c t o r s  2nd F:, s a t i s f y i n g  

t h z  v e c t o r  e q u a t i o n  ( 7 . 1 . 2 6 ) .  

The d i r e c t i o n  o f  t h e  bocs t  m o d ~ l e  powered segment te rmina-  

t i o n  p o i n t  r a d i u s  v e c t o r  i n  t h e  e q u a t o r i a l  g e o c e n t r i c  c o o r d i n a t e  
system w i l l  be de te rmined  by t h e  d e p a r t u r e  c # r b i t  Kep le r i an  

a n g a l s r  e lements :  S l  ascend ing  node longitude; i o r b i t  p l a n e  

-'Ln:-Anation; w p 3 r i c e n t e r  a n g u l a r  d i s t a n c e ,  and ua argument of  

t h e  l a t i t u d e  ( s e e  5 3, Chapter  1). Consequent ly ,  we have 
- 
r,O= (cos u, cos Q - sin u,sin Q cos i) rs+ (cos u, sin Q f 

+ sin L~ cos S? cos i)?&(sin ua sin i)<, 

where i,, i,, i, a r e  t i le g e o c e n t r i c  e q u a t o r i a l  system u n i t  v e c t o r s .  
Z f t e r  d i f f e r ~ n t i a t i n g  (7 .1 .28)  w l t h  r e s p e c t  t o  t ime  anrj sorile 

t r a n s f o r m a t i o n s ,  we f i n d  
-0 - 
Vo= - [sin (u, - 6,) cos 8 1- cos (u, - - &)sin 9'20s ;I i8- 

-[sin (ua-8,)sin Q-cos(u,-P.)cosQ cosi]<-t 

+- [COS (u, - 8,) sin iji,. 



We r e p r e s e n t  t h e  hyperbol ic  excess  v e l o c i t y  u n i t  v e c t o r  i n  
t h e  form 

- 
V!,O=(COS% cos $)i=+(sin a,c0s8~) sin 6,& (7.1.30) 

where a. i s  t h e  r i g h t  a scens ion  of t h e  t a r g e t  v e c t o r ;  60 i s  

t h e  d e c l i n a t i o n  of t h e  t a r g e t  v e c t o r  ( s e e  § 1, Chapter 4 ) .  

Considering (7.1.28) - (7.1.303, we express  t h e  v e c t o r  
equat ion  (7.1.26) i n  t h e  form of  t h e  fo l lowing  t h r e e  s c a l a r  
equat ions  

cos a, cos a,= - A, ([sin (u, - 0,) -k B, cos u,] cos Q + (7.1.31) 
+ [cos (11,- 0 , ) -  Br sin u,] sin 2 cos i ] ;  

sin a,cos So= - A,  ifsin (u,-0,)+ B, cosu,] sin Q- 

- [cos (u, - 0,) - Br sin ua] cos 9 cos i ) ,  (.7,1.32) 

sin a,= A, [COS (u,- 0,) - Br sin ua] sin i (7.1.33a) 

. . sin bo sin r = - 
A, [cos (u, - 4,) - 8, sin u,] 

' 

where 



Equations (7.1.31) - (7.1.33) are the target vector reali- 

zation condition in scalar form. The solution of the ballistic 

navigation problem is now concretized: it amounts to satisfac- 

tion of the scalar target vector realization conditioz, 

MuT.tiplying (7.1.31) and (7.1.32) by cos 52 and by sin 52, 

respectively, and combining, after transformations, we obtain 

(8 - a,,)= - A- [sin (ua- 0,) + B, eosd .  
ma0 

After multiplying (7.1.31) an? (7.1.32) by -sin 52 and by cos R ,  

respectively, and combining, as a result of transformations, we 

find 

A, cos 1 sin (Q - a,)= - ----- . [cos (u, - 0,) - B, sin u,] 
cos uo 

or with account for (7.1.33), 

Solving (7.1.33) for sin ua and cos ua, we obtain the 

c b],'l + bz-c2  cos U, -- - 
1 +b2 '  

where 

sin 0, - B, sin Uo b= , C= 
cos 0, A, sin i cos 0, 

In accordance with the definition of ua (see Figure 7.1.11, 

the angular distance of' the module parking orbit departure point 

from the ascending node line 



Thus, f o r  known powered boos t  segment end k inema t i c  para-  

m e t e r s , t h e r e l a t i o n s  (7 .1 .35 )  - (7 .1 .37 )  make i t  p o s s i b l e  t o  

de te rmine  as a f u n c t i o n  o f  t h e  p a r k i n g  o r b i t  ( o r  d e p a r t u r e  o r b i t )  
p,ane i n c l i n a t i o n  a n g l e  i and t h e  s p e c i f i e d  3-. aovbo t h e  a scend ing  
node l o n g i t u d e  Q and module d e p a r t u r e  p o i n t  from t h e  p a r k i n g  
o r b i t .  It would appear  t h a t  t h e  b a l l i s t i c  n a v i g a t i o n  problem 

has  been so lved .  However, t h e  q u e s t i o n  o f  p a r k i n g  o r b i t  p l a n e  
i n c l i n a t i o n  a n g l e  i s e l e c t i o n  remains  open. 

Gene ra l ly  speaking ,  t h e  p a r k i n g  p l a n e  i n c l i n a t i o n  a n g l e  i 

cho ice  i s  c o n s t r a i n e d  by v a r i o u s  r equ i r emen t s  on t h e  r o c k e t  

boos ted  SC i n s e r t i o n  segment.  I n  o r d e r  t o  r educe  t h e  energy  

l o s s e s  on a nonplanar  maneuver, t h e  b o o s t e r  r o c k e t  powered SC 

i n s e r t i o n  segment i s  u s u a l l y  performed s o  t h a t  t h i s  segment 

l i e s  i n  t h e  p a r k i n g  o r b i t  p l a n e .  I n  t h i s  c a s e ,  t h e  c h o i c e  of  

t h e  a n g l e  i may be c o n s t r a i n e d  by a d m i s s i b l e  s a f e  a z i n u t h  v a l u e s  

and by k inema t i c  c o n s t r a i n t s  a r i s i n g  from t h e  requi rement  t h a t  

t h e  b o o s t e r  r o c k e t  powered S C i i n s e r t i o n  segment,  t h e  powered 
boos t  module segment,  and t h e  d e p a r t u r e  o r b i t  be l o c a t e d  i n  t h e  
d e p a r t u r e  o r b i t  p l ane .  The k inema t i c  c o n s t r a i n t s  a r e  exp res sed  

by t h e  f o l l o w i n g  i n e q u a l i t i e s  ( s e e  5 1, Chapter  4 )  

where cp i s  t h e  
s t  l aunch  

cos i ,< 4 cos 4; 
cosi( k cosyst, ( 7 .1 .38 )  

p o i n t  (cosmodrome) geographic  l a t i t u d e .  

For  f u l l  u t i l i z a t i o n  of  E a r t h ' s  r o t a t i o n a l  v e l o c i t y  when 

i n s e r t i n g  t h e  SC i n t o  t h e  p a r k i n g  o r b i t  by t h e  b o o s t e r  r o c k e t ,  

t h e  a n g l e  i should  be as small a s  p o s s i b l e .  Depending on t h e  

v a l u e s  o f a s t  and 6 0 ,  t h e  a n g l e  i t a k e s  a  d i f f e r e n t  minimal 

va lue .  If t h e  t a r g e t  d e c l i n a t i o n  6 0  i s  g r e a t e r  t h a n  t h e  launch 

> p o i n t  geographic  l a t i t u d e  mSt , i. e .  , 6 0  - pst ., t h e n  w i t h  accoun t  

f o r  t h e  c o n d i t i o n s  ( 7 . 1 . 3 8 ) ~  we o b t a i n  

cos imllr = -+ cos a,,. 



C k a ,  
0 a, .Q r: +, 
3 r n C  
c d o a  
4 0 0  

P 
al n 

a & r i  
C C  * ;  
c d c d t - a ,  



By v i r t u e  of t h e  r e l a t i o n s  (7.1.33)  - (7 .1 .35) ,  t h e s e  

e q u a l i t i e s  l e a d  t o  t h e  fo l lowing  e q u a t i o n s  

sin (B - a,)= -- sign (tg 8, c,g I) ,  

s in  (u, - 8,) + B, cos ud=O, 

A, [cos (u,-8,)- B, sin u,]=sign(sin 4). 

Solv ing  t h e  last two equa t ions  j o i n t l y ,  we ob ta in*  

cos u, == sign (sin I,J sin p. (7.1.42) 

> Consequently,  i n  t h e  c a s e  60 -ast ,  t h e  l o c a t i o n  of  t h e  

park ing  p lane  o r b i t  and boos t  module d e p a r t u r e  p o i n t  a r e  found 
from t h e  e q u a l i t i e s  (7 .1 .39 ) ,  (7 .1 .41 ) ,  and (7 .1 .42)  ve ry  s imply.  

INTERPLANETARY VEHICLE RETRO MODULE 

The r e t r o  module must p rov ide  f o r  i n t e r p l a n e t a r y  v e h i c l e  

i n s e r t i o n  i n t o  t h e  f i n a l  o r b i t  around t h e  d e s t i n a t i o n  p l a n e t ,  
when t h e  hyperbo l i c  a r r i v a l  o r b i t  i s  prece termined by t h e  

c o n d i t i o n s  (7 .1 .3 ) .  The re fo re ,  t h t  r e t r o  module b a l l i s t i c  d e s i g n  
problem breaks  down i n t o  two problems: t h e  b a l l i s t i c  d e s i g n  

and b a l l i s t i c  n a v i g a t i m  problems. 

Ballistic Design Problem 

The subjec5  of t h e  b a l l i s t i c  d e s i g n  problem i s  s e l e c t i o n  
of t h e  b a s i c  r e t r o  mcdule des ign  parameters  pf and no,  determina-  

t i o n  of  t h e  a r r i v a l  o r k i t  Kepler ian  e lements ,  which c h a r a c t e r i z e  

i t s  shape and dimensions,  znd cieterminat ion of ti..? r e t r o  power- 

p l a n t  a c t i v a t i o n  p o i n t  ir .  t h i s  o r b i t  t o  i n s e r t  t h e  module l n t o  

t h e  f i n a l  o r b i t .  Ws assume t h a t  t h e  module launches t h e  i n t e r -  

planetaYy v e h i c l e  t o  t h e  p e r i c e n t e r  of t h e  f i n a l  o r b i t .  

* We caa  say t h a t  t h e  s o l u t i o n  (7 .1 .42 )  i s  compat ib le  w i t h  t h e  
two i ? d i c a t c d  e q u a t i o n s .  



To s o l v e  t h e  posed problem, we use  t h e  approx lna te  method 
t o  i n t e g r a t e  t h e  d i f f e r e n t i a l  equat ions  of  motion wi th  t a n g e n t i a l  
c o n t r o l  ( s e e  5 3 ,  Chapter 2 ) ,  bear ing  i n  mind what we have s a i d  
p rev ious ly  about t h i s  method. Then, i n  accord wi th  (2 .3 .39)  - 

V 
C O S  eb = m bve b 

-2 - v 1 '  
'bCVm bve b  c i r  f ( 1  - --)I 

b 

d IJ 
xb - - - 7 lf 

V i d  
2 a "0 l ( l  + s i n  71,) 2 d~ 

"0 

where 

W v 
2 i l l  I" w =  = w  - 'b 

c i r  Gci r  f i  Fb - 7; 'cir f vfr f.rr 

A t  t h e  i n i t i a l  p o i n t  of t h e  powered r e t r o  segment, t h e  
energy i n t e g r a l  





The v a l u e s  of Nb can be t a b u l a t e d  as a f u n c t i o n  o f  vf f o r  v a r i o u s  

v a l u e s  o f  5 c i r  f' o r  vf = l/JCir and w. 

Here, as i n  t h e  preceding  problem, t h e  cho ice  of pr  i s  

bounded by upper pfu and lower p f l  v a l u e s .  The upper bound o f  

t h e  v a l u e s  i s  dccermined from t h e  equa t ion  

- 2  - - d2 + Vmf - 
%u exp (-  

Wvf 
" f ) .  

Eqxat ions (7.1.48)  o r  (7 .1 .49)  make i t  p o s s i b l e  t o  d e t e r -  
mine as a f u n c t i o n  o f  pf t h e  i n i t i a l  th rus t -weight  r a t i o  no 

v a l u e s  which permit  t h e  r e t r o  module f o r  a g iven  Gmf va lue  t o  

r e a c h  t h e  f i n a l  o r b i t  p e r i c e n t e r  wi th  t a n g e n t i a l  t h r u s t  c o n t r o l .  
Bearing i n  mind t h e  r e l a t i o n s  (7 .1 .43)  - (7 .1 .46 ) ,  we can 
speak i n  a c e r t a i n  sense  of b a l l i s t i c  des ign  problem s o l u t i o n .  
However, o p t i m i z a t i o n  of t h e  b a l l i s t i c  d e s i g n  s o l u t i o n s  s t i l l  

remains t h e  p r i n c i p r l  problem. 

OPTIMIZATION OF RETRO MODULE BASIC DESIGN PARAMETERS 

pf AND no 

The d e s i g n  weight equa t ion  f o r  t h e  r e t r o  module can a l s o  be 
r e p r e s e n t e d  i n  t h e  form ( 7 . 1 . 1 7 ) .  Then t h e  max irul c o n d i t i o n  

w i l l  be t h e  equa t ion  



- Q , c  
O C U  



The va lues  of a N b / a u p  can be t a b u l a t e d  as a f u n c t i o n  o f  u f  

f o r  f i x e d  va lues  of G W f ,  Gcir and w.  

BALLISTIC NAVIGATION PROBLEM 

The s o l u t i o n  of t h e  b a l l i s t i c  n a v i g a t i o n  problem depends 
on t h e  f i n a l  o r b i t  s p e c i f i c a t i o n  c o n d i t i o n .  If t h e  f i n a l  o r b i t  
p o s i t i o n  i s  not f i x e d ,  t h e  r e q u i r e d  l o c a t i o n  of  i t s  p lane  may 
be obta ined by s u i t a b l e  
po in t .  Bearing i n  mind 
t i c  nav iga t ion  problem, 
o r b i t  p lane  i n c l i n a t i o n  

choice of t h e  r e t r o  powerplant a c t i v a t i o n  
t h e  method f o r  s o l v i n g  t h e  boost  b a l l i s -  
we r e p r e s e n t  t h e  dependence of t h e  f i n a l  
ang le  if and ascending node long i tude  Qf 

on t h e  r e t r o  powerplant 
fo l lows : 

a c t i v a t i o n  point l a t i t u d e  argument ub as 

s i n  6, 
s i n  if = .L 

A [cos  (ub (7 -1 .51)  b  - € I b )  - B s i n  ubJ9 b 

s i n  (Qf - 

cos(Qf  - a , )  = - D . cos 6f [ s i n  (ub  - Q b )  + Bb cos ub]* 

where af and 6f a r e  t h e  t a r g e t  v e c t o r  0 0 ~  r i g h t  a scens ion  and 

d e c l i n a t i o n  i n  t h e  p l a n e t o c e n t r i c  coordinate  system 
- - 

= -  'ha i s  t h e  r e l a t i v e  f o c a l  parameter of t h e  hyperbo l i c  
'ha rfn 

a r r i v a l  o r b i t .  



S i n c e  t h e  fo l lowing  e q u a l i t y  h o l d s  ( s e e  F i g u r e  7 .1 .2)  

by s u i t a b l e  s e l e c t i o n  o f  t h e  f i n a l  o r b i t  p e r i c e n t e r  a n g u l a r  
d i s t a n c e  of u s i n g  t h e  r e l a t i o n s  1 . 5 1 )  and (7 .1 .52) ,  we can  

f i n d  t h e  d e s i r e d  v a l u e  o f  if o r  Q f .  Thus, t h e  b a l l i s t i c  naviga-  

t i o n  problem w i l l  be  so lved .  

5 2 ,  METHOD OF INTERPLANETARY VEHICLE BALLISTIC DESIGN 
CHARACTERISTIC CALCULATION AND OPTIMIZATION WITH 

ACCOUNT FOR PATCHING OF HELIOCENTRIC SEGMENT WITH 
PLANETOCENTRIC TRAJECTORY SEGMENTS 

I n  t h e  p r e c e d i n g  s a c t i o n ,  we s o l v e d  t h e  problem o f  op t imi -  /234 
z i n g  t h e  b a s i c  d e s i g n  pa rame te r s  and a c t i v e  f l i g h t  segment of a n  a 
i n t e r p l a n e t a r y  v e h i c l e  i n  a  p l a n e t  s p h e r e  of a c t i o n  f o r  g i v e n  4 
h y p e r b o l i c  e x c e s s  v e l o c i t y  v e c t o r  Pm. We assumed t h a t  t h e  h e l i c -  :% +' 

,a 
c e n t r i c  t r a j e c t o r y  segment was c a l c u l a t e d  without  account  f o r  ,$ 

3 
t h e  d i s t u r b i n g  i n f l u e n c e  o f  t h e  E a r t h ,  d e s t i n a t i o n  p l a n e t ,  and 'I 

4 
t h e  e x t e n t  of t h e  p l a n e t  a c t i v i t y  s p h e r e s ,  when t h e  p o i n t  o f  SC 9 

,". 
d e p a r t u r e  from t h e  E a r t h ' s  s p h e r e  of act!  , -rid t h e  p o i n t  o f  SC 9 

e n t r y  i n t o  t h e  p l a r e t t s  s p h e r e  of  t h e  a ',. :o?nc ide ,  r e s p e c t i v e l y ,  R 

wi th  t h e  p o i n t s  where t h e  SC i n t e r o i  b i t t  , - jeeLt-.?y c r o ~ s e s  t h e  I 
i' 

o r b i t s  o f  t h e  E a r t h  and che d e s t i n a t i o n  p . ~ a , . : l ~  11s assumpt ion  1 
s a t i s f i e s  SC p r e l i m i n a r y  d e s i g n  accu racy  r .2. :  " .  .n's and p e r m i t s  
s o l v i n g  q u i t e  s imply  t h e  problem o f  pa t ch in , .  : ,. h e I i 3 c e n t r i c  
segment w i t h  t h e  h y p e r b o l i c  d e p a r t u r e  and a r r ibs l  o r b l t s  by 

s a t i s f y i n g  t h e  c o n d i t i o n s  (7 .1 .1 ) .  

It i s  s i g n i f i c a n t  t h a t  t h e  s o l u t i o n s  o b t a i n e d  i n  § 1 were 
based on t h e  assumpt ion  t h a t  t h e  SC b a s i c  d e s i g n  p a r m e t e r s  and 
boos t  and r e t r o  segments do n o t  i n f l u e n c e  t h e  d e t e r m i n a t i o n  of  
t h e  i n t e r o r b i t a l  t r a j e c t o r y  h e l i o c e n t r i c  s e g m ~ x t .  However, t,.. i 



assumption is  no t  a lways l e g i t i m s ~ e ,  On t h e  c t h e r  hand, t h e  

methoa f o r  c a l c u l a t i n g  and op t imiz ing  t h e  b a l l i s t i c  d e s i g n  
c h a r a c t e r i s t i c s  of m u l t i s t a g e  i n t e r p l a n e t a r y  v e h i c l e s  i n  which 
t h e  d e p a r t u r e  and c a p t u r e  problems ( i n n e r  problems) and t h e  
problem of  de termining  t h e  i n t e r o r b i t a l  t r a j e c t o r y  h e l i o c e n t r i c  
segment a r e  examined t o g e t h e r  and wi th  account  f o r  t h e i r  mutllal 
i n f l u e n c e  i s  of i n t e r e s t  and ve ry  u s e f u l  and convenient  i n  
p r a c t i c e .  The p r e s e n t  s e c t i o n  i s  devoted t o  t h e  development and 
d i s c u s s i o n  of j u s t  such  a method. We s h a l l  p r e s e n t  a n  a l g o r i t h m  
f o r  de termining  bo th  t h e  opt imal  " ~ i n g l e "  i n t e r p l a n e t a r y  t r a n s f e r  
t r a j e c t o r y  from t h e  park ing  o r b i t  t o  t h e  f i n a l  o r b i t  around t h e  

p l a n e t  and t h e  optii. ,al m u l t i s t a g e  i n t e r p l a n e t a r y  v e h i c l e  b a s i c  
d e s i g n  parameters  p f  and no (i = 1, ..., n ) .  

We a r b i t r a r i l y  break t h ~  g e n e r a l  problem of  d e t e m l n i n g  t h e  
" s i n g l e "  i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r y  and t h e  m u l t i s t a g e  
i n f e r p l e n e t a r y  v e h i c l e  b a s i c  des ign  parameters  I n t o  t h r e e  
prob1ea.s: t h e  problem of b a l l i s t i c  c a l c u l a t i o n  of t h e  i n t e r -  - 
p l a n e t a r y  t r a n s f e r  h e l i o c e n t r i c  s e ~ m o n t ,  t h e  des ign  problem, 
and t h e  n a v i g a t i o n  problem." 

BALLISTI: CALCULATION OF HELIOCENTRIC SEGMENT 

The o b j e c t i v e  of  b a l l i s t i c  calculat!on of t h e  i n t e r p l a n e t a r y  
f l i g h t  h e l i o c e n t r i c  segment i s  de te rmina t ion  of  t h e  ~ i n e m a t i c  
p a r a n e t e r s  a t  t h e  : :eginning ( p o i n t  Po i n  F i g u r e  7 .2 .1)  and end 

p o i n t  P f )  p o i n t s  of  t h e  t r a n s f e r  o r b i t ,  t h e  t r a n s f e r  t ime A t ,  

a ~ d  t h e  hyperbo l i c  excess  v e l o c i t i e s  VmO and Vmf,  which a r e  t h e  

i n i t i a l  v a l u e s  f m  s o l u t i o n  of  t h e  d e s i g n  problem. 
- ..- 
* Here, as i n  5 1, t h e  term "nav iga t ion  problem'' i s  t o  be t aken  
i n  a r e s t r i c t e d  sense .  It a p p l i e s  o ~ l y  t o  t h e  SC b a l l i s t i c  
des ign  a n a l y s i s  s t a g e .  



'a- 
?# 

Figure  7.2.1. Kinematics of F igure  7.2.2.  Ve loc i ty  t r i a n g l e  -3  .. 
i n t e r p l a r  , ~ t a r y  f l i g h t  h e l l o -  a t  p o i a t  Po 
c e n t r i c  b~gment :  
1- Ceparture p l a n e t  (Earth! 
o r b i t ;  2- d e s t i n a t i o n  I n  t h e  rec tangula?  
planet orbit; 3- coordinate syst-n w i t h  o r i g i n  
segment 

coincid ing w i t i ,  Bhe p o s i t i o n  of 
t h e  Ear th  a t  t h e  i n i t i a l  i ime ( p o i n t  P O ) $  t h e  Sc h e l i o c e n t r i c  

v e l o c i t y  v e c t o r  v0 can be expressed i n  t h e  form 

Here v,, vo, a r e ,  r e s p e c t i v e l y ,  t h e  p roJec t i cna  of t h e  SC h e l i c -  
c e n t r i c  v e l o c i t y  V cn t h e  r a d l u s  Rae. and on t h e  n c m a l  t o  t h e  0 

- . -  
r a d i u s  i n  t h e  t r a n s f u r  o r b i t  p lane;  i t  i a r e  u n i t  v e c t o r s  
(Figure  '1.2.2); i, i s  p a r a l l e l  t o  t h e  r a d i u s  v e c t o r  Am u f  

po in t  Po and 6 i r e c t e d  away from t h e  Sun; L i s  p a r a l l e l  t o  t h e  

Z a x i s  of t h e  h e l i o c e n t r i c  e c l i p t i c  system and c o h c i d e s  w i t h  

? t s  p o ~ l t l v e  d i r e c t i c n ;  i, forms t h e  r ight-hand iiystem; i s  

t h e  t r ans i ' e r  o r b i t  

3ETERMINATION 

p lane  inclination t o  

OF IiYPE3BOLIC EXCES3 

t h e  e c l i p t j c  p lane .  

VELOCITIES VmO A N D  Vmr /236 i 
3 

Considering t h e  v e l o c i t y  t r i a n g l e  a t  t h e  y 3 i n t  P ( s e e  0  9 2; . - 
Figu-e 7.2.2). we r e p r e s e n t  t h e  hyperbol ic  excess  v e l o c i t ~  
v e c t o r  Pd as: 

27 6 

- .--- .. . . - -. .- . - ----- 
'---.II, 



- 
V,o= (Vw - v*) 7, + (v& cos io- Vet) 1- + V,. sin i&. 

Hence, we o b t a i n  

where - 
V,o= 

v-0 

( see  § 1, p. 254); 

a@ i s  t h e  E a r t h ' s  o r b i t  semimajor a x i s ;  ro i s  t h e  c i r c u l a r  

park ing  o r b i t  r a d i u s .  

Considering t h e  express ions  

Qw= QO sin go, Q, = Vo cos go, I 

where Ro=Rsola~;OO i s  t h e  t r a m f e r  o r b i t  t r a j e c t o r y  a n g l e  a t  t h e  
po in t  Po and a i s  t h e  t r a n s f e r  o r b i t  semimajor a x i s ,  we t r a n s -  

form (7 .2 .2)  t o  t h e  form 

where p  i s  t h e  t r a n s f e r  o r b i t  f o c a l  parameter .  

#For c a l c u l a t i o n  of  p l a n e t a r y  motion k inemat ic  parameters ,  
s e e  Appendix. 



I n  view of  t h e  f a c t  t h a t  ea = 0.01657 < 1, i n  t h e  first /?37 

approximation we can assume t h e  Earth 's  o r b i t  t o  be c i r c u l a r ,  
i . e . ,  eoo=0 , which pe rmi t s  w r i t i n g  (7.2.4a)  a s  

We express  t h e  hyperbol ic  excess  v e l o c i t y  Smf a t  t h e  p o i n t  

Pf s i m i l a r l y  i n  t h e  form of t h e  r e l a t i o n  

'C7.2.5) 
Here 

Vf r and V f T  a r e ,  respectively, t h e  p r o j e c t i o n s  of t h e  SC h e l i o -  

c e n t r i c  v e l o c i t y  Vf on t h e  r a d i u s  Rpl and on t h e  normal t o  

t h e  r a d i u s  i n  t h e  t r a n s f e r  o r b i t  p lzne ;  

r i s  t h e  p e r i c e n t e r  r a d i u  of t h e  f i n a l  o r b i t  around the TIT 

p l a n e t ;  if i s  the  t r a n s f e r  o r b i t  p lane  i n c l i n a t i o n  t o  t h e  d e s t i -  

n a t i o n  p l a n e t  o r b i t  p lane  (see F igure  7 . 2 . 1 ) .  



Considering t h e  e q u a l i t i e s  - 
irf r = jf s i n  e f ,  v fT = Gf cos e f ,  

-, 

vf = b ( 2  - Rf $, 
Rf 

R 
where Rf = and Of  i s  t h e  t r a n s f e r  o r b i t  t r a j e c t o r y  ang le  

a t  t h e  po in t  Pf,  we wr i t e  (7 .2 .5)  i n  t h e  form 

Rf p - T  - a  xf - -(I + -) - 2 - J h c o s  if + t g  ef  t g  epl kf - 4 C 4  a  a 
PI * f  

Since e < 0.095 f o r  t h e  p lane t s  (except f o r  Mercury and P lu to ,  1238 
P l  

see  Appendix), assuming i n  t h e  f i r s t  approximation t h a t  t h e  
d e s t i n a t i o n  p lane t  o r b i t s  a r e  c i r c u l a r ,  we ob t a in  

Rf 
- 

1 / 2  = Xf ( 3  - ;;-- 216 cos i f)  . 
3af q 

DETERMINATION OF ANGULAR VARIABLES @, i,, if 

An important parameter which determines t o  a  considerable  
degree t h e  i n t e rp l ane t a ry  t r a j e c t o r y  h e l i o c e n t r i c  segment kine- 
matic c h a r a c t e r i s t i c s  i s  the  t r a j e c t o r y  angle  @ - t h e  angular  
d i s t ance  from t h e  po in t  Po t o  t h e  point  Pf i n  t h e  t r a n s f e r  o r b i t  

plane ( see  Figure 7.2.1). Using the  sphe r i ca l  trigonometry 
cosine theorem, we f i n d  from t h e  sphe r i ca l  t r i a n g l e  a P i P o '  ( see  
Figure 7.2.1) 

cos @ = cos um cos U - sin uw sin u p1 f COs 

- 
where u w = 2 x - ( u ~  -Q p l  f ) ;  

* For algori thm t o  c a l c u l a t e  BeO and u  pl f ,  see  Appendix. 



P o t  and Pi1 a r e  t h e  p r o j e c t i o n s  of t h e  p o i n t s  Po and Pp on t h e  

u n i t  sphere .  

S ince  4J < (upl + ug0 ), t h e  quadrant  of t h e  a n g l e  4J is 

determined b a s i c a l l y  by t h e  quadrant of  t h e  ang le  (.u 
I, 

p l  f + %o) .  T 

i . e . ,  I 

sin (O =sign [sin ( u 
PI f 

+ ueo) I J/Lcos''P 

It i s  not  d i f f i c u l t  t o  show t h a t ,  f o r  u p l  f + 

= T ,  t h e  

i n e q u a l i t y  (IT - i ) < @ < T ho lds .  Using t h e  s i n e  and cos ine  
p l  

theorems, we o b t a i n  from t h e  s p h e r i c a l  t r i a n g l e  %Pf'P: 

s i n  u 
s i n  i0 - - Sin ipl s inp@ ; 

cos  u - cos ueo cos  4J 
cos lo = s i n  uBO s i n  @ * 

s i n  ugtO 
s i n  if = s i n  ipl sin ; 

cos UeO - C U S  U COS 4J 
C O S  if = s i n  u p l  f Sin 

5 
DETERMINATION OF INTERPLANETARY FLIGHT HELIOCENTRIC SEGMENT 

X 

TIME A t  AND TRANSFER ORBIT FOCAL PARAMETER p i. 
: 

I n  t h e  p r e s e n t  case ,  i t  i s  s imple r  and e a s i e r  t o  determine ,?. 
5 

t h e  f l i g h t  t ime A t  from p o i n t  Po t o  p o i n t  Pf and t h e  t r a n s f e r  
k 

o r b i t  f o c a l  parameter  p us ing  t h e  Lambert method ( s e e  § 1, Chapter 

2). Depending on t h e  t r a n s f e r  o r b i t  t y p e ,  t h e  f l i g h t  t ime A t  
I 

/239 ; 
and f o c a l  parameter p a r e  expressed  by t h e  fo l lowing r e l a t i o n s :  



e l l i p t i c  t r a n s f e r  o r b i t  

1 2N $- 1 f - [sign(&- ~ t ) ( e - -  sin e-?r)- 
fi 

-sign (sin a) (a - sin a)]), 

sap 
~ t , = - [ 2 ~  4 )/3 

+ 1 -  signsin n 4 

2 

&+(I - cos a) p=- 
1 

* 
2a.sin2 - (r - y) 

2 

y = 8 [sign (ht, - ~ t )  sign (sin a)]; 
p a r a b o l i c  t r a n s f e r  o r b i t *  

hyperbol ic  t r a n s f e r  o r b i t  * 

"(- [(sh a - a) - (sh - p) sign (sin @)I. At= , 
2 I 
a B r - c  111 ' ~ h  T=(-$)", ~ h ~ = ( - ~ )  , I 

RoRf (1 - cos 4) p=-- 
1 

* 
2a sh2-(a -y) 

2 

y= fJ sign (sin a). 

* The r e a l  s o l u t i o n s  a r e  a s s o c i a t e d  w i t h  e l l i p t i c  t r a n s f e r  
o r b i t s .  Examination of p a r a b o l i c  and hyperbol ic  t r a n s f e r  o r b i t s  
i s  d i c t a t e d  by t h e  sea rch  f o r  t h e  r e q u i r e d  s o l u t i o n s ,  



DETERMINATION OF TRANSFER ORBIT' TRAJECTORY ANGLES 8 0  AND Bf 

Using (2.1.251, we o b t a i n  

Here, f o r  e l l i p t i c  t r a n s f e r  o r b i t s  

f o r  hyperbol ic  t r a n s f e r  o r b i t s  

A = a - B sign (sin Q)). 

DESIGN PROBLEM 

The o b j e c t i v e  of t h e  des ign  problem i s  t o  opt imize  t h e  b a s i c  
des ign  parameters  n  and vf 0 i 

of t h e  i n t e r p l a n e t a r y  v e h i c l e  

boost  and r e t r o  modules. The s o l u t i o n  of t h i s  problem invo lves  
s p e c i f i c a t i o n  of t h e  i n i t i a l  cond i t ions .  If we a r e  cons ide r ing  
i n t e r p l a n e t a r y  SC f l i b h t s  from parking o r b i t  around t h e  Ear th  
p r i o r  t o  f i n a l  o r b i t  around t h e  d e s t i n a t i c n  p l a n e t ,  we u s u a l l y  
examine a s  ;he i n i t i a l  c o n d i t i o n s  t h e  nominal launch d a t e  to - 
t h e  I n i t i a l  t ime ( p o i n t  Po) of t h e  h e l i o c e n t r i c  t r a j e c t o r y  

segment, o r  t h e  nominal a r r i v a l  d a t e  tf - t h e  f i n a l  time ( p o i n t  

p f )  of t h e  h e l i o c e n t r i c  segment. However, i n  t h e  g e n e r a l  c a s e ,  

t h e s e  d a t e s  a r e  not  among t h e  i n i t i a l  cond i t ions  and t h e  f l i g h t  
t ime A t  and t h e  d a t e s  to and tf a r e  sought parameters .  



- . . ~ .  .. - . . .  

I n  t h e  case  when t h e  da te  to o r  tf and t h e  flight t h e  A t  

a r e  spec i f ied ,  t he  design problem reduces t o  optimizing t h e  bas ic  
design parameter8 of t h e  boost and r e t r o  modules f o r  kn~wn hyper- 
bo l ic  excess velooities -VmO and Umf, w h o s e  so lu t ion  was presented 

i n  § 1 of t h e  present  chapter .  This conclusion i s  a consequence 
of t h e  unique determination of t h e  values  of VaO and Vmf as a 

r e s u l t  of solving t h e  problem of b a l l i s t i c  ca l cu l a t i on  of t he  
i n t e rp l ane t a ry  f l i g h t  h e l i o c e n t r i c  segment f o r  spec i f i ed  da te  to 

or  tf and given f l i g h t  time A t .  

However, i n  t h e  case when only t h e  da t e  to  ( o r  t f )  i s  

spec i f ied ,  t h e  design problem so lu t ion  w i l l  be assoc ia ted  wi th  
the  mutual inf luence of t h e  mul t i s tage  in t e rp l ane t a ry  veh ic le  
bas ic  design parameters and t h e  h e l i o c e n t r i c  segment kinematic 
parameters. 

OPTIMIZATION OF pf AND no (1 = 1 . 2 )  FOR GIVEN to OR 

tf AND FLIGHT TIME A t  

I f  t h e  design problem i n i t i a l  values a r e  to o r  tf a rd  A t ,  

then a s  a consequence of t he  equa l i ty  

t h i s  is equivalent  t o  s p e c i f i c a t i o n  of t h e  nominal launch and 
a r r i v a l  da t e s .  Therefore, bearing i n  mind t h e  app l i ca t ion  i n  
which t h e  algori thm f o r  ca l cu l a t i ng  p lane t  l oca t ion  as a func t ion  
of T Is given, we can consider Ro, R f ,  ua0, upl f ,  ipl, eeO, Bpi 

and PI, Ppl t o  be known. 

Now, using (7.2.8) - (7.2.10), we f i n d  4 ,  lo, and if. 

Then, a f t e r  solving (7.2.11), we f i n d  t h e  t r a n s f e r  o r b i t  semimaJor 



. . 

axis a, w h i c h . p e m i t s  c a l c u l a t i n g  on t h e  basis o f  C7.2.12) the 
t r a n s f e r  o r b i t  f o c a l  parameter p and, wi th  t h e  a i d  of (7.2.13) - 
(7.2.14),  t h e  t r a j e c t o r y  a n g l e s  go and B f .  Moreover, (7.2.3 ) 

and (7.2.6) make i t  possjble t o  f i n d  the  S C  h e l i o o e n t r i c  v e l o c i -  
t i e s  a t  t h e  t r a n s f e r  o r b i t  beginning (ve) and end (qf)  p o i n t s .  

The va lues  obta ined a r e  completely s u f f i c i e n t  f u r  unique 
de te rmina t ion  from (7.2.4) and (7.2.7)  of t h e  hyperbol ic  excess  
v e l o c i t i e s  GmO and Gmf .  

Thus, a f t e r  de termining t h e  t r a n s f e r  o r b i t  Kepler ian  
elements iO, p, and a, i t s  kinematic  parameters  Vo, 00 ,  and V f ,  

B p  at t h e  p o i n t s  Po and Pf ,  and t h e  hyperbol ic  excess  v e l o c i t i e s  

Lo and G m f ,  t h e  des ign  problem f o r  g iven d a t e  to o r  tf and 

f l i g h t  t ime A t  r educes  t o  opt imiz ing t h e  b a s i c  des ign  parameters  
of t h e  boost and r e t r o  modules, which was solved i n  d e t a i l  i n  
5 1 of t h e  p r e s e n t  chap te r .  The b lock 
t h e  s u b j e c t  des ign  problem is  shown i n  

It i s  q u i t e  c l e a r  t h a t ,  i f  we a r e  

diagram f o r  s o l u t i o n  of 
F igure  7.2.3. 

cons ide r ing  i n t e r p l a n e t a r y  
SC f l i g h t  from parking o r b i t  around t h e  Ear th  t o  t h e  d e s t i n a t i o n  
p l a n e t  w i t h  f lyby  near  t h e  lat ter  f o r  g iven t o  o r  tp and A t ,  t h e  

des ign  problem a f t e r  us ing  t h e  desc r ibed  method (Figure  7.3.2) 
t o  det.ermine t h e  t r a n s f e r  o r b i t  Kepler ian  elements  iO, p,  and a,  

i t s  kinematic  parameters  0 0  at t h e  p o i n t  Po,  and t h e  hyper- 

b o l i c  excess  v e l o c i t y  a l s o  reduces  t o  t h e  problem of optim- 
i z i n g  t h e  boost  module b a s i c  d e s i g n  parameters  f o r  known b,, 
which was examined i n  § 1. 



Figure 7.2.3. Block diagram of design problem so lu t i on  f o r  
given A t  (DPBAt) : 
PEB- p lane t  element ca l cu l a t i on  block; AVB- angular v a r i a b l e  
ca l cu l a t i on  block; ISB1'a"- i t e r a t i o n  s e l e c t  block f o r  t r a n s f e r  
o r b i t  semlmajor axla  "a"; VB- block f o r  ca l cu l a t i on  of he l io -  
c e n t r i c  v ~ l o c i t i e s  Vo and vf and hyperbolic excess v e l o c i t i e s  
GaO and Gmg; ISB vOPf - i t e r a t i o n  s e l e c t  block f o r  optimal 

O P  ope values  v f l  and yf2 

OPTIMIZATIGN OF BASIS DESIGN PARAMETERS vf  AliD noi ( 1  = 1.2), 

AND FLIGHT TIME A t  FOR GIVEN to AND tf 

I n  t h e  preceding des ign problem formulation,  t h e  bas i c  
design parameters d id  not in f luence  t h e  r e s u l t s  of t h e  b a l l i s t i c  
ca lc i l l a t ion  of t he  i n t e rp l ane t a ry  journey h e l i o c e n t r i c  segmerit. 
A c h a r a c t e r i s t i c  of t h i s  des ign problem i s  absence of dpeclf ica-  /242 

t i o n  of t h e  f l i g h t  time A t ,  which does not permit unambiguous 
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determination of' t h e  he l locen t r i c  segment and s o l u t i o n  of the 
design problem. The freedom i n  s e l e c t i o n  of' t h e  f l i g h t  t ime A t  

and, there fore ,  o f  t he  h e l i o c e n t r i c  segment and bas ic  design 
parameters nOi and rf I makes it poss ib le  t o  impose a requirement !' 

on determining these  parameters s o  t h a t  t h e  r e l a t i v e  u se fu l  load 
rul w i l l  reach a maximal value. We shal l  c a l l  such an i n t e r -  [ 

p lanetary  f l i g h t  h e l i o c e n t r i c  segmer't and such values  of t h e  /243 
f l i g h t  time b t  and basic  design parameters ef and noi optimal. ? 

:" - 
Finding them involves so lu t ion  of t h e  max pul problem i n  t h e  & 

4" 

presence of cons t r a in t s  i n  t h e  form of t h e  design weight and ii 

kinematic equations.  We s h a l l  d i s cus s  t hese  cons t r a in t s  and 
-d 

note s eve ra l  of t h e i r  p e c u l i a r i t i e s .  

? 

The design weight equation of the  two-~tage  in t e rp l ane t a ry  
a 
a 

w 

vehic le  i s  expressed i n  t h e  form %, 

PU1 = PoI'P~I* 

where the  r e l a t i v e  usefu l  weights of t h e  boost IIOI-'GQII/GQ and 
7' ,.. - 

r e t r o  r u -  Gul/Go 11 modules depend on t h e  r e l a t i v e  values  of <t 
.1. 
3- 

t he  weight c o e f f i c i e n t s  y and the  bas i c  design parameters noi 
J i  i 

&-" 

and pf i . e . ,  

Using t h e  energy i n t e g r a l  and the  dependences of V6 and FO 

On " f l  and nO1 and Sb and Pb on "2 and no*, i n  accordance wi th  

(7.1.10) and (7.1.47), we have 



Considering (7.2.8) and (7.2.11) along with t he  r ~ - ~ , .  :ns 
(7.2.91, (7.2.10) and (7.2.12) - (7.2.15), we can s y , . : ~  of . . e 

exis tence of dependence of O and a on the  f l i g h t  time A t .  

Therefore, i n  accord wi th  (7.2.4) and (7:2.7), we can write 

Now t h e  

those values 
s a t i s f i e d  

= Tl (At) (1 = 0, k ) ~  

max uU1 problem i s  formulated a s  follows: f i n d  

of A t ,  vf  i, and noi f o r  which t h e  condi t ion is  

w i t h  c o n s t r a i n t s  i n  t h e  form - 
F l = v - o ( k ,  ~ r f ~ ) - h ( ~ t ) = O .  - 
F , = Q , . ( ~ ~ .  pf2)-pl (At)=O. 

To solve t h i s  problem, we formulate w i t h  use of t he  Lagrange 
coe f f i c i en t s  A j  ((jm1, 2) a new funct ion J a s  follows 

The necessary condit ion f o r  max J (o r  a r e  t he  
equations 



Excluding t h e  Lagrange c o e f f i c i e n t s  X1 and X 2  from t h i s  

system of equa t ions ,  we f i n d  

o r ,  I n  a d i f f e r e n t  form 

Equations (7 .2 .18)  and (7.2.19),  w i t h  account f o r  t h e  
e q u a l i t i e s  (7.1.11) and (7.1.49),  arJe, r e s p e c t l v e l y ,  t h e  n  01, " f l '  
and nO2s U f 2  op t imiza t ion  conditions f o r  constant  va lue s  of GmO 

and Gwf .  It i s  i n t e r e s t i n g  t o  no te  t h a t  they a r e  i d e n t i c a l  t o  

t h e  o p t i n i z a t i o n  cond i t ions  f o r  t h e  ba s i c  des ign  parameters of 
t h e  boost and r e t r o  modules f o r  g iven va lues  of  GwO and Gmf 

(7.1.18) and (7.1.50), found i n  5 1. 

Equation (7.2.20) i s  t h e  f l i g h t  t ime A t  op t imiza t ion  cond i t ion  
and i t s  s a t i s f a c t i o n  depends t o  a  cons ide rab le  degree on t h e  /245 

bas ic  des ign  parameters vf and noi of  t h e  mu l t i s t age  i n t e r -  

p lane ta ry  veh ic le .  Th i s  is  t h e  fundamental d i f f e r e n c e  between 
It and the well-known A t  op t imiza t ion  cond i t ion ,  when we t a k e  as 



t h e  o p t i m a l i t y  c r i t e r i o n  t h e  sum of t h e  c h a r a c t e r i s t i c  v e l o c i t i e s  
( o r  t h e  sum of t h e  a b s o l u t e  v a l u e s  of  t h e  hyperbol ic  excess  
v e l o c i t i e s  LO and 5-f 1 necessary  f o r  i n t e r p l a n e t a r y  f l i g h t  f r o n  

t h e  parking o r b i ?  t o  t h e  f i n a l  o r b i t  around t h e  d e s t i n a t i o n  
p l a n e t .  

The des ign  problem wi th  s p e c i f i c a t i o n  of only t h e  d a t a  t o  o r  

tf i s  ~ o l v e d  a s  fo l lows.  We f i r s t  s p e c i f y  ( a r b i t r a r i l y )  t h e  

f l i g h t  t ime A t  i n  t h e  h e l i o c e n t r i c  segment of t h e  i n t e r p l a n e t a r y  
f l i g h t .  Then, t h e  c a l c u l a t i o n  i s  maae us ing  t h e  a lgor i thm 
desc r ibed  above and shown i n  F igure  7.2.3. After determining 
t h e  t r a n s f e r  o r b i t  e lements  Id and B,-. and t h e  b a s i c  des ign  

parameters  noi and pf i, we must check f o r  s a t i s f a c t i o n  of t h e  

cond i t ion  (7.2.20) .  If t h i s  c o n d i t i o n  i s  not  s a t i s f i e d ,  we 
r e p e a t  t h e  problem s o l u t i o n  procedure,  s p e c i f y i n g  a new va lue  
of A t  i n  a  d e f i n i t e  f a sh ion .  The cyc le  i s  terminated  when t h e  
f l i g h t  t ime A t  op t imiza t ion  c o n d i t i o n  (7.2.20) i s  s a t i s f i e d ,  
The block diagram of t h i s  des ign  problem s o l u t i o n  procedure i s  
shown i n  F igure  7.2.4. 

Only t h e  d e s i g n  problem a s s o c i a t e d  w i t h  f i n d i n g  t h e  opt imal  
des ign  s o l u t i o n s  which determine t h e  opt imel  va lues  of t h e  
m u l t i s t a g e  i n t e r p l a n e t a r y  v e h i c l e  and b a s i c  des ign  parameters  

"oi  and " I f l i g h t  t ime A t  corresponds t o  t h e  b a s i c  SC des ign  

pequirement - achievement of max I n  t h i s  case ,  t h e r e  i s  

a n  i n t e r c o n n e c t i o n  between t h e  opt imal  i n t e r p l a n e t a r y  t r a J e c t o r y  
h e l i o c e n t r i c  segment and t h e  opt imal  b a s i c  des ign  parameters  P 

vf and nOi; t h i s  connect ion  i e  manifes ted  through (7.2.20)  and 

i n f l u e n c e s  t h e  f u e l  mass d i s t r i b ~ t i o n  and powerplant t h r u s t  
d i s t r i S u t i o n  between t h e  i n t e r p l a n e t a r y  v e h i c l e  booat and r e t r o  
modules, which e f f e c t s  d i r e c t l y  t h e  energy l e v e l  of  t h e  powered 

28 9 



Figure  7 .2 .4 .  Bloc.; diagram 
of design problem s o l u t i o n  
when op t imiz ing  A t ,  v, ,, 

A .L 

and nOi (DPB h t o P t )  

boost and re t ro  segments. 
Therefore, we should examine 
c a r e f u l l y  both the  r e su l t s  of 
opt imiz ing  the f l i g h t  time A t  

and interplanetary f l i g h t  t r a i  
j ec to r i e s  wi th  i n j e c t i o n  i n t o  /246 
o r b i t  around the  des t ina t ion  
p lane t  and t h e  results  of mul t i -  
stags i n t  eF9lanet a r y  veh ic le  
b a l l i s t i c  design character is t ic  
s e l ec t ion  when the sum of the  

characterisJ. ic v e l o c i t i e s  

Vxa = V , , + V ; ~  i s  taken as the  

o p t i m a l i t y  c r i t e r i m .  

I n  accordance w i t h  (7 .2 .17 ) ,  
t h e  s o l u t i o n  of t h e  design 

problem f, - f l y b y  in te rp lane tary  
t ra jec to r ies ,  when t h e  SC only  

performs c lose  f l y b y  of t h e  d e s t i n a t i o n  p lane t ,  involves i n  
addi t ion t o  (7 .2 .18) ,  t h e  fo l lowing  o p t i m i z a t i o n  condi t ion 

T h i s  condi t ion  pe rmi to  complete s o l u t i o n  of t h e  i n t e r -  

p lane ta ry  f l i g h t  h e l i o c e n t r i c  segment b a l l i s t i c  ca l cu l a t i on  
problem w i t h  spec i f i ca t ion  of on ly  to  o r  tf and f i n d i n g  t h e  

t ransfer  o r b l t  Keplerian elements lo, a,  p ,  and the f l i g h t  time 

A t ,  and t h e  hyperbo l i c  excess v e l o c i t y  . Thus, t h i s  design 
problem with s p e c i f i c a t i o n  of  on ly  + 0  o r  tp reduces t o  the  

problem of opt imiz ing  t h e  bas i c  design parameters of the boost 

module f o r  known ! L o , ,  which was solved i n  § 1 of $he present 
chapter .  
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OPTIMIZATION OF BASIC DESIGN PARAMETERS AND not# 

HELIOCENTRIC LAUNCH DATE to, AND FLIGHT TIME A t  

The problam a r i s e s  of d e t e m i n i n g  i n  a given c a l h d a r  range 
t h e  he l i ocen t r i c  launch d a t e  to o r  f i n a l  d a t e  tf and SC 

b a l l i s t i c  design cha rac t e id s t i c s  which permit achieving max pul 

w i t h  account f o r  maneuvering a t  t h e  d e s t i n a t i o n  p lane t .  The 
d i f fe rence  between t h i s  and t h e  preceding problem l i e s  i n  
optimizing ( i n  add i t i on  t o  t h e  f l i g h t  time A t  and bas ic  des ign 
parameters noi and pf t h e  h e l i o c e n t r i c  launch d a t e  to  o r  

f i n a l  da t e  tf i n  t h e  given calendar range, which may encompass 

p a r t  of a synodic period,  one synodic per iod,  o r  s eve ra l  synodic 
periods. 

We can use a s  t h e  basis f o r  solving t h i s  problem t h e  
algori thm f o r  solving t h e  preceding problem, which permits  
optimizing to  ( o r  t f )  using one of t h e  methods f o r  f i n d i n g  t h e  

extremum of a func t ion  w r t  a s i n g l e  va r i ab l e  1461. I n  t h i s  case ,  
t h e  problem so lu t i on  scheme i s  expressed as 

or ,  if t h e  range of calendar h e l i o c e n t r i c  a r r i v a l  da tes  t i  i s  

specif  l ed ,  

(OUTER) NAVIGATIOK PROBLEM 

The so lu t i on  of t h e  navigat ion problem involves determina- 
t i o n  of t h e  SC h e l i o c e n t r i c  ve loc i t y  vec to r s  a t  t h e  beginning 
and end po in t s  of t h e  h e l i o c e n t r i c  segment and t h e  hyperbolic 



excess ve loc i ty  vec to r s  via and Vi , f ,  which permits  ob ta in ing  t h e  

i n i t i a l  values  f o r  s o l u t i o n  of t h e  depar tu re  and capture problem: 
t he  sphe r i ca l  coordinates  of t h e  t a r g e t  vec to r s  i n  t h e  e q u a t o r i a l  
p lane tocen t r ic  coordinate  system. 

The SC h e l i o c e n t r i c  ve loc i t y  vec tors  a t  t h e  i n i t i a l  and f i n a l  
po in t s  of t h e  he l i ocen t r i c  segment may be found from t h e  r e l a -  
t i o n s  (2.1.21) and (2.1.22) expressed i n  t h e  present  case as 
follows: 

Here, 

A = [ ~ t  - a3D ( A  - sin A)]-', I 

However, when determining the  angles  cD,00, Of and t h e  loca- 

t i o n  of t h e  Ear th  and t h e  d e s t i n a t i o n  p lane t ,  it is c l e a r e r  and 
simpler  t o  express t h e  components of t h e  vec to r s  and frf i n  

t h e  e c l i p t i c  h e l i o c e n t r i c  system and t h e  components of t h e  
vec tors  V-h  Vmf i n  t h e  second equa to r i a l  geocentr ic  system and 

i n  t h e  e q u a t o r i a l  p l ane tocen t r i c  system f o r  f i nd ing  the  spher i -  
cal  coordinates of t h e  t a r g e t  vec tor  with t h e  a i d  of some t rans -  
formations, u t i l i z i n g  t he  kinematic ~hcemes of Figures  7.2.5 - 

Let us  determine the  components of t h e  u n i t  vector  VoO i n  
t h e  XYZ e c l i p t i c  h e l i o c e n t r i c  coordinate  system (see  Figure  

7.2.5).  Using the  cosine theorem of sphe r i ca l  t r igonometry,  we 



i n  t h e  XYZ e c l i p t i c  he l i ocen t r i c  coordinate  system (see  Figure  - - 

7 .2.6) .  Using t h e  cosine theorem aga in ,  we ob ta in  from t h e  
spher ica l  t r i a n g e s  P O B f Y ,  POBfCf, and POBODf on t h e  u n i t  

Figure 7.2.5. Kinematic scheme f o r  determining t h e  components 
of t h e  u n i t  vec tor  Go 

f i n d  from the  sphe r i ca l  t r i a n g l e s  PoBo Y .  POBOG and P o B a 0  , 
respec t ive ly ,  on t h e  u n i t  c e l e s t i a l  sphere 

- - 0 Via= cos A,,= cos urn sin 0,- sin urn cos 8, cos to, 

PN- cos A,= sin ze0 sin 6,,+ CJS ;MI COSS cos i,; 
0 VN= cos A,, = cos 0, sin lo, 

- 
where uoa i s  t h e  argument of the E a r t h ' s  l a t i t u d e  i n  t h e  ec l i p -  
t i c  h e l i o c e n t r i c  coordinate  system a t  t h e  time to .  

c e l e s t i a l  sphere 



Figure  7.2.6. Kinematic scheme f o r  determining t h e  components 
of t h e  u n i t  v e c t o r  Of* 

0 
Vx f = cos  Ax = - [cos & sin (QI - efJ+ 

.. + cos U@ cos (QI - of) COS io, 

0 
VZ f = cos A Z  = cos (0-92 sin to; 

We r e p r e s e n t  t h e  components of  t h e  u n i t  v e c t o r s  z~ and POf 

i n  t h e  second e q u a t o r i a l  g e o c e n t r i c  coord ina te  system as fo l lows:  



Figure  
mation: 
1- d e s t  
p lzne;  

7.2.7. Geometric i n t e r p r e t a t i o n  of  c c m d i n a t  

i n a t i o n  p l a n e t  e q u a t o r i a l  p lane ;  2- E a r t h ' s  
3- d e s t i n a t i o n  p l a n e t  o r b i t a l  p lane  

Here - - - - VM =V0 COS AxO, VYO = V O  COS Avo, Vz0= V O  COS Ace; 

,e t r a n s f o r -  

e q u a t o r i a l  

vx f = Vf C O S  AX f ,  V 
Y f 

= Vf cos A 
y  f '  VZ f 

= Vf cos A z  f .  

Vex ,  VCD, and V p l  x y  V p l  y y  and V PI z 
a r e  t h e  E a r t h  and d e s t i n a t i o n  

p l a n e t  vel-oci ty v e c t o r  components, r e s p e c t i v e l y ,  i n  t h e  e c l i p t i c  
! h e l i o c e n t r i c  coord ina te  system - ow= - ~ ~ s m ( u ~ - & ) .  

PcM=Y cos ( ~ ~ 1 0 3 ,  
V,,=o; 



= S x p l f C s i n  

cos (U - 
P l  f 

- O P l  5 ) cos n PI + 

s i n  Q cos i 1, 
PI P l  

= Gpl $-sin (u 
P l  f 

- epl f) s i n  n + 
Y PI 

- 8 cos (upl pl cos n cos i 3 ,  
PI PI 

we represen t  t h e  sphe r i ca l  
vto and f?-f i n  t h e  second 

Considering t he se  r e l a t i o n s ,  
coordinates  of t h e  t a r g e t  vec to r s  
equa to r i a l  sy s t em i n  t h e  form 

.. 
sin a - E y f  (0 $ Gf< 2 4 .  

f- ~(p".,f)'+(pe,f)' I 



I 
I I ~ L L .  -- . -. .... - . .. . ... 1, . ..-. ! .. ~ 

Several t r ans fo rmat ions  must be performed to determine t h e  
s p h e r i c a l  coord ina tes  of' t h e  t a r g e t  v e c t o r  Rf i n  t h e  e q u a t o r i a l  

p l a n e t o c e n t r i c  coord ina te  system. Let n' be t h e  a n g u l a r  d i s t a n c e  
from t h e  E a r t h ' s  v e r n a l  equinox p o i n t  t o  t h e  ascending node 
of t h e  t a r g e t  p l a n e t  equator  on t h e  E a r t h ' s  equator  (.see F i g u r e  
7.2.7);  w '  = R Rae i s  t h e  a n g l e  between t h e  r a d i u s  v e c t o r  7i, B1 PI 
of  t h e  d e s t i n a t i o n  p l a n e t  v e r n a l  equinox p o i n t  and t h e  r a d i u s  
v e c t o r  & of t h e  ascending node p o i n t  of t h e  nodal  l i n e  of  t h e  

e q u a t o r i a l  p lanes  of t h e  Ear th  and d e s t i n a t i o n  p l a n e t ;  i t  i s  
t h e  i n c l i n a t i o n  of t h e  t a r g e t  p l a n e t  equa to rqa l  p lane  t o  t h e  
E a r t h ' s  e q u a t o r i a l  p lane .  If a N  and h a r e  t h e  mean s p h e r i c a l  
coord ina tes  of t h e  t a r g e t  p l a n e t  n o r t h  p o l e  i n  t h e  e q u a t o r i a l  
g e o c e n t r i c  system,* then  ( s e e  F igure  7.2.7)  

Performing t h e  u s u a l  r o t a t i o n  t r ans fo rmat ion  w i t h  account 
f o r  t h e  ang les  in t roduced  above, we f i n d  t h e  components of the  

u n i t  v e c t o r  v:f i n  t h e  e q u a t o r i a l  p l a n e t o c e n t r i c  3ystem from t h e  
r e l a t i o n  

(702.35) 

where, wi th  account f o r  (7.2.34)  /252 - 
The va lues  of aN and f o r  t h e  p l a n e t s  a r e  g iven  i n  t h e  

Appendix. 
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P s 3  -(COS ot sin a,+ sin of cos a~ sin aN), .. 
pM= cos of cos a~ - sin ot sin aN sin aN, 

3, = sin d cos aN; 

a,= sin art sin a~ - cos d cos a~ sin aNS . 

OM=--(sin Q)' cos aN+cos of sin a~ sin aN), 

as = cos EO* cos aNS 
@= = cos aN COS IJN, 

W,= sin aN cos aN, - 
W, = sin aN. 

s p h e r i c a l  coord ina tes  of t h e  t a r g e t  v e c t o r  i n  t h e  e q u a t o r i a l  

p l a n e t o c e n t r i c  system may be w r i t t e n  a s  

I n  o rde r  t o  use  (7 .2 .35) ,  we must f i n d  t h e  dependence of w '  on 

t h e  known mean angu la r  p l a n e t a r y  elements  Qpl, ipl, aN and 6W. 

Using t h e  cos ine  and s i n e  theorems, we o b t a i n  from t h e  s p h e r i c a l  
t r i a n g l e  Po Y p P t  ( s e e  F igure  7.2 - 7 )  

sin o'= 
.n &--r io l )  sin P 

- ria iE 

-.. - 
where B=m& i s  t h e  angu la r  d i s t a n c e  from t h e  h e l i o c e n t r i c  
po in t  Po t o  t h e  ascending node P ; q i s  t h e  i n c l i n a t i o n  of t h e  

L - 
Po0 6)' plane  t o  t h e  e c l i p t i c  plane;  R *  i s  t h e  angu la r  

PI 
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d i s t a n c e  from..the p o i n t  Po t o  t h e  t a r g e t  p l a n e t  v e n ~ l  cquinolr 

poin t ;  ie i s  t h e  i d c l i n a t i o n  of t h e  t a r g e t  p l a n e t  e q u a t o r i a l  

p lane  t o  i t s  o r b i t a l  p lane .  

From t h e  same s p h e r i c a l  t r i a n g l e  

sin $ cos ( p  I- UN)  
sm cpr= 

s i n  i, ~ ' 
cos cpr =cos cos p+ sin mt S% sin ( p + 8 ~ ) .  

Solving t h t s  equat ion ,  t o g e t h e r  wi th  (7.2.391, w e  o b t a i n  

cosvr =[sin (q , i ) sin (p+ 8 ~ ) + '  
P l  

1 (7.2.41b) 
+ c o s ( ~ -  ipl) COS~PSLII - sin te ' , 

Consequently, i n  o r d e r  t o  determine and (py a 5  f u n c t i o n s  
of t h e  t a r g e t  p l a n e t  angu la r  elements  Sl 

~ 1 '  
ipl, aN and 6N, we 

must f i n d  t h e  dependence of $ . I .  P and ie on t h e s e  elements .  To 

do t h i s ,  w e  t u r n  t o  t h e  s p h e r i c a l  t r i a n g l e  PoQ'Y* from which 
we f i n d  

\ 

~osB=--sina~:osQ +-cosaNsin Sl COS%. 
PI 
6in a cos aN 

PI 
sin g= (7.2.42a) 

sin q 

o r ,  s i n c e  ?#>O. 

sin p= sign (cos aN) v1- cos' p. 



. . .. . 

Examining this same spherical triangle ,P&'Y 

-sin a~==cos 6! cos !-sin 8: sin B corq 
PI PI 

or, with account for (7.2.42), 

dn r as a,,, 
sin q== 

s i n $  ' '  ' . . 

Moreover, fro~n this triangle, we also have 
rin r rln P sin p= PI 
. sin $ 

. 
as a,,, cor 9 + s1n aN rin 9 cor r 

COS p= ~1 Dl 

we ohtaln 

C7.2.43a) 

Let us express the angle 1,. Using the cosine theorem 

(second form), we find from the spherical triangle FoYR'  

The relations (7.2.42) - (7.2.45) define the dependence of 
w t  on the known target planet angular elements pl, ipl* a ~ s  and 

bN. Thus, the (outer) navigation problem is solved. 

§ 3. OPTIMIZATION OF INTERPLANETARY VEHICLE DESIGN 

SOLUTIONS WITH ACCOUNT FOR PLANETARY GRAVISPHERE DIMENSIONS 

In the preceding sections, the interplanetary trajectory 

heliocentric segment was determined without account for the 

planetary gravisphere dimensions, i.e., the Earth and the 

destination planet were considered nongravitating centers. This 



Figure 7.3.1. Schematic of 
patched conic in te rp lane ta ry  
f l i g h t  t r a J  ectory with account 
f o r  p lane ta ry  gravisphere 
dimensions : 
0-A- a c t i v e  boost segment; 
A-1- passive f l i g h t  segment 
i n  Ear th ' s  gravisphere;  1-2- 
he l iocen t r i c  f l i g h t  segment; 
2-T- passive  f l i g h t  segment 
i n  d e s t i n a t i o n  p lane t  gravi-  
sphere; T-K- a c t i v e  braking 
segment 

is  t h e  t r a d i t i o n a l  way t o  evalu- 
a t e  t he  he l iocen t r i c  segments, 
However, with increase  of t he  
requirement& on design ana lys i s  
accuracy, it may become neces- 
sary  t o  t ake  i n t o  account t h e  
g r a v i t a t i o n a l  f i e l d s  o? t h e  
pl8,net s , which a r e  sign:'.ficant 
a t  l e a s t  wi thin  t h e  limits of 
t h e i r  gravispheres . This f a c t o r  
may even become obl iga tory  f o r  
t h e  J u p i t e r  group p l a n e t s  because 
of t h e  l a rge  dimensions of 
t h e i r  gravispheres.  

EVALUATION OF PLANETARY 
GRAVISPHERE SIZE INFLUENCE 

I n  f a c t ,  t ak ing  as the  
i n i t i a l  condi t ions  t h e  he l iocen t r i c  launch da te  tl and t h e  f l i g h t  

t i n e  A t  
1, 2 

(or  t h e  he l iocen t r i c  a r r i v a l  da t e  t2 ) ,  which de te r -  

mine t h e  Ear th  and t a r g e t  p lane t  pos i t i ons ,  a s  a  consequence of /255 
t he  d i f f e r ence  between R1 and Ego and R, and R 

L PI f (Figure 7.3.1), 

we have t h e  d i f f e r ence  (Figures 7.3.2 and 7 . 3 . 3 )  

wher? l j l , h  a r e  t he  SC geocentr ic  and p lane tocent r ic  ve loc i ty  
vec tors  a t  t h e  gravispheres;  PI, V t  a r e  t he  he l iocenzr ic  ve loc i ty  
vec tors  a t  t he  beginning and end of t he  he l iocen t r i c  segnent,  
represented with account f o r  t he  planetary  gravisphere  dimensions; 
to, Oaf, To, 0, a r e  t h e  hyperbolic excess ve loc i ty  and hel io-  

c e n t r i c  ve loc i ty  vec tors  at  t he  beginning and end of t h e  



Figure  7.3.2. Ve loc i ty  tri- F igure  7.3.3. Ve loc i ty  t r i a n g l e  
ang le  a t  i n s t a n t  of h e l i o -  a t  i n s t a n t  of  h e l i o c e n t r i c  
c e n t r i c  launch without  a r r i v a l  without  [Ogl vmf) 

(Vm. 30, V'o) and wi th  account 
( ' 0 ,  6, c)- f o r  E a r t h ' s  g rav i -  and wi th  account ( p l  f *  V2* V2)  
sphere  dimensions f o r  d e s t i n a t i o n  p l a n e t  g r a v i -  

sphere  dimensions 

h e l i o c e n t r i c  segment, r ep resen ted  wi thout  account f o r  t h e  g rav i -  
sphere dlmensions; Reap R pl f, A l p  R 2  a r e  t h e  r a d i i  v e c t o r s  of 

t h e  i n i t i a l  and f i n a l  p o i n t s  of t h e  h e l i o c e n t r i c  t r a j e c t o r y  
c a l c u l a t e d  without  and w i t h  account f o r  t h e  p l a n e t a r y  g r a v i -  
sphere   dimension^, r e s p e c t i v e l y .  

S ince ,  i n  accopd wi th  (7 .2 .22) ,  t h e  h e l i o c e n t r i c  v e l o c i t y  
v e c t o r s  a t  t h e  i n i t i a l  and f i n a l  p o i n t s  of t h e  h e l i o c e n t r i c  
segment are 

- 
then ,  r e p r e s e n t i n g  R1 = RaO - rl and A, - f$., , + F2, we f i n d  

t h e  v e c t o r s  W,, and 8Vf, 6Vd and 6V-f from t h e  r e l a t i o n s  

Here t h e  c o e f f i c i e n t s  A o ,  BOI, BO2, Co and A l p  B1, B2, C a r e  1 /256 

expressed by (7.2.23) f o r  t h e  h e l i o c e n t r i c  segments, c a l c u l a t e d ,  
r e s p e c t i v e l y ,  withotrt and w i t h  account f o r  t h e  p l a n e t a r y  g r a v i -  
sphere dimensions and rl - A@, r, = Apl .  

30 2 



The express ions  p resen ted  a b o x  confirm t h a t  account f o r  
t h e p l a n e t a r y g r a v i s p h e r e  dimensions l e a d s  t o  d i f f e r e n c e   atw ween 
t h e  v e c t o r s  tl and Gla  v2 and G2 and t h e  v a c t o r s  v0 and to$ vf - 
and Vmf,  r e s p e c t i v e l y ,  and t h e  d i f f e r e n c e  becomes more marked 

f o r  p l a n e t s  wi th  l a r g e  g rav i sphere  r a d i u s  A 
PI' 

Also of  i n t e r e s t  a r e  t h e  d i f f e r e n c e s  

which i n f l u e n c e  d i r e c t l y  t h e  d i f f e r e n c e s  i n  ?he magn1tud.e~ of t h e  
b a s i c  SC desigii  parameters  pf and nOi. We can assume wi th  good 

approximation t h a t  i T ~ * h = v i A e  and &-h=vzb , p l  Then we o b t a i n  

These r e l a t i o n s  show t h e  i n e v i t a b i l i t y  of t h e  t x i s t e n c e  of 
t h e  d i f f e r e n c e s  bVd and A V w f 3  whose va lues  Inc rease  s i g n i f i -  

c a n t l y  f o r  t h o  p l a n e t s  w i t h  l a r g e  g rav i sphere  r a d i i .  

Table 7 . 1  shows t h e  exact  va lues  of AVw and AV,t and t h e  

components &PO and (vf f o r  f l i g h t s  t o  Mars and J u p i t e r  and t h e i r  
* 

approximate va lues  c a l c u l a t e d  us ing  t h e  formulas p resen ted  above. 4 

i. -* 
.1 

NATURE OF PROBLEM FORMULATION FOR G I V E N  t l  AND A t l ,  

Turning t o  t h e  problem of  de termining t h e  b a l l i s t i c  charac-  
t e r i s t i c s  of a n  i n t e r p l a n e t e r y  t r a j e c t o r y  whose h e l i o c e n t r i c  
segment i s  c a l c u l a t e d  wi th  account  f o r  t h e  p l a n e t a r y  g r a v i s p h e r e  

fi For f l i g h t s  t o  Mars tl - 2441903.5$ t2 = 2442093.5; f o r  f l i g h t s  
t o  J u p i t e r  tl = 2441375.5$ t 2  - 2442305.5. 
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TABLE 7. 
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dimensions,  we s h a l l  discl-lss t h e  p e c u l i a r i t i e s  of  t h i s  problem. 
The p r i n c i p a l  f e a t u r ?  i s  t h a t  s p e c i f i c a t i o n  of  t h e  h e l i o c e n t r i c  
launch d a t e  and f l i g h t  t ime o r  h e l i o c e n t r i c  a r r i v a l  d a t e  does  n o t  
permi t  d i r e c t  s o l u t i o n  o f  t h e  h e l i o c e n t r i c  segment h a l l i s t i c  
c a l c u l a t i a n  problem, s i n c e  t h i s  f o r m u l a t i o n  p e r m i t s  d i r e c t  d e t e r -  
mina t ion  o f  on ly  f l ~ o  and R 

PI f 
and does n o t  permi t  f i n d i n g  t h e  

h e l i o c e n t r i c  v e c t o r s  o f  i t s  i n i t i a l  and f i n a l  p o i n t s .  Deter- 

mina t ion  of R1 and R2 i n v o l v e s  f i n d i n g  t h e  v a l u e s  of  rl and F 2  

f o r  which it i s  p o s s i b l e  t o  c a l c u l a t e  f o r  t h e  g i v e n  f l i g h t  time 
t h e  h e l i o c e n t r i c  segment from t h e  E a r t h ' s  g r a v i s p h e r e  s u r f a c e  t o  
t h e  d e s t i n a t i o n  p l a n e t ' s  g r a v i s p h e r e  s u r f a c e .  T h i s  p r o c e s s  
r e q u i r e s  t h e  s o l u t i o n  o f  a boundary va lue  problem. I n  o r d e r  t o  
r a t i o n a l i z e  t h e  c a l c u l a t i o n s ,  i t  i s  advisable t o  combine t h e  
p rocess  of s o l v i n g  t h e  boundary v a l u e  problem w i t h  t h e  d e s i g n  
problem - f i n d i n g  t h e  op t ima l  v a l u e s  of  t h e  b a s i c  d e s i g n  

I I A i p r o x i m a t e  v a l u e s  from 7 .  (7 .3 .4) .  

%O 

-0.1129 

0.8349 

d v y ~  

0.001 

-0.3059 

# 

parameters  LI f i  and nOi. Th i s  becomes p o s s i b l e  i f  w e  t a k e  as 

t h e  independent  v a r i a b l e s  t h e  components o f  t h e  v e c t o r  G ~ : V I  and 

*Lo 

0.0246 
(0.0261) 

0.1667 
(0.17L)* 

P lane t  6Vx0 
" 

Mars 0.0661 

i t s  r i g h t  a scens ion  a. and d e c l i n a t i o n  A s  a r e s u l t  of  t h e  
I 

%f 6vyf 

0.0526 0.1263 0.0615 

0.5601 -1.3214 -0.1664 Jcgiter 
'1 = *LY 

s o l u t i o n ,  we a l s o  f i n d  t h o s e  v a l u e s  f o r  vl, a l ,  and f o r  

which t h e  SC t r a n s f e r  from t h e  pa rk ing  o r b i t  around t h e  E a r t h  t o  
t h e  f i n a l  o r b i t  around t h e  d e s t i n a t i o n  p l a n e t  w i l l  be  performed 
wi th  maximal r e l a t i v ?  u s e f u l  l oad  pul and wi th  t h e  s p e c i f i e d  

h e l i o c e n t r i c  launch d a t e  and f l i g h t  time At,,? i n  t h e  h e l i o c e n t r i c  

-0.1393 



. . .. . 

segment, which can be ca l cu l a t ed  wi th  account f o r  t h e  p l ane t a ry  
gravisphere  dimensions. Thus, t h e  p o s i t i o n  i n  space of t h e  
c i r c u l a r  parking and f i n a l  e l l i p t i c  o r b i t s  w i l l  be def ined.  

h L G O R I T H M  F O R  S O L U T I O N  O F  D E S I G N  AND BOUNDARY V A L U E  PROBLEM 

The cons t ruc t i on  of t h e  a lgor i thm f o r  so lv ing  t h e  formulated 
problem can t> based on the  r e l a t i o n s  obta ined i n  5 1 of Chapter 
4 and i n  5 5  1 and 2 of Chapter 7 .  

G E O C E N T R I C  B O O S T  SEGMENti' 

L e t  t h e  zero s o l u t i o n  be known: vl, al, and Then, 

a f t e r  determining t h e  va lue  of %:, from t h e  formula 

we f i n d ,  wi th  t h e  a i d  of ( 7 . l . l 9 ) ,  (7 .1 ,20) ,  and (7.1.11),  t h e  
optimal  va lues  of ppl  and nO1. Then we u se  (7.1.4) - (7 .1 .6 ) .  

t o  c a l c u l a t e  t h e  values  of G a s  Ba ,  and Fa, which makes i t  /258 

pos s ib l e  t o  f i n d  t h e  t r a j e c t o r y  angle  e l  a t  t h e  po in t  of depar t -  

u re  from t h e  g rav i sphere  a t  t h e  moment t l  

and using (7.1.22),  t h e  elements ghd, Ghd, and ghd of t h e  hyper- 

b o l i c  depar tu re  o r b i t .  Use of  t h e  cond i t ions  (7.1.39) and 
(7.1.40) makes i t  pos s ib l e  t o  determine the  i n c l i n a t i o n  ihd of 

t h e  depar tu re  p lane  and thereby t h e  parking o r b i t :  



Figure  7.3.4. Kinematic v e c t o r  of SC d e p a r t u r e  from E a r t h ' s  
g rav i sphere  

cos  ihd 
f o r  s i n  Alim c f 

c o s  CPst 

'OS ( ihd)l im = 2 cos  cp sic A ~ ~ ~ .  * 
st  

We f i n d  from t h e  r i g h t  s p h e r i c a l  t r i a l - g l e  CDB (Figure  7.3.4)  
4 

t h e  r i g h t  ascens ion ar and d e c l i n a t i o n  6, of t h e  r a d i u s  v e c t o r  .. 

of t h e  SC depar tu re  p o i n t  on t h e  E a r t h ' s  g rav i sphere  s u r f a c e  1259 f 

sin (6, - 6,) --- cos 0, co; i 
hd 

* We n o t e  t h a t ,  i n  p r a c t i c e ,  t h e  pa rk ing  o r b i t  i n c l i n a t i o n  equa l  
t o  ihd is  determined by t h e  a c t u a l  t r a c k .  
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8,  = 6,- arcsin (cos 0, sin i 

u, = a, - arctg (ctg 0, cos i hd I 
hd 

HELIOCENTRIC FLIGHT SEGMENT 

The i n i t i a l  values and t h e  r e l a t i o n s  obtained make it 
poss ib le  t o  determine t h e  h e l i o c e n t r i c  segment i n i t i a l  poinl. 
kinematic parameters - t h e  h e l i o c e n t r i c  ve loc i t y  vec tor  compon- 
en t s  1 ,  1 ,  V and t h e  h e l i o c e n t r i c  r ad ius  vec tor  components 
X1, Y1, and Z1 i n  t h e  e c l i p t i c  coordinate system from t h e  

equations 

VX1 = V Or + vl cos a, cos 8,. 

Vn = VQ $ v, (sin a, cos 6,  cos E + sin 8 ,  sin E), 

Vtl= vl(- sin a, cos 8, sit; E f sin 5, cos E); 

X1 = XOC $- A&OS a, cos ti,, 

Yl= YGr $ A@ (sin u, cos 6,  cos E f sin 6, sin r), 

I 
zl= A@ (- sin a, cos 6, sin E $ sin 8, cos E), 1 

where 

The va lues  of V1 and R1 a r e  given by t h e  formulas 

Af te r  f i nd ing  t h e  h e l i o c e n t r i c  segment o r b i t a l  elements 
from the  expressions 



t he  
be 

t r u e  snomalg or ,he h e l i o c e n t r i c  segment 

- 
sin v1=,/ & R.VJ 

eR1 

i n i t i a l  pe in t  w i l l  

After  determining f o r  e < 1 t h e  value of t h e  e c c e n t r i c  
anomaly E from the  Kepler equation Isee (1.3.35)] 2 

* 1 2  $ El - P sir; E ~ =  E¶ - e sin E, 
a w , t p o  (7 .3 .154  

o r  f o r  e > 1 t h e  value of H p  from t h e  equation [see  (1.3.37)] 

*'" j e s h  HI- H,=esh H,- H,, a3'l'l r/K C7.3-15hI 

where 

we f i n d  



- 
( f o r  E2>2n we must add 2n t o  t h i s  va lue  of  v2)  

(P=D,-~~, R,= P .  
l+ecoror * 

A s  a  r e s u l t ,  t h e  kinematic  parameters  of t h e  h e l i o c e n t r i c  
segment end can be determined from t h e  v e c t o r  equat ions  r s e e  
(1.3.51) and (1 .3 .52) j :  

- Rz RzRI. - 
R ~ = [ ~ - - - - ( ~ - - C O S  P 0 ) ] ~ ~ + ~ ~ ~  sin o.v,* 

PLANETOCENTRIC BRAKING SEGMENT 

The s o l u t i o n  of t h e  posed problem w i l l  be a s s o c i a t e d  w i t h  
s a t  i s f a c t  i o n  of t h e  e q u a l i t y  

i n d i c a t i n g  SC i i .~pac t  on t h e  d e s t i n a t i o n  p l a n e t  g rav i sphere  
s u r f a c e .  A f t e r  t h i s ,  we f i n d  t h e  va lues  of  t h e  kinematic  
parameters  at  t h e  e n t r y  p o i n t  on t h e  d e s t i n a t i o n  p l a n e t  g rav i -  
sphere  s u r f a c e  

The hyperbol ic  a r r i v a l  o r b i t  e lements  a r e  expressed by t h e  
r e l a t i o n s :  



S a t i s f a c t i o n  of t h e  e q m l i t i e s  

F = Bha P 
- (CbSb cos obl2  = 0  (7.3.22) 

meets t h e  requirement  t h a t  t h e  r e t r o  module e n t e r  a  f i n a l  o r b i t  
of s p e c i f i e d  form. I f  t h e  module i s  assumed t o  be f r e e l y  o r i e n t e d ,  
t h e  f i n a l  maneuver cond i t ions  a r e  met. 

The f i rs t  cond i t ion  (7.3.21)  i s  s a t i s f i e d  a u t o m a t i c a l l y  wi th  
op t imiza t ion  of p f 2  and nO2, when t h e  equa t ions  (7.1.50)  a r e  

r e a l i z e d  wi th  account f o r  (7.1.118), i n  which i n  p l a c e  of <if we 
s u b s t i t u t e  

S a t i s f a c t i o n  of t h e  second cond i t ion  (7.3.22) t e rmina tes  
t h e  s o l u t i o n  of t h e  posed problem, i . e . ,  s e l e c t i o n  of those  vl,  
al, and 61 va lues  f o r  which t h e  cond i t ions  of b - - i c  des ign  

parameter noi and pf (i = 1, 2 )  o p t i m i z a t i o n  and i n t e r p l a n e t a r y  

v e h i c l e  t r a n s i t i o n  from t h e  Ear th  parking o r b i t  t o  t h e  f i n a l  
o r b i t  around t h e  d e s t i n a t i o n  p l a n e t  f o r  t h e  g iven h e l i o c e n t r i c  
launch d a t e  and f l i g h t  t ime i n  t h e  h e l i o c e n t r i c  segment a r e  
s a t i s f i e d .  



However, s a t i s f a c t i o n  of  t h e  boundary cond i t ion8  (.7.3,18) (262 
and (7.3.22) f o r  d i f f e r e n t ,  a l though similar v a l u e s  of . ? I ;  is  
t h e o r e t i c a l l y  p o s s i b l e .  Therefore ,  s a t i s f a c t i o n  of  t h e  boundary 
cond i t ions  (7.3.18) and (7.3.22) ,  ach ievab le  according t o  t h e  
a lgor i thm presen ted  above wi th  s imultaneous op t imiza t ion  o f  noi 

and " may not  l e a d  t o  unambiguous de te rmina t ion  of pU1. 

Consequently, t h e  p rocess  of s a t i s f a c t i o n  of t h e  c o n d i t i o n s  
(7.3.18) and (7.3.22)  s imul taneously  w i t h  op t imiza t ion  of not 

and pf must be organized s o  t h a t ,  a s  a r e s u l t  of t h e  a t t a i n e d  

s o l u t i o n ,  a r e a l  maximum of w i l l  be ob ta ined  by corresponding 
s e l e c t i o n  of jj, . Organiza t ion  of  t h e  a lgor i thm f o r  s o l u t i o n  of 
t h e  boundary value  and d e s i g n  problems wi th  account f o r  t h i s  

requirement makes i t  p o s s i b l e  t o  r e p r e s e n t  t h e  s o l u t i o n  i n  t h e  
form of t h e  express ion  

= inf {kp (1 - uul ) +&A abs F.+ "u1 max - 
vl-(Ql,Q. a d  . 

Here 'k,, kr , and k a r e  cons tan t  weighting c o e f f i c i n e t s  of t h e  
P 

f u n c t i o n a l  whose lower bound i s  being determined,  

An important  cond i t ion  f o r  convergence of t h e  desc r ibed  
process ,  r e g a r d l e s s  of t h e  mathematical  method f o r  f i n d i n g  i n f ,  
i s  t h e  de te rmina t ion  of t h e  ze ro  s o l u t i o n .  The h e l i o c e n t r i c  
segment b a l l i s t i c  c h a r a c t e r i s t i c s  determined w i t h  and wi thout  /263 - 
account f o r  t h e  p l a n e t a r y  g rav i sphere  dimensions a r e  not  s i g n i -  
f i c a n t l y  d i f f e r e n t .  Therefore ,  we t a k e  as t h e  ze ro  s o l u t i o n  

* The symbol : i n d i c a t e s  t h e  p roper ty  which pul must have and 
t h e  symbol tr denotes  " f o r  a l l . "  



Figure  7.3.5. V a r i a t i o n  of F igure  7.3.6. V a r i a t i o n  of 
hyperbol ic  excess  v e l o c i t y  hyperbo l i c  excess  v e l o c i t y  
v-0 and v e l o c i t y  vl a t  s u r f a c e  Vmf and v e l o c i t y  v2  a t  s u r f a c e  

of t h e  E a r t h ' s  sphere  of of J u p i t e r ' s  sphere  of a c t i o n  
a c t i o n  tl = 2441348.5 t l  = 2441348.5 

of t h e  posed problem t h e  b a l l i s t i c  c h a r a c t e r i s t i c s ,  t h e  v a l u e s  
of LO, uo and d o , ,  determined by s o l v i n g  t h e  b a l l i s t i c  and navi- 
g a t i o n  problem presen ted  i n  t h e  preceding s e c t i o n  (.see 1 2 ,  

Chapter 7 ) ,  when t h e  p l a n e t s  were t aken  t o  be n o n g r a v i t a t i n g  
c e n t e r s .  The a lgor i thm f o r  determining t h e  h e l i o c e n t r i c  segment 
b a l l i s t i c  c h a r a c t e r i s t i c s  and t h e  v a l u e s  of Lo, a0 and 4 f o r  
g iven t o  and A t  without  account  f o r  t h e  p l a n e t a r y  g rav i sphere  

dimensions i s  very s imple and r a p i d l y  r e a l i z e d .  Therefore ,  it 

makes sense  when seeking t h e  ze ro  s o l u t i o n  t o  i n c l u d e  t h i s  a lgo-  
rithm i n  t h e  a lgor i thm f o r  c a l c u l a t i n g  pul max us ing  (7 .3 .23) .  

F igures  7.3.5 and 7.3.6 p r e s e n t  t h e  r e s u l t s  of c a l c u l a t i o n  
of t h e  h e l i o c e n t r i c  f l i g h t  segments t o  J u p i t e r  [ti = 2441348.5 

(1 Mar 1972)],  c a r r i e d  out  wi th  and wi thout  account f o r  t h e  
p lane ta ry  g rav i sphere  dimensions, i n  which w e  took t h e  p i a n e t a r y  
spheres  of a c t i o n  t o  be Laplace g rav i spheres .  The v a l u e s  of t h e  
hyperbol ic  excess  v e l o c i t y  V 4  and t h e  v e l o c i t y  v l  a s  f u n c t i o n s  

of f l i g h t  t ime a r e  shown i n  F igure  7.3.5 and the  va lues  of v,f 4? 



and v:, are ahawn i n  F igure  7.3.6. The 8 

Vmf and v 2  i s o l i r ~ e s  is s i g n i f i c a n t .  

h i f t  of t h e  V-o and vl, 

OPTIMIZATION OF THE FLIGHT TIME 

So f a r  we have examined t h e  problem of determining t h e  
i n t e r p l a n e t a r y  v e h i c l e  b a l l i s t i c  des ign  c h a r a c t e r i s t i c s  when 
t h e  h e l i o c e n t r i c  t r a j e c t o r y  segment i s  c a l c u l a t e d  wi th  account 
f o r  t h e  p l a n e t a r y  g rav i sphere  dimensions f o r  g iven h e l i o c e n t r i c  
launch d a t e  and h e l i o c e n t r i c  t r a n s f e r  tiss, However, t h e  h e l i o -  
c e n t r i c  f l i g h t  t ime Ah.2 i n f l u e n c e s  markedly t h e  q u a n t i t y  sul 

and t h e r e f o r e ,  i t  i s  f r e q u e n t l y  t aken  a s  a n  op t imizab le  parameter .  
General ly speaking,  t h e  three-parameter  Vi, ai , and 81 problem 
formulated above can be formal ly  reduced t o  a four-parameter 
problem: vi, ai, bi and A t 1 . 2  , while r e t a i n i n g  t h e  mathematical  
s o l u t i o n  method used p rev ious ly .  However, if we s t a r t  from t h e  
requirement f o r  improvement of  t h e  i t e r a t i o n  p rocess  convergence, 
w e  f i n d  t h a t  t h e  a lgor i thm f o r  opt imiz ing uU1, a component p a r t  

of which i s  t h e  preceding a lgor i thm expressed by (7.3.23), i s  

more e f f e c t i v e .  The scheme of t h i s  a lgor i thm may be r e p r e s e n t e d  
a s  fo l lows 

where AT i s  a bounded s e t  of At,,, va lues .  

Thus, sea rch  f o r  uul i s  made on t h e  curve  vU1 = P(AI,,:) 

a t  each p o i n t  of which t h e  s o l u t i o n  (7.2.23) i s  s a t i s f i e d .  
Correc t  d e f i n i t i o n  of  t h e  ze ro  s o l u t i o n  i s  important  f o r  conver- 
gence of t h i s  i t e r a t i v e  p rocess ,  j u s t  a s  i n  t h e  preceding 



example. The zero  solu.t,ion may be found on t h e  b a s i s  of the 
a lgor i thm f o r  opt imiz ing t h e  b a l l i s t i c  des ign  c h a r a c t e r i s t i c s  
and f l i g h t  t ime,  examined i n  t h e  preceding s e c t i o n ,  when t h e  
p l a n e t a r y  g rav i sphere  dimensions were not  t aken  i n t o  account i n  
c a l c u l a t i n g  t h e  h e l i o c e n t r i c  segment, I n  o r d e r  t o  a c c e l e r a t e  
t h e  s e r i e s  of c a l c u l a t i o n s ,  t h i s  a lgor i thm must be  inc luded i n  
t h e  a lgor i thm r e a l i z i n g  (7.3.24) .  This  a lgor i thm a l s o  pe rmi t s  
determining t h e  AT reg ion  t o  some e x t e n t ,  

OPTIMI'ZATION OF THE HELIOCENTRIC LAUNCH DATE t 

The ques t ion  a r i s e s  of whether o r  not  t h e  opt imal  h e l i o -  
c e n t r i c  launch d a t e s  i n  t h e  p l a n e t a r y  synodic pe r iods  change if 
t h e  h e l i o c e n t r i c  segment i s  determined w i t h  account f o r  t h e  
p l a n e t a r y  g rav i sphere  dimensions. The answer t o  t h i s  q u e s t i o n  
i s  fundamental.  The p o s s i b l e  launch l'windowsu on t h e  opt imal  
d a t e s  a r e  a l s o  a s s o c i a t e d  wi th  t h i s  ques t ion .  Therefore,  it i s  
of  i n t e r e s t  t o  opt imize  t h e  h e l i o c e n t r i c  launch d a t e  t l  a long 

wi th  t h e  op t imiza t ion  of t h e  b a s i c  des ign  parameters  noi and 

uf i and h e l i o c e n t r i c  f l i g h t  t i m e  Atla . Thus, t h e  problem 

reduces  t o  f i n d i n g  pul  max wi th  t h e  l i m i t a t i o n s  (7.3.18)  and 

(7.3.22) w r t  n ine  v a r i a b l e s :  nOi, vf ( I  = 1, 2 ) ,  vl, a l ,  

and A t l 9  2 9  and tl. Using t h e  s o l u t i o n  cf t h e  d e s i g n  problem 

of nOi and Pf i op t imiza t ion  f o r  g i v e n v i a n d  v 2 v a l u e s  ( s e e  § 1, 

Chapter 7 ) ,  t h e  s o l u t i o n  of t h e  formulated problem can be 
reduced t o  f i n d i n g  max pul  wi th  t h e  i n d i c a t e d  l i m i t a t i o n s  wrt 

t h e  f i v e  v a r i a b l e s  VI, a ~ ,  61, At1.2 and t 1' I n  c o n s t r u c t i n g  t h e  a lgor i thm 

f o r  s o l v i n g  t h i s  problem, on t h e  b a s i s  o f  t h e  requi rements  f o r  
r a p i d  convergmce of t h e  i t e r a t i o n  p rocess ,  we should use  t h e  
p rev ious ly  presented  a lgor i thm f o r  opt imiz ing Atl& , expressed 



by (7.3.24). Then, the tl optimization algorithm can be 

repreaented by the formula 

where T1 is a bounded set of tl .values. 

The zero solution, near which the actual solution of the 

posed problem is determined, should be found on the basis of the 
pul optimization algorithm, expressed by (7.2.21a). It also 

permits determining T1. 



CHAPTER 8. FLIGHT TRAJECTORY TO A SINGLE PLANET 
WITH RETURN TO THE EARTH 

5 1. OPTIMIZATION OF HELIOCENTRIC SEGMENTS 

The opt imal  f l i g h t  c y c l e s  t o  a s i n g l e  p l a n e t  w i t h  r e t u r n  
t o  t h e  E a r t h  r e p e a t ,  j u s t  as t o  a p l a n e t  wi thout  r e t u r n ,  i . e . ,  
a f t e r  t h e  synodic pe r iod  Ts. Approximate r e p e a t a b i l i t y  of  t h e  

f l i g h t  c y c l e s  a l s o  t a k e s  p l a c e  w i t h  t h e  p l a n e t a r y  g r e a t  oppo- 
s i t i o n  p e r i o d  T  

80 ' 
We s h a l l  examine t h e  methods f o r  op t imiz ing  

t r a j e c t o r i e s  t o  a  s i n g l e  p l a n e t  w i t h  r e t u r n  t o  t h e  E a r t h  f o r  
t h e  example of f l i g h t  t r a j e c t o r i e s  t o  Mars wi th  r e t u r n  t o  t h e  
Ea r th .  

OSTIMIZATION OF ROUNDTRIP FLIGHT TRAJECTORIES 

It i s  more convenient  t o  op t imize  t h e  i n t e r p l a n e t a r y  
segments of  t h e  r o u n d t r i p  f l i g h t  t r a j e c t o r i e s  on t h e  i s o l i n e  
f i e l d  of t h e  v e l o c i t y  impulse components V1, V2, and s o  on i n  

launch d a t e  v e r s u s  p l a n e t  a r r i v a l  d a t e  c o o r d i n a t e s .  The i s o l i n e  
f i e l d  f o r  f l i g h t  c y c l e s  t o  Mars i n  1975 f o r  t h e  two-impulse 
f l i g h t  scheme i s  ehown i n  F i g u r e  8 .1 .1  ( ae robrak ing  i n t o  A r t i -  

f i c i a l  Mars S a t e l l i t e  

The launch d a t e s  

d a t e s  at t h e  E a r t h  t q  

[AMS] o r b i t ) .  

@ and t h e  a r r i v a l  from t h e  E a r t h  t l  - tst - tk a r e  p l o t t e d  a long  t h e  a b s c i s s a  a x i s ,  

t h e  Mars a r r i v a l  d a t e s  t 2  = t& and Mars d e p a r t u r e  d a t e s  t3 = 

t:t a r e  p l o t t e d  a long  t h e  o r d i n a t e  a x i s .  



F i g u r e  8 .1 .1 .  C h a r a c t e r i s t i c  v e l o c i t y  i s o l i n e  f i e l d  f o r  two- 
impulse  Marc r o v n d t r i p  f o r  1975 f l i g h L  c y c l e  

@ The AES o r b i t  l aunch  v e l o c i t y  V1 = Vst i s o l i n e s  a r e  p l o t t e d  

above t h e  c o o r d i n a t e  sys tem b i s e c t o r  ( r e g i o n  of  Earth-Mars 
d f l i g h t s )  and t h e  i s o l i n e s  of l aunch  v e l o c i t y  V2 = Vst from 

e l l i p t i c  Mars s a t e l l i t e  o r b i t  a r e  p l o t t e d  below t h e  b i s e c t o r  
( r e g i o n  of  Mars-Earth f l i g h t s ) .  

The d i s t a n c e  from any y o l n t  on t h e  v e l o c i t y  V1 i s o l i n e  

f i e l d  t o  t h e  b i s e c t o r  ( i n  t h e  d i r e c t i o n  of  t h e  c o o r d i n a t e  a x e s )  

de t e rmines  t h e  f l i g h t  time from E a r t h  t o  Mars 



13 77 f37B years  

Figure 8.1.2. C h a r a c t e r i s t i c  v e l o c i t y  i s q l l n e  f i e l d  f o r  
three-impulse Mars r o u n d t r i p  f3r 1975 f l i g h t  cyc le  

c 
% . .. 

and t h e  analogous d i s t a n c e  f o r  a  p o i ~ t  on t h e  V i s d l i n e  f i e l d  2 /267 { - 7 

I 

determines t h e  Mars-Earth f l i g h t  t ime:  i 

. B 

The s topover  t ime on Mars ( o r  i n  Mars s a t e l l i t e  o r b i t )  

The t o t a l  r o u c d t r i p  v e h i c l e  f l i g h t  t ime 



Figure  8.1.2 shows t h e  i s o l i n e  f i e l d  f o r  three-impulse 
f l i g h t s  t o  Mars i n  1975. 

For f i x e d  Ear th  launch tl and Mars a r r i v a l  t2  d a t e s ,  t h e r e  

i s  a unique correspondence between t h e  . reloci ty V1 ( launch from 

AES o r b i t )  and t h e  v e l o c i t y  Vg (braking i n t o  AMS o r b i t ) .  

Therefore ,  i n  t h e  Earth-Mars f l i g h t  r e g i o n  (above t h e  b i s e c 6 6 r )  
t h e  t o t a l  v e l o c i t y  i s o l i n e  f i e l d  i s  p l o t t e d  

v,, = v* .+ v,. 
I n  t h e  Mars-Earth f l i g h t  r e g i o n  (below t h e  b i s e s t o r ) ,  t h e  

AMS o r b i t  launch v e l o c i t y  V3 i s o l i n e  f i e l d  i s  p l o t t e d .  

hN-3 The f l i g h t  t imes  and , t h e  s topover  time Ats , ,  

and t h e  t o t a l  r o u n d t r i p  f l i g h t  t ime Aim a r e  de f ined  a s  desc r ibed  
above. 

F igure  8.1.3 shows t h e  i s o l i n e  f i e l d  f o r  t h e  four-impulse 
scheme ( a c c e l e r a t e d  t r a j e c t o r i e s )  f o r  t h e  c a s e  of E a r t h ' s  

@ etmosphere e n t r y  v e l o c i t y  vfn prebraking t o  Ven = 15.5 k d s e c .  

I n  t h i s  case,  

v,= v,+v,* 
@ where V4 = V - 15.5. 

Thus, f o r  any f l i g h t  scheme, we need t o  f i n d  on t h e  i s o l i n e  
f i e l d  t h e  t r a j e c t o r i e s  which minimize t h e  t o t a l  v e l o c i t y ,  made 
up from two components: 

Vxn=V, + V,  f o r  t h e  two-impulse scheme; 
V X X = ~ I P +  V ,  f o r  t h e  three-impulse ~ciieme; 
V x r = v ~ ~ + V ~  f o r  t h e  f our-impulse scheme. 



Figure  8.1.3. C h a r a c t e r i s t i c  v e l o c i t y  i s o l i n e  f i e l d  f o r  fou r -  
impulse Mars r o u n d t r i p  f o r  1975 f l i g h t  c y c l e  (b rak ing  t o  

@ Ven = 15.5 km/sec) 

I s o l i n e s  of  t h e  v e l o c i t y  components f o r  f l i g h t s  a l o n g  bo tn  
t h e  f irst  s e m i o r b i t  ( r e g i o n  of i s o l i n e s  c l o s e  t o  t h e  b i s e c t o r )  
and second s e m i o r b i t  ( r e g i o n  of  i s o l i n e s  more d i s t a n t  from t h e  
b i s e c t o r )  t r a j e c t o r i e s  a r e  p l o t t e d  on a l l  t h e  f i e l d s .  These 
r e g i o q s  a r e  s e p a r a t e d  from one a n o t h e r  by an  "energy ridge1'  - a 
narrow zone of h igh  v e l o c i t y  v a l u e s ,  

I n  o r d e r  f o r  t h e  V S r  o p t i m i z a t i o n  problem t o  be unambiguous, /269 - 
a l l  p o s s i b l e  r o u n d t r i p  f l i g h t  t r a j e c t o r i e s  can be broken down i n t o  
t h e  fo l lowing  f o u r  groups:  



Let us  examine t h e  f l i g h t  t r a j e c t o r y  o p t i m i z a t i o n  c a s e  when /'270 - 
t h e r e  a r e  no l i m i t a t i o n s  on e i t h e r  t h e  t o t a l  f l i g h t  t ime A h  o r  
t h e  s topover  time A t s o .  I n  t h i s  case ,  t h e  va lue  of Vxr' w i l l  

r 

Group o -d 

I-I T r a j e c t o r y  of first semiorb i t  
11-11 T r a j e c t o r y  of second " 
1-11 T r a j e c t o r y  of first 11 

11-1 T r a j e c t o r y  of second " 

be smallest f o r  each t r a j e c t o r y  group f o r  f l i g h t s  a long t r a j e c -  
t o r i e s  with minimal v e l o c i t y  components (V1 and V2;  V12 and V 3' 
and s o  o n ) .  The Ear th  launch d a t e  t l  and Mars a r r i v a l  d a t e  t2  

a r e  determined a s  t h e  coord ina te  corresponding t o  a  minimum of 

6-@., 

T r a j e c t o r y  of first semiorbi t  
T r a j e c t o r y  of second 
T r a j e c t o r y  of second " 
T r a j e c t o r y  of f i r s t  " 

the  v e l o c i t y  V1 o r  V12 (Mars launch d a t e  t and Ear th  a r r i v a l  3 
d a t e  t 4  corresponding t o  minimum of V o r  v ~ ~ ) .  The v e l o c i t y  Vxx 3 
va lues  obta ined must be t h e  lowest of a l l  p o s s i b l e  va lues  f o r  
t h e  s e l e c t e d  t r a j e c t o r y  group. 

This t h e  f i rs t  energy minimum, corresponding long 
d u r a t i o n  f l i g h t s  wi th  UI. = 3  years  and At, ,  z 1 y e a r .  

The va r ious  t r a j e c t o l b y  groups w i l l  y i e l d  f o u r  d i f f e r e n t  
va lues  of Vxr and A h ,  from whlch we can s e l e c t  t h e  b e s t  combina- 
t i o n  of t r a j e c t o r y  grouping w r t  t h e  semiorb i t s  f o r  t h e  g iven 
f l i g h t  c y c l e .  

L e t  u s  examine t h e  case when t h e  t o t a l  r o u n d t r i p  f l i g h t  t ime 
Afa i s  given.  We s h a l l  f i n d  t h e  t r a j e c t o r y  which minimizes V = r .  

We f i x  some Ear th  launch d a t e  tl ,  which i n  t u r n  determines t h e  

Ear th  r e t u r n  d a t e :  



For fixed values of tl and t4, we can plot the relations 

v l = f l ( t d  and V,= f,(t,) 

for two-impulse flight 

vla=fd*J and v,= f,(t,) 

for three-impulse flight and 

V,=f& and V,=fu(tJ 

for four-impulse flight. 

From these relations, we find the Mars arrival date t2 and 

the Mars departure date t which minimize VXZ and the stopover 
3' 

time 

With reduction of the time n t ~  , the optimal time Atso 
decreases and may even become negative. In this case, it is 

necessary to impose an additional limitation on 

Atso ' per* 

For Atso I Atso per, the optimization scheme for fixed tl 

and t,, remains the same; however, now 

V,=f;(V,) l  V,,=f;,(V,) and V,,= fJV,), 

since t = t2 + Atso per. 3 

Then, varying the Earth departure date tl, we find for 

both of the examined variants that date which minimizes V x r * .  



A d i g i t a l  computer program was compiled i n  o r d e r  t o  d e t e r -  
mine t h e  opt imal  r o u n d t r i p  SC i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r y  
c h a r a c t e r i s t i c s .  The problem i n  t h e  two v a r i a n t s  desc r ibed  i s  

formulated a s  fo l lows ( f o r  t h e  two-impulse f l i g h t  scheme), 

Var ian t  1. Find t h e  va lues  of tl, t2, and t which provide  
3 

rnfnV,n=V,fVa f o r  g iven Afp=t4-f1 . 

Var ian t  2. Find t h e  va lues  of tl and t2  which provide  

minVx;=VlSVal f o r  g iven va lues  of 

The sea rch  f o r  t h e  opt imal  tl, t2,  and t v a l u e s  was made 3 
by t h e  coordinate  descent  method. With r e d u c t i o n  of t h e  time At: , 
when t h e  t ime A t s o  became A t s o  ' htso pe r '  t r a n s i t i o n  from 

v a r i a n t  1 t o  v a r i a n t  2 was provided,  

The f l i g h t  t r a j e c t o r y  ( t r a j e c t o r y  group) semiorb i t  combina- 
t i o n  i s  s p e c i f i e d .  We s e l e c t  t h e  b e s t  of t h e  f o u r  p o s s i b l e  
f l i g h t  t r a j e c t o r y  group v a r i a n t s ,  

F igures  8.1.4 and 8.1.5 show curves  of minimal va lues  of 
Vxrn=f ! ~ t r )  f o r  t h e  1975 c y c l e  r o u n d t r i p  f l i g h t  t r a j e c t o r i e s  f o r  t h e  -- /272 
d i f f e r e n t  t r a j e c t o r y  groups. We see  t h a t ,  f o r  each t r a j e c t o r y  
group, t h e r e  a r e  two minima: 

- f o r  A t 2  = 900 - 1000 days ( long  d u r a t i o n  f l i g h t s ) ;  

- f o r  A t r  = 350 - 550 days ( a c c e l e r a t e d  f l i g h t s ) .  



Figure 8.1.4. To ta l  c h a r a c t e r i s t i c  ve loc i t y  f o r  1975 Mars 
cycle three-impulse roundt r ip  (n  i n d i c a t e s  n a t u r a l  cyc le ,  p 
i n d i c a t e s  preceding cyc l e )  

The acce le ra ted  f l i g h t  minimum corresponds t o  t h e  case  
with l imi ted  stopover time ( A t s o  = 30 days) .  

The V,: minima d i f f e r  very l i t t l e  f o r  t h e  d i f f e r e n t  long 
dura t ion  f l i g h t  t r a j e c t o r y  grboups. The s h o r t e s t  t ime A t t  

corresponds t o  t r a j e c t o r y  group 1-1 (combination of f irst  semi- 
o r b i t  t r a j e c t o r i e s ) .  The stopover time i s  not l imi ted  and i s  
A t s o  = 1 year.  

We s h a l l  term t r a j e c t o r i e s  of t h i s  type "na tura l  cycle" 
t r a j e c t o r i e s .  For such t r a j e c t o r i e s ,  Aft  inc reases  w i t h  reduc t ion  
of t h e  time VIE . For c e r t a i n  t r a j e c t o r y  groups, t he re  i s  a  
"shelf"  of near ly  constant  VY5 va lues  i n  t h e  Afe =700-800 days 
region,  a f t e r  which t h e r e  i s  sharp increase  of t h e  Via values .  
As a  r u l e ,  t h i s  Vxp inc rease  t akes  p lace  a s  a r e s u l t  of t h e  
Mars-Earth f l i g h t  t r a j e c t o r y  ve loc i ty  components. When changing 
from t h e  long dura t ion  t r a j e c t o r i e s  t o  t he  acce le ra ted  t r a j e c -  
t o r i e s ,  t h e r e  i s  t r a n s i t i o n  through t t t  "energy r idge"  separa t ing  
t h e  reg ion  of 1975 cycle ( "na tu ra l  cycle")  r e t u r n  t r a j  e c t o r i e s  
i n t o  t h e  region of 1973 cycle r e t u r n  t r a d e c t o r i e s  (we term them 
t h e  "preceding cycle" t r a j e c t o r i e s ) .  
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Figure 8.1.5. T o t a l  c h a r a c t e r i s t i c  v e l o c i t y  f o r  1975 Mars 
cyc le  two-impulse r m n d t r i p  ( n  i n d i c a t e s  n a t u r a l  c y c l e ,  p  
i n d i c a t e s  preceding c y c l e )  

This  i s  expla ined by t h e  f a c t  t h a t  t h e  Earth-Mars f l i g h t  

v e l o c i t y  component minimum r e g i o n s  have " s t eeper  s lopes"  than  
t h e  r e t u r n  t r a j e c t o r y  v e l o c i t y  component minimum reg ions .  For  

t h e  a c c e l e r a t e d  t r a j e c t o r i e s ,  t h e  lowest V,,  occur f o r  t h e  I - I I p  

t r a j e c t o r y  group (Earth-Mars t r a j e c t o r y  of t h e  first se in iorbi t ,  

r e t u r n  f l i g h t  t r a j e c t o r y  of t h e  second s e m i o r b i t )  wi th  t o t a l  
round t r ip  f l i g h t  t ime A t C  = 430 - 460 days (wi th  s topover  t ime /273 

A t s o  = 30 d a y s ) .  I n  t h i s  c a s e ,  we o b t a i n  h igh  Ear th  atmosphere 

e n t r y  speeds 

F igure  8.1.6 shows t h e  i n f l u e n c e  of s topover  t ime A t s o  on 

t h e  a c c e l e r a t e d  f l i g h t  t r a j e c t o r y  c h a r a c t e r i s t i c s .  We s e e  t h a t ,  

wi th  i n c r e a s e  of  A t s o ,  t h e  t o t a l  f l i g h t  energy expend i tu res  

(Vxr: i s  t h e  t o t a l  c h a r a c t e r i s t i c  v e l o c i t y ,  t h e  Ear th  atmosphere 

e n t r y  v e l o c i t y  v : ~  z v:) and t h e  t o t a l  f l i g h t  t ime bta i n c r e a s e .  

Let u s  s e e  how t h e  r o u n d t r i p  f1igh-L t r a j e c t o r y  c h a r a c t e r i s -  

t i c s  change when us ing  h e l i o c e n t r i c  t r a j e c t o r y  segments wi th  

in te rmedia te  impulse a p p l i c a t i o n .  



Figure 8.1.6. Influence of stopover time on accelerated trajec- 
tory characteristics. Three-impulse E-M-E flight scheme (1975 
cycle), group 1-11 (elliptic AMS) 

Figure 8.1.7 shows the impulse component isoline field 

5 2  
= v + v2 + AVin and V + AVin 

1 3 

(AVin is the intermediate impulse on the corresponding helio- 

centric trajectory segment) for the three-impulse Mars flight 

scheme in 1975. We compare this isoline field with the isoline 

field for the analogous scheme without intermediate impulse in 

Figure 8.1.2. We see that the energy expenditures in the region 

of the "energy ridges" separating the first and second semiorbit 

trajectories decreased markedly for both the Earth-Mars and Mars- 

Earth flights. For the two-impulse Earth-Mars trajectory 

segment (when defining the segments, we consider only impulses 

in the planetospheres), the isoline field became single-extremal, 
3 

On the single-impulse Mars-Earth flight segment, the isoline - /274 

field remained two-extremal, but with significantly leveled 
energy ridge. 

i 

The energy expenditures on both flight segments in the second 

semiorbit trajectory region also decreased markedly for large 

flight times, which reduced significantly the energy expenditures 



Figure  8.1.7. C h a r a c t e r i s t i c  v e l o c i t y  i s o l i n e  f i e l d  f o r  th ree -  
impulse t r a j e c t o r i e s  wi th  i n t e r m e d i a t e  impulse (1975 c y c l e )  

i n  t h e  r e g i o n  w h e ~ e  t h e  Mars-Earth t r a j e c t o r i e s  f o r  t h e  "na tu ra l t1  
and "preceding" c y c l e s  j o i n .  A l l  t h i s  l e d  ( s e e  F i g u r e  8.1.4)  t o  
r educ t ion  of t h e  energy expend i tu res  f o r  t h e  " a c c e l e r a t e d v  
t r a j e c t o r i e s  t o  t h e  l e f t  o f  t h e  minima f o r  t h e  I - I I p  and 11-IIp 
semiorbi t  combination. For t h e  "long dura t ion"  f l i g h t  t r a j e c t o r i e s ,  
t h e  energy expend i tu res  decreased f o r  t h e  semiorb i t  combination 
11-IIn f o r  l a r g e  va lues  of 112 >I000 days. 

Thus, t h e  use  of  f l i g h t  t r a j e c t o r i e s  wi th  i n t e r m e d i a t e  , 

impulse i n  t h e  h e l i o c e n t r i c  segments makes it p o s s i b l e  t o  reduce 
t h e  energy expendi tures  f o r  N r  , va lues  between t h e  l l acce le ra ted l l  
and "long dura t ionf1  t r a j e c t o r i e s  . 

Figure  8.1.4 a l s o  shows Vxp curves  f o r  f l i g h t  t r a j e c t o r i e s  
t o  Mars wi th  a  maneuver i n  t h e  g r a v i t y  f i e l d  of  Venus, examined 
i n  S 2,  Chapter 9. We s e e  t h a t  u s e  of  t h e  f l i g h t  scheme a long 



t h e  Earth-Mars-Venus-Earth r o u t e  makes i t  p o s s i b l e  t o  reduce 
s t i l l  f u r t h e r  t h e  energy expend i tu res  f o r  S t r  va lues  between 
t h e  "long dura t ionf f  and f l acce le ra ted"  t r a j e c t o r i e s ,  as a r e s u l t  
of which we o b t a i n  energy c h a r a c t e r i s t i c s  w i t h  A's =450--800 days, 

which vary l i t t l e .  

OPTIMIZATION OF MARS FLYBY TRAJECTORIES WITH RETURN TO 

EARTH 

Mars f lyby  t r a j e c t o r i e s  us ing  t h e  s ingle- impulse scheme 
( launch impulse from AES o r b i t )  wi th  p a s s i v e  p l a n e t  f l y b y  both  
o u t s i d e  t h e  sphere o f  a c t i o n  ( " d i s t a n t  f lyby" )  and i n  t h e  sphere  
o f  ac t io r ,  ( t l c l o s e  f l y b y r f )  were examined i n  [53. 

For t r a j e c t o r i e s  of t h i s  c l a s s ,  t h e  t r a j e c t o r i e s  which a r e  
opt imal  w r t  launch impulse l i e  i n  t h e  v i c i n i t y  of t h e  so-ca l led  
two-year f l i g h t  t r a j e c t o r i e s  ( t o t a l  f l i g h t  t ime 730 days ) .  
We term t r a j e c t o r i e s  of t h i s  type  Iflong d u r a t i o n  Mars f lybyt1 
t r a j e c t o r i e s .  However, i f  we change over  t o  t h e  two-impulse 
Mars f l y b y  scheme (second impulse i n  t h e  p l a n e t ' s  sphere  of 
a c t i o n ) ,  we can i n  most cases  improve s i g n i f i c a n t l y  t h e  
c h a r a c t e r i s t i c s  of t h e  "long d u r a t i o n  f lyby1I t r a j  e c t o r i e s  ( A h  '"2 

y e a r s )  and o b t a i n  a  new c l a s s  of "acce le ra ted  Mars f lyby"  t r a j e c -  
t o r i e s  wi th  s i g n i f i c a n t l y  s h o r t e r  f l i g h t  t ime .1tr =35O--SOO days.  
I n  t h i s  c a s e ,  t h e  t r a j e c t o r y  op t imiza t ion  c r i t e r i o n  w i l l  be t h e  
t o t a l  c h a r a c t e r i s t i c  v e l o c i t y  

where vft i s  t h e  launch c h a r a c t e r i s t i c  v e l o c i t y  from AES n r b i t  

(Heir z 300 km); A V , ~  i s  t h e  maneuver impulse i n  t h e  Mars sphere  

of a c t i o n  f o r  t r a n s f e r  from t h e  p l a n e t o c e n t r i c  approach hyperbola 
t o  t h e  r e t u r n  hyperbola.  



The op t imiza t ion  parameters  f o r  such a f lyby  t r a j e c t o r y  
are : I 

@ 1) Ear th  ~ a u n c h  d a t e  tst; 

2)  Mars a r r i v a l  d a t e  tab,; 
3 )  t o t a l  f l i g h t  t ime Afr . ! 

I n  order  t o  f i n d  t h e  unimodal s e a r c h  reg ion ,  t h e  t r a j e c t o r i e s  
a r e  broken down i n t o  f o u r  groups of semiorb i t  combinations i n  t h e  
i n d i v i d u a l  f l i g h t  s t a g e s :  1-11, 1-1, 11-11, and 11-1, The 
f l i g h t  t r a j e c t o r i e s  a r e  f u r t h e r  broken down i n t o . l o n g  d u r a t i o n  
with Atz = ~ ~ ~ - 8 0 0  days, and a c c e l e r a t e d  wi th  A h  =400-500 days.  This  
makes it p o s s i b l e  t o  use  t h e  g r a d i e n t  sea rch  methods t o  f i n d  t h e  
opt imal  t r a j e c t o r i e s .  The c o n f i g u r a t i o n  method of  [ 4 6 ]  was 
used t o  o b t a i n  t h e  opt imal  a c c e l e r a t e d  Mars f lyby  t r a j e c t o r i e s .  

§ 2. CHARACTERISTICS OF INTERPLANETARY SC TRAJECTORIES 
WITH RETURN TO THE EARTH 

CHARACTERISTICS OF MARS FLYBY TRAJECTORIES WITH RETURN 
TO THE EARTH 

Two types  of Mars f lyby  t r a j e c t o r i e s  a r e  p o s s i b l e  - long /276 
d u r a t i o n  ( f l i g h t  t ime about two y e a r s )  and "acce le ra ted"  ( f l i g h t  
t ime - 450 - 500 d a y s ) .  

The "long" f lyby  t r a j e c t o r i e s  t a k e  p l a c e  wi th  e s s e n t i a l l y  
zero maneuver impulse i n  t h e  Mars sphere  of a c t i o n ,  The energy 
expendi tures  of t h e s e  t r a j e c t o r i e s  f o r  t h e  b e s t  semiorb i t  combi- 
n a t i o n s  exceed only  s l i g h t l y  t h e  energy expend i tu res  r e q u i r e d  f o r  
f l i g h t s  t o  Mars without r e t u r n  ( s e e  p o i n t s  $ i n  F igure  8.2.1) .  

The "acce le ra f  edl' Mars f lyby  t r a j e c t o r i e s  r e q u i r e  t h e  
a p p l i c a t i o n  of  a  s i g n i f i c a n t  impulse A 1 - 4 kmlsec) dur ing  

Mars ~ ~ v i n g b y  i n  Its sphere  of a c t i o n .  
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- - -  --- grl-4.-~~long f l y b y  +zyears AVC~ 
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W701 2 S 4 w S 7  8 1980 1 2  3 413856 7 1 31M0: 
tst *years  

F igure  8.2.1. Energy expend i tu res  f o r  a c c e l e r a t e d  Mars f lyby  
trajectories . 

I n  t h e  1975 c y c l e ,  t h e  f l i g h t  t r a j e c t o r y  semiorb i t  combina- 
t i o n  1-1 y i e l d s  a  very high v a l u e  o f  t h e  VYI' optimum f o r  t h e  
a c c e l e r a t e d  tra:  e c t o r i e s .  The opt imal  Vxn va lue  f o r  t h e  "long1' 
t r a J e c t o r i e s  of t h i s  semiorb i t  combination i s  Vat ==6 km/sec f o r  
t o t a l  f l i g h t  t ime A ~ Z  =62Q days. The t r a j e c t o r y  c h a r a c t e r i s t i c s  
f o r  t h e  1-11 combination a r e  cons iderably  b e t t e r .  For  t h e  

a c c e l e r a t e d  t r a j e c t o r i e s ,  t h e  minimum of \Ixn 48 km/sec f o r  Atz -450 

days. The Ear th  launch and Mars maneuver impulses amount t o  
about 4 km/sec. 

For t h e  long d u r a t i o n  f lyby  t r a j e c t o r i e s ,  t h e  minimum of 
V.1 = 4 . 4  km/sec f o r  A h  -7M-750 days.  The maneuver impulse i n  /277 

t h e  Mars sphere of a c t i o n  A V ~  < 100  m/sec, i .e . ,  it reduces  t o  

t h e  magnitude of a c o r r e c t i n g  impulse. The e n t r y  v e l o c i t y  i n t o  
t h e  E a r t h ' s  atmosphere f o r  t h e  a c c e l e r a t e d  t r a j e c t o r i e s  V:' - 
22.5 km/sec, f o r  t h e  long d u r a t i o n  t r a j e c t o r o i e s  VP = 1 2  km/sec. 

The group 11-11 a c c e l e r a t e d  t r a j e c t o r i e s  a l s o  have good 
c h a r a c t e r i s t i c s  f o r  t h e  1975 c y c l e .  The q u a n t i t y  =8 h / s e c  
f o r  V.I -520 days and t h e  Ear th  atmosphere entxly v e l o c i t y  V?=21 

km/sec. The optimum of t h e  long d u r a t i o n  t r a j e c t o r i e s  f o r  t h i s  



At. ldav s 

tg.t8years 

Fllght time for accelerated Mars flyby trajectori~s Figure 8.2.2. 

semiorbit group corresponds to the total time d f r - t m  days. The 

flight trajectories for the semiorbit combination 11-1 have the 

poorest characteristics for both the accelerhtsd and long duration 

flight trajectories. 

The Zlight cycle to Mars in 1975 is che worst. Check calcu- 

lations showed that the qualitative picture of the optimal 

accelerated traJectors characterlstics is approximately the same 

for tht Sest flight cycle in 1986. The tr?lfictary groups 1-11 
and 11-11 are best. Figures 8.2.1 and 8.2.2 stlow, for these 
"best" trajectory combinations, the variations of the cnaracter- 
istics for the different flight cycles. The nominal curves 

connecting ?oints of the characteristics of the different cycles 
have a periodicity approximately equal to the Mars great opposi- 

tion period T t 15.8 years. This makes it possible to 
go 

extrapolate the characteristics to cycles extending beyond the 
limits of the calculated characteristics, from 1970 to 1990. The 

"best" Mars flight cycle was in 1969 and will occur again in 

1986. The 1975 and 1977 cycles are thz worst. 

i For the best cycles V , :  Z-5.1 -5.2 km/sec , d,  -=  1% days for group ~8 i 

- i 
I-II,lf: =.W days for group 11-11, V ;  - 14.5 and 15.1 h/sec. 



Figure  8.2.3. C h a r a c t e r i s t i c s  af  long d u r a t i o n  two-impulse Mars 
round t r ips  ( c i r c u l a r  and e l l i p t i c  AMS) 

For t h e  worst c y c l e s  vxr = 8.2  - 8.3 km/sec, J.*c =450 days 

f o r  group 1-11, Ats ~ 5 %  days f o r  group 11-11, V?, = 21.5 and 23 
km/sec. 

The l a r g e  energy expendi tures  and h igh  Ear th  atmosphere 

e n t r y  speeds f o r  t h e  worst f l i g h t  c y c l e s  may be an  o b s t a c l e  when 

us ing  a c c e l e r a t e d  d i r e c t  Mars f l y b y  t r a j e c t o r i e s  i n  t h e s e  f l i g h t  

cyc les .  

CHARA7TERISTICS CF OPTIMAL TRAJECTORIES FOR VAh.3US MARS 

ROUNDTRIP FLIGHT SCHEMES 

Ca lcu la t ions  were made us ing  t h e  technique  desc r ibed  above 

of t h e  opt imal  t r a j e c t o r i e s  f o r  va r ious  Mars r o u n d t r i p  schemes 

i n  1970 - 1980. 

Figures  8.2.3 and 8.2.4 show curves of t h e  t o t a l  v e l o c i t y  

V X s  and i t s  components f o r  long d u r a t i o n  two-impulse and t h r e e -  

impulse Mars r o u n d t r i p  schemes. The p o i n t s  denoted by b a r s  

correspond t o  t h e  opt jmal  launch d a t e s ,  which r e p e a t  a t  approxi-  

mately Ts = 2.135 yea r s .  These p o i n t s  a r e  ronnected by smooth 

curves. The v a r i a t i o n  of Vxr and i t s  components f o r  a l l  t h e  



' e a r s  

F i g u r e  8.2.4. C h a r a c t e r i s t l c s  of  long  d u r a t i o n  three- impulse 
! Mars r u n d t r i p s  ( e l l i p t i c  AMS) 
f 

j f l i g h t  schemes i s  p e r i o d i c  w i t h  p e r i o d  e q u a l  t o  approximate ly  
t h e  Mars g r e a t  o p p o s i t i o n  p e r i o d  T go = 15.8  y e a r s .  The VXX 

i 
j 

range i s  approximately 500 - 800 m/sec f o r  t h e  b e s t  t r a j e c t o r y  
i 
i semiorb i t  combinat ions.  For t h e  two-impulse f l i g h t  scheme, t h e  
i 1 va lues  of V x ;  and i t s  components a r e  p r e s e n t e d  f o r  i n s e r t i o n  

i n t o  c i r c u l a r  AMS o r b i t  wi th  heir = 1000 km and e l l i p t i c  o r b i t  I 
4 w i t h  h, = 1000 km and ha = 20,000 km. The v a l u e s  of V, .  f o r  

I i n s e r t i o n  i n t o  e l l i p t i c  o r b i t  a r e  approximately 1 km/sec l e s s  i n  - /279 
f 

\ comparison wi th  i n s e r t i o n  i n t o  c i r c u l a r  o r b i t .  The s e l e c t e d  
e l l i p t i c  o r b i t  p rov ides  energy < x p e n d i t u r e s  c l o s e  t o  t h e  minims2 

p o s s i b l e  va lue  ( i n s e r t i o n  t o  a  pa rabo la  reduces  V,,  by only  250 : -1 m/sec).  For  t h e  three- impulse f l i g h t  scheme f o r  i n s e r t i o n  

t o  a n  e l l i p s e  i s  about  2 k d s e c  l e s s  t h a n  f o r  i n s e r t i o n  i n t o  
c i r c u l a r  o ~ b i t .  The t o t a l  f l i g h t  t ime of  t h e  long d u r a t i o n  

1 i 
r o u n d t r i p s  l i e s  i n  t h e  range = 900 - 1100  days .  The E a r t h  

i 
i a tmosphere e n t r y  v e l ~ c l t y  V? = 11.5  - 12.3  km/sec. The s topover  
L 
! t ime at  Mars A t s o  z 330 - 450 days .  

The c h a r a c t e r i s t i c s  of t h e  opt imal  two- and three- impulse  

a c c e l e r a t e d  r o u n d t r i p  schemes a r e  a l s o  p e r i o d i c .  Th i s  p e r i o d  i s  



F i g u r e  8.2.5.  C h a r a c t e r i s t i c s  of a c c e l e r a t e d  two-impulse Mars 
r o u n d t r i p s  ( e l l i p t i c  AMS, hn = 1000 km, ha = 20,000 loo, A t s o  - - 
30 days.  

approximately equa l  t o  t h e  Mars g r e a t  o p p o s i t i o n  p e r i o d  (Figures  

8.2.5 and 8 .2 .6 ) .  

The t o t a l  c h a r a c t e r i s t i c  v e l o c i t y  Vx3 f o r  t h e  a c c e l e r a t e d  

f l i g h t s  i s  s i g n i f i c a n t l y  h ighe r  t h a n  f o r  t h e  long  d u r a t i o n  f l i g h t s .  

The range  of V,, v a r i a t i o n  f o r  t h e  v a r i o u s  f l i g h t  c y c l e s  i s  a l s o  

s i g n i f i c a n t l y  g r e a t e r  and equa l  t o  1 . 5  - 2 h / s e c ,  The E a r t h  
atmosphere e n t r y  v e l o c i t y  V: (from 14  t o  23 krn/sec) changes 
p a r t i c u l a r l y  markedly. The minimal V: va lue  cor responds  approxi -  
mately t o  minimum VXZ. .  However, t h e  t o t a l  f l i g h t  t ime i s  q u i t e  
s t a b l e  and amounts t o  Air = 430 - 530 days wi th  v a r i a t i o n  range  
f o r  t r a j e c t o r i e s  of one semiorb i t  combination of no more t h a n  

50 days .  The Mars atmosphere e n t r y  v e l o c i t y  f o r  t h e  two-impulse 
f l i g h t  scheme i s  approximately V,-6.5 - 8.5 km/sec. The AES 

o r b i t  launch v e l o c i t y  f o r  t h e  t r a j e c t o r i e s  wi th  s e m i o r b i t  combi- 

n a t i o n  1-11 i s  q u i t e  s t a b l e  and i s  v:,= 3.5 - 4 km/sec f o r  t h e  /280 
@ 

- 
three- impulse scheme and Vst 3 .8  -- 4.3 h / s e c  f o r  t h e  two- 
impulse scheme. 



'ears 

Figure 8.2.6. Characteristics of accelerated three-impulse Mars 
roundtrips (conditions same as in legend of Figure 8.2.5) 

The large variation of the Mars flight trajectory charac- 

teristics for the various flight cycles leads to a situation in 

which there are "good1' (1984, 1986) and pcqr (1975, 1977) 

flight cycles. In the "good" flight cycles, the energy expendi- 

tures (total velocity V,: ) and the Earth atmosphere entry /281 

velocity V% are minimal, which makes them favorable for - alizing 

direct flights to Mars. 

CHARACTERISTICS OF VENUS FLYBY TRAJECTORIES WITH RETURN 

TO THE EARTH 

Such trajectories may be of interest for both the automatic 

vehicle returning to the Earth and the piloted vehicle during the 

first flights to the planet. The long duration Venus flyby 

trajectories with total flight time A h  = 2  years have energy 

characteristics close to the flight trajectories to Venus without 

return. The maneuver impulse in the Venus sphere of action is 

equal to zero. 

Accelerated Venus flyby trajectories with return +o the 

Earth with total flight time -z 350 - 500 days a:. ..-ssible, 

The trajectorles with semiorbit combinations 1-11 and TI-IT have 



Figure 8.2.7. Characteristics of accelerated Venus flyby 
trajectory (dvQm < 100 m/sec) 

the best characteristics. The semiorbit combinations 1-1 and 

11-1 yield values of the total characteristic velocity which are 

higher by 1 - 2 km/sec. 

The Venus flyby trajectory characteristics have a small 

range of variation (Figure 8.2.7). Thus, for Vxs the range of 
variation for the various flight cycles is AV,Z = 300 m/sec. The 

optimal trajectories correspond to small values of the velocity 

impulse in the Venus sphere of action ( A V ~ G  100 m/sec). The 

total flight time along the Venus flyby trajectories is also 

quite stable and amounts to A ~ B =  380 - 400 days far trajector- 
ies with the semiorbit combination I-II and A =  450 - 500 days /252 - 
for the combination II-II. We note that the Venus flyby VXr 

(1'1; ~ 3 . 6  - 4 km/sec for the semiorbit combination 1-11) exceeds 
on1.y slightly the velocity 3.4 - 3.8 km/sec required for flights 
to Venus without return. The vehicle entry velocity into the 

Earth's atmosphereV;'-14 - 14.8 km/sec for the semiorbit combi- 
nation II-II andVF= 13 - 14.2 km/sec for I-II. The optimal 

Venus flyby cycles repeat at approximately the Venusian synodic 

period Ts z 1.6 years. The optimal trajectory cycles repeat at 



approximately t h e  Venusian g r e a t  o p p o s i t i o n  p e r i o d  T = 8 years .  
go 

Considering t h i s ,  we can e x t r a p o l a t e  approximately t h e  op t ima l  
t r a j e c t o r y  c h a r a c t e r i s t i c s  t o  

§ 3. SELECTION OF PLANET 

I n  most publ ished works, 

o t h e r  f l i g h t  c y c l e s ,  

PARKING ORBIT SHAPING SCHEME 

both  Sov ie t  and f o r e i g n ,  on 
op t imiza t ion  of r o u n d t r i p  v e h i c l e  f l i g h t  t r a j e c t o r i e s  t o  a p l a n e t ,  
i t  i s  assumed t h a t  t h e  braking maneuver from t h e  approach 
hyperbola t o  parking o r b i t  around t h e  p l a n e t  and t h e  launch from 
t h i s  o r b i t  i n t o  t h e  d e p a r t u r e  hyperbola takes p l a c e  a t  t h e  p e r i -  
c e n t e r  p o i n t s  of t h e s e  t r a j e c t o r i e s .  I n  t h e  r e a l  s i t u a t i o n ,  t h i s  
case  cannot u s u a l l y  be r e a l i z e d ,  The requirement  n a t u r a l l y  
a r i s e s  t o  f i n d  t h e  maneuver which can a c t u a l l y  be r e a l i z e d  t o  
shape t h e  parking o r 3 i t  a t  t h e  p l a n e t  wi th  minimal energy 
expendi tures .  I n  t h e  p resen t  s e c t i o n ,  we compare t h r e e  o r b i t  
shaping maneuver v a r i a n t s ,  combined from a  maneuver i n  t h e  
e l l i p t i c  parking o r b i t  p l a n e  ( r o t a t i o n  o f  t h e  e l l i p t i c  o r b i t  
a x i s  of a p s i d e s ,  n o n p e r i c e n t r a l  e l l ipse -hyperbo la  t r a n s f e r s )  and 
e l l i p t i c  o r b i t  p lane  r o t a t i o n  a t  i t s  apocenter  ( s e e  5 2 ,  Chapter 

4 ) .  This  comparison does no t  p re tend  t o  provide  s t r i c t  opt imi-  
z a t i o n  of t h e  parking o r b i t  shaping maneuver, However, t h e  
r e s u l t i n g  minimal energy maneuver v a r i e n t ,  based on nonperi- 
c e n t r a l  e l l ipse -hyperbo la  t r a n s f e r s ,  i s  apparen t ly  c l o s e  i n  energy 
expendi tures  t o  t h e  minimal scheme. 

We examine c a s e s  of parking o r b i t  shaping both  i n  t h e  p lane  
of t h e  p l a n e t  a p p ~ o a c h  v e c t o r  and advanced p l a n e t  launch v e c t o r  
(base  p lane)  and i n  a  p lane  of a r b i t r a r y  i n c l i n a t i o n  t o  t h e  base 
p lane .  



ORBIT I N  PLANE OF PLANET 
APPROACH AND DEPARTURE 
VECTORS 

Let t h e  d i r e c t i o n s  of  t h e  
v e l o c i t y  v e c t o r s  on t h e  asymp- 
t o t e s  of t h e  approach and 

d e p a r t u r e  hyperbolas (V1 and 

V2 i n  F i g u r e  8.3.1) be g iven.  
F igure  8.3.1. Schematic f o r  
determining parking o r b i t  The d i r e c t i o n s  of t h e s e  v e c t o r s  
i n c l i n a t i o n  i a r e  c h a r a c t e r i z e d  i n  t h e  equa- /283 

t o r i a l  p l a n e t o c e n t r i c  coord ina te  
system by t h e  ang les  al and a 2  - r i g h t  ascens ion,  61 and d 2  - 
d e c l i n a t i o n .  

I n  t h i s  case ,  it i s  n a t u r a l  t o  shape t h e  parking o r b i t  i n  1 
t h e  p lane  of t h e  v e c t o r s  V1 and V2.  The i n c l i n a t i o n  of t h i s  i 

o r b i t  t o  t h e  equa to r  i s  i and t h e  ascending node long i tude  i s  Q. 
3 

I 1 

The ang le  @between t h e  v e c t o r s  V1 and V2 i s  found from t h e  
s p h e r i c a l  t r i a n g l e  62a61 

cos rq= cos (a, - a,) cos (6, - 8,). 

During t h e  s topover t ime A t s o  a t  t h e  p l a n e t ,  t h e  parking 

o r b i t  node long i tude  changes by t h e  amount* 

cos  i 

and t h e  a x i s  of a p s i d e s  t u r n s  through t h e  ang le  

* See § 1, Chapter 2 .  

338 



Here E i s  t h e  c o e f f i c i e n t  c h a r a c t e r i z i n g  p l a n e t  f l a t t e n i n g ;  IJ 
P l  

is  t h e  g r a v i t a t i o n a l  cons tan t  of t h e  p l a n e t ;  p i s  t h e  parking 
o r b i t  parameter;  T = i s  t h e  pe r iod  of r e v o l u t i o n  

i n  t h e  parking o r b i t ;  a i s  t h e  parking o r b i t  semimajor a x i s .  

I n  t h i s  case ,  t h e  parking o r b i t  p lane  w i l l  p a s s  through t h e  
v e c t o r  v1 and t h e  advanced v e c t o r  t,, (base p l a n e ) .  The d i r e c t i o n  

/284 ' of t h e  v e c t o r  v2, i s  c h a r a c t e r i z e d  by t h e  a n g l e s  az'-a~+AR'. &'=go 

I n  t h i s  case ,  t h e  parking o r b i t  i n c l i n a t i o n  w i l l  be il' and 

t h e  nodal  long i tude  w i l l  be Q'. The ang le  between t h e  v e c t o r s  
V1 and V2'  i s  equal  t o  q9 ( s e e  F i g u r e  8 . 3 . 1 ) .  During t h e  s top-  

over t ime At,,, t h e  o r b i t a l  i n c l i n a t i o n  ilt does no t  change but  

t h e  nodal  l o n g i t u d e  becomes 

Qtt= St+ 4St, 

where 

I n  t h i s  case ,  a t  t h e  end of t h e  s topover  t ime,  t h e  parking o r b i t  
p lane  w i l l  pass  through t h e  launch v e l o c i t y  v e c t o r  V2. We f i n d  

from t h e  s p h e r i c a l  t r i a n g l e  82'ab 

After t r ans fo rmat ion  of t h l s  express ion ,  we hay:: 

This  t r a n s c e n d e n t a l  equat ion  d e f i n e s  t h e  ang le  i t .  The ang le  q~' 
between t h e  v e c t o r s  V and V q  (from t h e  s p h e r i c a l  t r i a n g l e  &;ad;.) 

1 

cos f- cos (a, - a, - AW) cos (8,- 4). 



The angular  d i s t a n c e  u2  of t h e  v e c t o r  V2' from t h e  l i n e  of 

nodes S l '  is found from t h e  s p h e r i c a l  t r i a n g l e  ofa2'b' 

sin sin u,=- 
s i n i *  ' 

From t h e  s p h e r i c a l  t r i a n g l e  Rfan'd2'1, we o b t a i n  

tg 82 sin p=- . 
cgi* 

When detenmining i on a  d i g i t a l  computer, i t  i s  a d v i s a b l e  t o  
determine i' by success ive  approximations from t h e  fo l lowing 
recur rence  r e l a t i o n s  without  s o l v i n g  t h e  t r a n s c e n d e n t a l  equa t ion  

$ it') 11 01 - a21 

sin (aI - dh)) * 

Taking i n t o  account t h e  a x i s  of a p s i d e s  r o t a t i o n  r e s u l t i n g  from /285 

p l a n e t  f l a t t e n i n g ,  we f i n d  t h e  ang le  ' . between t h e  

asymptotes of t h e  hyperbolas,  which i s  necessary  f o r  c a l c u l a t i n g  

t h e  t r a n s f e r  maneuver i n  t h e  p lane  of t h e  v e c t o r s  V1, V2. 

We s h a l l  examine s e v e r a l  v a r i a n t s  of t h e  t r a n s f e r  maneuver 
between t h e  hyperbol ic  a r r i v a l  o r b i t ,  e l l i p t i c  pa rk ing  o r b i t ,  
and d e p a r t u r e  hyperbola.  The parking o r b i t  p e r i c e n t e r  r a d i u s  

r, and t h e  apocenter  r a d i u s  ra a r e  g iven.  A l l  t h e s e  t r a n s f e r  

v a r i a n t s  a r e  based on a s e r i e s  of elementary maneuvers, t h e  
technique f o r  c a l c u l a t i n g  which was desc r ibed  i n  5 2 ,  Chapter 4 .  



COMPARISON OF VARIOUS PARKING ORBIT SHAPING MANEWER 
VARIANTS I N  THE BASE PLANE 

The fo l lowing v a r i a n t s  of coplanar  t r a n s f e r  maneuver from 
t h e  approach hyperbola t o  t h e  parking o r b i t  and launch from t h e  
parking o r b i t  i n t o  t h e  p l a n e t  d e p a r t u r e  hyperbola a r e  p o s s i b l e .  

1. P e r i c e n t r a l  t r a n s f e r s  between t h e  hyperbolas and t h e  
e l l i p t i c  o r b i t  wi th  r o t a t i o n  of t h e  e l l i p s e  a x i s  of aps ides ;  

a )  w i t h  s ingle- impulse r o t a t i o n  of t h e  e l l i p t i c  o r b i t  
a p s i d a l  a x i s .  

b) wi th  two-impulse r o t a t i o n  of t h e  e l l i p t i c  o r b i t  a p s i d a l  
a x i s .  

2. Nonper icent ra l  t r a n s f e r  between t h e  hyperbol ic  and 
e l l i p t i c  o r b i t s .  

Let  t h e  ang le  between t h e  v e l o c i t y  v e c t o r s  V! and v:~ on t h e  
asymptotes of t h e  hyperbolas be cp (Figure  8 .3 .2) .  Two t r a n s f e r  
modes and two parking o r b i t  p o s i t i o n s  a r e  p o s s i b l e .  The first 

t r a n s f e r  mode ( s o l i d  l i n e s  i n  F igure  8.3.2)  y i e l d s  l a r g e r  
r o t a t i o n  Auo*.of t h e  a p s i d a l  axes  of t h e  hyperbolas t h a n  t h e  

second mode (dashed l i n e s ) .  The ang le  between t h e  a p s i d a l  axes  
of t h e  hyperbolas ( t r a n s f e r  p o i n t s )  

The "tfl s i g n  i s  f o r  t h e  first t r a n s f e r  mode; t h e  "-" s i g n  i s  f o r  
t h e  second mode. 

* We n o t e  t h a t ,  i n  t h e  n o n p e r i c e n t r a l  t r a n s f e r  v a r i a n t ,  t h e  
p o i n t s  of  t r a n s f e r  from t h e  hyperbola t o  t h e  e l l i p s e  c o i n c i e e  
with t h e  p e r i c e n t e r  of t h e  hyperbola.  



Figure  8.3.2.  mar  e l l i p s e - h y p e r b o l a - e l l i p s e  t r a n s f e r  

For p e r i c e n t r a l  t r a n s f e r s ,  t h e  a n g l e  brz, i s  equa l  t o  t h e  
r e q u i r e d  e l l i p s e  a p s i d a l  a x l s  r o t a t i o n  a n g l e .  For  n o n p e r l c e n t r a l  
t r a n s f e r ,  t h e  a n g l e s  Av a r e  equa l  t o  t h e  anomaly of t h e  braking  
p o i n t  on t h e  e l l i p s e  o r  p o i n t  of launch from t h e  e l l i p s e .  I n  
t h e  g e n e r a l  case ,  when t h e  approach and d e p a r t u r e  hyperbola  
v e l o c i t y  moduli  P, a r e  no t  e q u a l ,  t h e  r e l a t i o n  h o l d s  

The opt imal  r e d i s t r i b u t i o n  of vb and vst minimizes 

- 5 

where AVb and AVst a r e  t h e  v e l o c i t y  impulses  i n  b rak ing  ( o r  

launching)  from t h e  hyperbola t o  t h e  e l l i p s e .  F i g u r e  8 .3 .3  shows 
f o r  + .=5  t h e  a d d i t i o n a l  energy expend i tu res  on t h e  t r a n s f e r  
maneuver wi th  noncoinc id ing  a ~ s i d a l  axes  of t h e  braking  and 
l aunching  hyperbolas  i n  comparison wi th  p e r i c e n t r a l  t r a n s f e r s  
wi th  c o i n c i d i n g  a p s i d a l  axes  of t h e  hyperbolas .  The q u a n t i t y  



Figure  8.3.3. C h a r a c t e r i s t i c  of d i f f e r e n t  p l a n a r  e l l i p s e -  
hyperbola-e l l ipse  t r a n s f e r  v a r i a n t  s f o r  ;.-& 

1- one-impulse r o t a t i o n  of a x i s  of  aps ides ;  2- n o n p e r i c e n t r a l  
t r a n s f e r ;  3- two-impulse r o t a t i o n  of a x i s  of aps ides ;  4- two- 
impulse p a r a b o l i c  t r a n s f e r  

- -b "st A? = Vxz - (AVT + AVT 1, 

... 
where Vxz a r e  t h e  t o t a l  expendi tures  on t h e  t r a n s f e r  manruv,x 

'st a r e  f o r  noncoinciding a p s i d a l  axes  of t h e  hyperbolas;  A?:, AVn 

t h e  expendi tures  on p e r i c e n t m l  braking ( l aunch)  from t h e  hyper- 
bola t o  t h e  e l l i p s e .  

We s e e  t h a t  t h e  t r a n s f e r  maneuver w i t h  single-impulse r o t a -  
t i o n  of t h e  a p s i d a l  a x i s  of t h e  e l l i p s e  corresponds t o  t h e  
l a r g e s t  energy expendi tures .  The t r a n s f e r  maneuver wi th  two- 
impulse r o t a t i o n  of t h e  a p s i d a l  a x i s  becomes advantageous i n  
comparison wi th  t h e  n o n p e r i c e n t r a l  t r a n s f e r  v a r i a n t  only  f o r  
l a r g e  a p s i d a l  a x i s  r o t a t i o n  a n g l e s  J c ' r , .  Moreover, i t s  advantages /287 
show up a t  smal le r  va lues  of but with  i n c r e a s e  of t h e  e l l i p t i c  
parking o r b i t  r e l a t i v e  r a d i u s  ra. However, f o r  r e a l i s t i c  v a l u e s  

of V,==1-2 and ~ u r  <Go0 , t h e  most economical v a r i a n t  i s  nonperi- 
c e n t r a l  t r a n s f e r  between t h e  hyperbolas and t h e  e l l i p s e .  F i g u r e  
8.3.4 shows t h e  r e l a t i o n  ~ v x z = f  (Fa) f o r  t h e  d i f f e r e n t  t r a n s f e r  



Figure  8.3.4. Comparison of d i f f e r e n t  p l a n a r  e l l ipse-hyperbola-  
e l l i p s e  t r a n s f e r  v a r i a n t s  f o r  vr--2  ( n o t a t i o n s  same as I n  
Figure  8.3.3) 

v a r i a n t s .  We s e e  t h a t ,  i n  most c a s e s ,  t h e  t r a n s f e  - enePgy 
e x p e n d i t w e s  d iminish  wi th  i n c r e a s e  of 7.. 

ORBIT OF ARBITRARY INCLINATION TO THE BASE PLANE 

A s  t h e  base p lane  we t a k e  t h a t  i n  which t h e  a r r i v a l  v e l o c i t y  - /288 
b  v e c t o r  v- and t h e  launch v e c t o r  v e l o c i t y  v e c t o r  v : ~  l i e  (ve lo-  

c i t i e s  on t h e  asymptotes of t h e  hyperbola bundle a t  t h e  en t rance  
t o  and depar tu re  from t h e  p l a n e t  sphere  of a c t i o n ) .  

We cons ide r  t h e  i n c l i n a t i o n  ib of t h e  approach hyperbol ic  

o r b i t  p lane  t o  t h e  r e f e r e n c e  p l s n e  t o  be g iven.  The values  of 

r7r 
and ra of t h z  e l l i p t i c  parking o r b i t  a r e  a l s o  g iven.  We 

examine t h e  fo l lowing v a r i a n t s  o f  t h e  parking o r b i t  shaping 
maneuver and launch from t h i s  o r b i t :  

Var iant  I - maneuver wi th  two p e r i c e n t r a l  e l l ipse -hyperbo la  
t r a n s f e r s  and v a r i o u s  v a r i a n t s  of  two-impulse e l l i p s e  a p s i d a l  
a x i s  r o t a t i o n s ;  



V a r i a n t  I1 - maneuver w i t h  two p e r i c e n t r a l  e l l i p s e - h y c n r b o l a  
t r a n s f e r s  and two s ing le - impu l se  e l l i p s e  a p s i d a l  a x i s  r o t a t i m s ;  

V a r i a n t  111 - maneuver w i t h  two n o n p e r i c e n t r a l  e l l i p s e -  
hyperbola  t r a n s f e r s .  

In a l l  v a r i a n t s ,  e l l i p t i c  o r b i t  p l a n e  r o t a t i c n  i s  r e q u i r e d .  

We s h a l l  examine t h e  i n d i v i d u a l  s t a g e s  and v a r i a n t s  of 
t h e  maneuvers f o r  shaping  a  p a r k i n g  o r b i t  of a r b i t r a r y  i n c l i n a -  
t i o n  t u  t h e  base  p l ane .  

U N E W E R S  WITH PERICENTRAL TRANSFEhS BETWEEN ELLIPSE AN3 

HYPERBOLA 

I n  t h i s  c a s e ,  t h e  maneuver of  p a r k i n g  o r b i t  shap ing  and 
launch  from t h i s  o r b i t  c o n s i s t s  of  t h e  f o l l o w i n g  s t a g e s :  

- two p c r i c e n t r a l  t r a n s f e r s  between t h e  e l l i p s e  and t h e  
approach and d e p a r t u r e  hype rbo la s ;  

- r o t a t i o n  o f  t h e  e l l i p s e  a p s i d a l  a x i s ;  

- r o t a t i o n  of  t h e  e l l - p t i c a l  o r b j t  p l a n e ,  

A s  b e f o r e ,  two v a r i a n t s  o f  e l l i p s e  a b s i d a l  a x i s  r o t a t i o n  
a r e  p o s s i b l e  - s ing le - impu l se  and two-impulse. 

Maneuver w i t h  two-impulse c i r c u l a r  r o t a t i o n  o f  a p s i d a l  a x i s  
and r o t a t i o n  of t h e  e l l i p t i c a l  o r b i t  p l a n e  ( v a r i a n t  Ia ' .  The 
i n c l i n a t i o n  ib of t h e  app-oach hype rbo la  p l a n e  t o  t h e  r e f e r e n c e  

p l a n e  i s  g i v e n  ( F i g u r e  8.3.5)) I n i t i a l l y ,  a t  p o i n t  1, a p3.anar 
p e r i c e n t r a l  t r a n s f e r  maneuver from t h e  approach hyperbola  t o  a n  



Figure  8.3.5. Schematic of nonplanar  e l l i p s e - h y p e r b o l a - e l l i p s e  
t r a n s f e r  wi th  two-impulse r o t a t i o n  of a p s i d a l  a x i s  ( v a r i a n t  I a )  

e l l i p s e  wi th  g iven  v s l u s s  of rn and ra i s  performed, t h e n  a t  t h e  

po in t  2, a p l a n a r  t r a n s f e r  maneuver t o  a  c i r c u l a r  i n t e r m e d i a t e  
o r b i t  wi th  r a d i u s  ra i s  performed. Then, a t  p o i n t  3 ,  f o l l o w s  

r o t a t i o n  of t h e  p l ane  of t h i s  c i r c u l a r  o r b i t  through t h e  a n g l e  K ,  

t hen  t r a n s f e r  from t h e  c i r c u l a r  o r b i t  t o  t h e  launch e l l i p s e .  The 

f i n a l  s t a g ?  i s  t h e  p e r i c e n t r a l  launch maneuver from t h e  e l l i p s e  - /289 
i n t o  t h e  d e p a r t u r e  hyperbola.* The i n c l i n a t i o n  ist of t h e  launch 

e l l i p s e  orb i t  p l a x  is selected t o  b e  nptlmal wrt minimizing 
t h e  energy expend i tu res  on t h e  o v e r a l l  maneuver. Let  t h e  a n g l e  

between t h e  p l a n e t a r y  sphere  of c c t i o n  e n t r y  v e c t o r  O: and depar-  

-st t u r e  v e c t o r  Va, be cp . ' L e  a n g l e  of r o t a t i o n  of t h e  v e l o c i t y  

vec to r  i n  t h e  c i r c u l a r  i n t e r m e d i a t e  o r b i t  i s  K .  It f o l l o w s  from 
t h e  s p h e r i c a l  t r i a n g l e  t h a t  

cos in  - K )  = -cos ib s o s  i + s i n  ib s i n  ist cos ( I  -q)), st  

* The l a s t  two s t a g e s  a r e  no t  shown i n  F i g u r e  8 .3 .5 .  
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hence 

cos K = cos  ib cos ist + s i n  ib s i n  is, cos cp. 

For g iven r, and ra of t h e  e l l i p t i c  parking o r b i t ,  t h e  minimum 

t o t a l  impulse w i l l  occur  f o r  minimum in te rmedia te  o r b i t  p lane  
r o t a t i o n  impulse AV..  For  g iven  ib and cp, t h i s  :orresponds t o  

a  maximum of cos x .  . Therefore,  

a ( C 0 S  ') = -cos ib s i n  ist + s i n  ib cos  ist cos q, = 
aist 

2 2 2 2 2 s i n  ib cos  q , ( l  - s i n  ist) = cos ib s i n  iSt. 

The opt imal  va lue  ist Opt i s  found from 

2 
2 s i n 2  ib cos  cp 

s i n  ist - - 2 cos2 ib + s i n  ib cos2 q, 

The t o t a l  r e l a t i v e  impulse f o r  two-impulse r o t a t i o n  of ?be -- / 2 9 0  

a p s i d a l  a x i s  (impulse A V , . )  and r o t a t i o n  of t h e  p lane  through t h e  

ang le  K ( impulse AV.) 
- - - 

. r  I 1 I  AV,X- AV -7- AV x. 

The t o t a l  r e l a t i v e  impulse A17,r a s  a  f u n c t i o n  of t h e  ang le  cp f o r  

va r ious  approach o r b i t  i n c l i n a t i o n s  ib and 5 i s  shown i n  

Figure  3.3.6. The l a r g e s t  ~ V x n  v a l u e s  correspond t o  braking p l a r e  
i n c l i n a t i o n  ib = +_ 90'. The t r a n s f e r  maneuvers a r e  symmetric 

r e l a t i v e  t o  t h e  base p lane .  The energy expendi tures  of t h i s  

t r a n s f e r  v a r i a n t  ( I a )  depend c r u c i a l l y  on t h e  e l l i p t i c  parking 

o r b i t  apocenter  r a d i u s  i,. 



Figure  8.3.6. T o t a l  impulse 
~ v ' ,  v e r s u s  a n g l e s  cp and i f o r  
v a r i a n t  Ia (7.4 

f i r s t  e l l i p t i c  o r b i t .  A t  p o i n t  

Maneuver w i t h  s ingle- impulse  

r o t a t i o n  o f  a p s i d a l  a x i s  and 

r o t a t i o n  of  e l l i p t i c  o r b i t  p l a n e  

( v a r i a n t  11). The t r a n s f e r  

maneuver t o  t h e  pa rk ing  o r b i t  and 

d e p a r t u r e  from t h i s  o r b i t  t a k e s  

p l a c e  as f o l l o w s  (F igure  8 .3 .7) .  

A t  p o i n t  1 ( p e r i c e n t e r  of 
approach hyperbola  and e l l i p s e ) ,  
t h e  v e h i c l e  t r a n s i t i o n s  t o  t h e  

2, t h e  r a d i a l  impulse AVwb i s  

used t o  t r a n s f e r  t h e  v e h i c l e  t o  t h e  second e l l i p t i c  o r b i t ,  r o t a t e d  
r e l a t i v e  t o  t h e  f i r s t  through t h e  a n g l e  wb.  Then, at  p o i n t  3, 

t h e  impulse U, r o t a t e s  t h e  p l a n e  of t h e  e l l i p s e  r e l a t i v e  t o  

t h e  a p s i d a l  a x i s  through t h e  a n g l e  K .  The launch p l a n e  i s  shaped 

by t h i s  maneuver. I n  t h i s  p l ane ,  t h e  a p s i d a l  a x i s  of t h e  e l l i p s e  
i s  r o t a t e d  through t h e  a n g l e  wst  and from t h e  p e r i c e n t e r  of  t h i s  

r o t a t e d  e l l i p s e ,  p e r i c e n t r a l  t r a n s f e r  t o  t h e  d e p a r t u r e  hyperbola 

i s  accomplished ( t h e  las t  s t a g e s  of  t h e  maneuver a r e  n o t  shown 

i n  F i g u r e  8 .3 .7) .  The r e q u i r e d  c h a r a c t e r i s t i c s  of t h i s  

maneuver a r e  found from t h e  r e l a t i o n s  

cos K = cos  ib cos ist + s i n  ib s i n  ist cos Q,; 

cos  y  = -cos yb cos  cp + s i n  yb s i n  cp cos  ib; s t  

s i n  Y b  
s i n  ist = s i n  i b  s i n  y s t y  

- 
For g iven  r e l a t i v e  e l l i p t i c  pa rk ing  o r b i t  apocen te r  h e i g h t  r . ,  /291 

-st a n g l e  C$I between t h e  v e c t o r s  8: and V, , and braking  hyperbola 

p l a n e  i n c l i n a t i o n  ib, t h e  c a l c u l a t i o n  i s  made a s  f o l l o w s .  By 



Figure  8.3.7.  Schematic of nonplanar  hyperbola-e l l ipse-hyperbola  
t r a n s f e r  w i t h  s ingle- impulse  r o t a t i o n  of  t h e  a p s i d a l  a x i s  
( v a r i a n t  11) 

s e l e c t i n g  v a r i o u s  v a l u e s  o f  yb,  we de termine  i t s  opt imal  v a l u e  

which minimizes t h e  energy expend i tu res  

where 

The v a l u e s  of ~v,= f (7,) and hv,= f ( x ,  <) a r e  shown i n  

F igures  4 . 2 . 1  and 4 . 2 . 2 .  The op t ima l  d e p a r t u r e  hyperbola i n c l i n a -  
Opt = 0. t i o n  ist corresponds t o  t h e  opt imal  yb.  The o p t i n a l  v a l u e  ob 

O f  i n t e r e s t  i s  t h e  degenera te  t r a n s f e r  c a s e ,  when wb = w = 0. st  
I n  t h i s  case ,  

cos ast  + cos ab + cos q3 
C O S  i b *  = > 

s i n  ab s i n  cp 

s i n  a. 
D s i n  i E t  = s i n  i -- b sin aSt'  



Figure  8.3.8. T o t a l  impuJse ~ V E  ss f u n c t i o n  of  i and cp 
b = 0  ( v a r i a n t  11) f o r  fa = 5, v = 1, V Z ~  = 2 , a n d  wb opt 

s i n  ab 
cos  K* = cos  ibJl - s i n 2  i ( s i n  ah ) 2  + 

b  s i n  ast  Sin s i n  ast . 
"b "st - And, if i n  a d d i t i o n  V_ = V_(ab - ast = a ) ,  t hen  

2 cos  r = cos2  i + s i n  ib cos  cp. b 

F igure  8 .3 .8  shows t h e  dependence of t h e  t o t a l  impulse ~bxe 
and i t s  components on launch o r b i t  i n c l i n a t i o n  ib f o r  v a r i o u s  Q .  

The r e l a t i o n  A ~ X X  =f (i ) has  a q u i t e  complex n a t u r e .  We s e e  b 

p o i n t s  ( f o r  P'" and go0)  a t  which wst = 0 .  The c h a r a c t e r i s t i c s  

of t h i s  t r a n s f e r  maneuver a r e  symmetric r e l a t i v e  t o  t h e  b a s e  
p lane .  The l a r g e s t  v a l u e s  of ~ v . 2  correspond t o  i n c l i n a t i o n  ib 

c l o s e  t o  180°. 

Maneuver wi th  two-impulse e l l i p t i c  r o t a t i o n  of a p s i d a l  a x i s  
and r o t a t i o n  of t h e  t r a n s f e r  e l l i p s e  p l a n e  ( v a r l a n t  Ih). The .-. - 
maneQver i s  accomplished as f o l l o w s  ( F i g u r e  8 .3 .9 ) .  From t h e  



Figure  8.3.9.  Schematic of nonplanar  e l l i p t i c  t r a n s f e r  w i t h  
two-impulse r o t a t i o n  of  a p s i d a l  a x i s  ( v a r i a n t  I b )  

braking  hyperbola a t  p o i n t  1, p e r i c e n t r a l  t r a n s f e r  i s  made t o  t h e  
e l l i p t i c  park ing  o r b i t ,  a t  p o i n t  2, t r a n s f e r  is  made t o  a n  i n t e r -  
mediate  e l l i p s e ,  r o t a t i n g  t h e  a p s i d a l  a x i s  through t h e  a n g l e  w. 

A t  t h e  apocen te r  p o i n t  3 of t h e  i n t e r m e d i a t e  e l l i p s e ,  t h e  p l a n e  
i s  r o t a t e d  through t h e  a n g l e  K .  T r a n s f e r  from t h e  i n t e r m e d i a t e  
e l l i p s e  t o  t h e  pa rk ing  o r b i t  and p e r i c e n t r a l  d e p a r t u r e  from t h i s  
o r b i t  t o  t h e  d e p a r t u r e  hyperbola a r e  accomplished i n  t h i s  ( l aunch)  
p l ane  ( t h e  second s t a g e  of t h e  maneuver i s  no t  shown i n  F i g u r e  

8 .3 .9 ) .  

Symmetry of t h e  e l l i p t i c  r o t a t i o n  of t h e  a x i s  of a p s i d e s  1293 
r e q u i r e s  t h a t  

I n  t h i s  c a s e ,  



From t h e  b a s i c  r e l a t i o n  

cos  yst = -COS y cos $O + s i n  yb s i n  a) cos  i 
b b 

a f t e r  t r ans fo rmat ions  we o b t a i n  

cos  a  t cos ab cos (p - s i n  ab s i n  q, cos  ib 
W s t  

tg 2 = s i n  ast + s i n  ab cos cp + cos a b  s i n  $O cos  ib 

The r o t a t i o n  ang le  of  t h e  i n t e r m e d i a t e  e l l i p s e  v e l o c i t y  Va 

where 
cos  K = cos  ib cos  ist + s i n  ib s i n  ist cos  a,, 

Using t h e s e  va lues  of w and K ,  w e  f i n d  t h e  t o t a l  manez-~er 
impulse 

where is  t h e  t o t a l  impulse of a p s i d a l  a x i s  r o t a t i o n  through 
t h e  ang le  w ( s e e  Figure  4.1.5, e l l i p t i c  two-impulse t r a n s f e r )  ; 
A ~ X  i s  t h e  impulse of o r b i t  p lane  r o t a t i o n  a t  i t s  apocenter  
through t h e  ang le  K ( s e e  F igure  4 .1 .3) .  

F igure  8.3.10 shows t h e  t o t a l  impulse APX~ a s  a f u n c t i o n  of /294 
braking o r b i t  i n c l i n a t i o n  ib f o r  v a r i o u s  v a l u e s  of  t h e  ang le  cp 

wi th  Pa = 5 and V: = 1, V_ St = 2 .  The l a r g e s t  v a l u e s  of v = ~  
r 

occur a t  ist = 120 - 130'. Here a g a i n  t h e r e  are p o i n t s  where 

A~,=o . Figure  8.3.11 shows t h e  v a l u e s  of  a, and of t h e  i 
I 
i in te rmedia te  e l l i p s e .  For p o i n t s  where ~17, =0, H.=l and q. =5 . 4 - 

I n  t h e  g e n e r a l  case ,  t h e  va lues  of I?, and Ti. a r e  l a r g e r  t h a n  r. 

and k f o r  t h e  parking o r b i b .  f 
f 



Figure  8.3.10. T o t a l  impulse AVa as f u n c t i o ~  of 
e l l i p t i c  t r a n s f e r  ( v a r i a n t  I b )  w i t h  % = 5, V: = 

ib and p s t f o ~  
1, and V,,, = 2.  

F igure  8.3.11. ii, and & of i n t e r m e d i a t e  e l l i p s e  ( v a r i a n t  I b )  

MANEUVER WITH NONPERICENTRAL TRANSFER BETWEEN ELLIPSE AND 

HYPERBOLA (VARIANT 111) 

I n  t h i s  case ,  t h e  maneuver of pa rk ing  o r b i t  shap ing  and 
d e p a r t u r e  from t h i s  o r b i t  c o n s i s t s  of two n o n p e r i c e n t r a l  t r a n s -  
f e r s  between t h e  hyperbola and e l l i p s e  ( p o i n t s  i and 3 i n  F i g u r e  
8.3.12) and r o t a t i o n  of t h e  e l l i p s e  p l a n e  through t h e  a n g l e  K a t  
p o i n t  2 .  The c h a r a c t e r i s t i c  c e l c u l a t i o n  scheme i s  t h e  same a s  i n  / 2 9 5  
t h e  v a r i a n t  I1 c a s e .  For  g iven  Fa ,  ib, and q, , w e  seek  t h e  

op t ima l  v a l u e  of yb which minimizes 

where bCb and c - ? ~ ~  a r e  t h e  d i f f e r e n c e s  of t h e  v e l o c i t y  impulses  

between t h e  n o n p e r i c e n t r a l  and p e r i c e n t r a l  t r a n s f e r  maneuvers 
between t h e  e l l i p s e  and t h e  hyperbola ,  



F i g u r e  8.3.12. Schematic of nonplanar  n o n p e r i c e n t r a l  hyperbola-  
e l l i p se -hyperbo la  t r a n s f e r  ( v a r i a n t  111)  

The dependence of t h e  impulse components on d e p a r t u r e  o r b i t  
i n c l i n a t i o n  ib and t h e  a n g l e  cp between t h e  v e c t o r s  vL and vet i s  

shown i n  F i g u r e  8.3.13. The cu rves  have t h e  same n a t u r e  as f o r  
t h e  maneuver c a s e s  w i t h  s ingle- impulse  r o t a t i o n  of t h e  a p s i d a l  
a x i s ,  -however, hVZ i s  s i g n i f i c a n t l y  s m a l l e r .  The r e l a t i o n  6Vn =I ( ib )  

i s  a l s o  symmetric about  t h e  base  p l a n e ,  However, i n  t h i s  c a s e ,  
a s  a  r u l e ,  w Opt # 0. I n  F i g u r e  8.3.13, t h e  p o i n t s  cor responding  b  
t o  ub = w = 0 a r c  noted .  s t  

INSERTION INTO ORBIT OF ARBITRARY INCLINATION FOR SMALL 

VALUES OF THE ANGLE q, 

If t h e  a n g l e  cp between t h e  approach v e l o c i t y  v e c t o r  B: and 
t h e  d e p a r t u r e  v e l o c i t y  v e c t o r  vet i s  equa l  t o  z e r o ,  t h e  pa rk ing  
o r b i t  i n c l i n a t i o n  can be s e l e c t e d  a r b i t r a r i l y .  Th i s  mutual  
p o s i t i o n i n g  of  t h e  v e c t o r s  1: and v t t  can ,  i n  p r i n c i p l e ,  be 



Figure  8.3.13. Dependence of AV,.on ib and Q f o r  n o n p e r i c e n t r a l  
-#. 

t r a n s f e r  ( v a r i a n t  111) with  Pa = 5,  = 1, IT:'' = 2 

assured  by varying t h e  parameters  of t h e  he l .  l :entr ic  i r a j e c t o r y  
segments ad jacen t  t o  t h e  p l a n e t .  However, c a l c u l a t i o n s  have 
shown t h a t ,  i n  t h i s  case ,  t h e  energy expend i tu res  a long t h e  
f l i g h t  t r a j e c t o r y  i n c r e a s e  s i g n i f i c a n t l y .  This  i s  expla ined 

-st by t h e  f a c t  t h a t ,  f o r  alignment of  t h e  v e c t o r s  5: and V, it  i s  

necessary ,  i n  a d d i t i o n  t o  v a r i a t i o n  of t h e  t r a j e c t o r y  conf igura-  
t i o n  i n  t h e i r  p lanes ,  t o  a l i g n  t h e  o r b i t  p lanes  on t h e  segments 
ad jacen t  t o  t h e  p l a n e t .  

The v e c t o r s  can a l s o  be a l i g n e d  by r o t a t i n g  one of t h e  
v e c t o r s  iib_ o r  v t t  through t h e  ang le  q . Natura l ly ,  t h e  v e c t o r  
with smal le r  modulus should be r o t a t e d .  I n  t h i s  c a s e ,  t r a j e c -  
t o r y  op t imiza t ion  i s  based on t h e  t o t a l  v e l o c i t y  V x r  with  
a d d i t i o n  of t h e  r o t a t i o n  impulse 

-st = The energy expendi tures  r e q u i r e d  f o r  t h e  c a s e  ;! = 1 and Vm 
2 a r e  shown as a  f u n c t i o n  o f  cp i n  Figure  8.3.14. We see  t h a t ,  
f o r  c p >  0 ,  t h e  energy expend i tu res  of t h i s  maneuver v a r i a n t  w i l l  

be l a r g e r  t h a n  f o r  v a r i a n t s  I1 and 111. However, f o r  smal l  va lues  
of w, i t s  a p p l i c a t i o n  does not  l e a d  t o  s i g n i f i c a n t  i n c r e a s e  of 
t h e  energy expendi tures  and makes i t  p o s s i b l e  t o  s e l e c t  a n  o r b i t  
of a r b i t r a r y  i n c l i n a t i o n  ib f o r  t h e  same energy expendi tures .  



F i g u r e  8.3.14. Comparison of d i f f e r e n t  n ~ n p l a n a p ~ h y p e r b ~ l a -  
e l l i p se -hyperbo la  t r a n s f e r  v a r i a n t s  f o r  fa = 5, Vw = 1, vSt = 2 w 

COMPARISON OF DIFFERENT ARBITRARY I N C L I N A T I O N  P A R K I N G  

ORBIT SHAPING MA'JEWER VARIANTS 

F i g u r e  8.3.14 shows t h e  v a l u e s  of t h e  a d d i t i o n a l  charac-  
t e r i ~ ~ i c  v e l o c i t y  ~17, expend i tu res  i n  comparison wi th  t h e  p e r i -  
c e n t r a l  maneuver f o r  d i f f e r e n t  pa rk ing  o r b i t  shaping  maneuver 

b v a r i a n t s  as a f u n c t i o n  of t h e  a n g l e  cp between t h e  approach Ow 
and d e p a r t u r e  ~ t : ~  v e c t o r s .  The v a l u e s  of dVZ a r e  shown f o r  
braking  o r b i t  i n c l i n a t i o n  i, = 0 and ib f o r  maximal energy 

U 

expend i tu re .  For maneuver v a r i a n t  I, t h i s  cor responds  t o  i = 
b 

go0, f o r  v a r i a n t  111, ib = 180°. The c a l c u l a t i o n s  were made 

f o r  t h e  t y p i c a l  t r a n s f e r  case  wi th  iTb_ = 1 and ?st = 2 f o r  t h e  - r e l a t i v e  e l l i p t i c  o r b i t  apocen te r  h e i g h t  r , = 5  . For  a l l  t h e  
pa rk ing  o r b i t  shaping maneuver v a r i a n t s ,  t h e  s m a l l e s t  energy 
expend i tu res  correspond t o  t h e  b rak ing  o r b i t  inclination ib = 0.  /298 

I n  t h i s  case ,  t h e  b e s t  shaping  v a r i a n t  i s  111. 



Var ian t  111 w i l l  be b e s t  f o r  i n s e r t i o n  i n t o  a n  o r b i t  of 
a r b i t r a r y  i n c l i n a t i o n  (maximum energy expend i tu res )  f o r  v<40° , 
while f o r  v>40° , v a r i a n t  I b  w i l l  be b e s t .  ~ i ~ u r e  8.3.14 a l s o  
shows t h e  energy expend i tu res  which provide  i n s e r t i o n  i n t o  a n  

b o r b i t  of a r b i t r a r y  i n c l i n a t i o n  by p r e r o t a t i o n  of t h e  v e c t o r  9, 
through t h e  ang le  cp. As noted be fo re ,  t h i s  t r a n s f e r  c a s e  
y i e l d s  l a r g e r  energy expend i tu res  f o r  v a r i a n t s  I1 and I11 i n  
comparison w i t h  t h e  p rev ious ly  examined parking o r b i t  format ion  
cases .  For  a r b i t r a r y  inc l i . . a t ion  (maximum energy e x p e n d i t u r e s ) ,  
v a r i a n t  I b  provides  va lues  of AVZ c l o s e  t o  v a r i a n t  111. 



CHAPTER 9. INTERPLANETARY PLIGHT VEHICLE FLIGHT TRAJECTOXES 

TO SEVERAL PLANETS 

§ 1 EVALUATION OF FLIGHT CYCLICITY TO SEVERAL PLANETS 

We s h a l l  examine t h e  c z s e  ( F i g u r e  9 .1 .1)  when t h e  p l a n e t  1299 

o r b i t s  are c i r c u l a r  and l i e  i n  t h e  same p l a n e .  P l a n e t  1 is  t h e  

launch p l a n e t  and p l a n e t  n  i s  t h e  las t  p l a n e t  i n  t h e  f l y b y  c h a i n ,  

I n  t h e  c a s e  when f l y b y  o f  s e v e r a l  p l a n e t s  t a k e s  p l a c e  w'th r e t u r n  

t o  t h e  E a r t h ,  p l a n e t  n  co r r e sponds  t o  p l a n e t  I.. For g e n e r a l i t y ,  

we examine t h e  c a s e  o f  f l i g h t  w i t h  s t o p o v e r  a t  each p l a n e t  f o r  

some t ime  .Mi ( s t o p o v e r  t ime!  a t  t h e  p l a n e t ) .  

The h e l i o c e n t r i c  l o n g i t u d e  o f  p l a n e t  1 a t  t h e  i n s t a n t  o f  /300 

l aunch  from i t  

s t  -.-y;.+,q,, 
'il 

where (F,O i s  t h e  l o n g i t ~ d e  of  p l a n e t  1 a t  z e r o  t ime ;  w is  t h e  
a n g u l a r  v e l o c i t y  of p l a n e t  1; t l  is  t h e  t ime  of launch  from 

p l a n e t  1; 

The h e l i o c e n t r i c  l o n g i t u d e  o f  p l a n e t  2 a t  t h e  i n s t a n t  o f  
a r r i v a l  a t  i t  

?y = ?? t (0% (4 + A414 
where p20 and m2 a r e  t h e  i n i t i a l  l o n g i t u d e  and angula?.  v e l o c i t y  
of p l a n e t  2; A42 i s  t h e  f l i g h t  time between p l a n e t s  1 &rid 2 .  

The same f o r  p l a n e t  3 



F i g u r e  9 .1 .1 .  Schematic of 
f l i g h t  m u t e  t o  s e v e r a l  
p l a n e t  R 

of kar and WSt ,  )le o b t a i n  

where At2 13 t h e  s t o p o v e r  time 
a t  p l a n e t  2 ,  and s o  on. 

We s h a l l  examine t h e  
f l i g h t  segment from p l a q e t  1 

t o  2 .  

The d i f f e r e n c e  of  t h e  
h e l i o c e n t r i c  l o n g i t u d e s  

t h  f o r  t h e  k- f l i g h t  c y c l e  may 
d i f f e r  lrom t h e  z e r o  c y c l e  
( t r a n s f e r  a n g l e  121 ) by m u l t i p l e s  
2f 2n. S u b s t i t u t i n g  t h e  -2alues 

w h ~ r e  ~ ( 9 3 , = ~ ~ - #  . Hence, t'.? l aunch  d a t e  from p l a n e t  1 

CI 1 

where Ts L A  
1.s t h e  synodic  p e r i o d  of p l a n e t  Z r e i a t i ve  io p i e ~ i e t  

1; tlo i s  t h e  z e r o  f l i g h t  c y c l e  launch  d a t a .  

S i m i l a r l y  f o r  p l a n e t s  1 and 3 

where I -  t , and do cn  f o r  a l l  p o s s i b l e  combina t ions  of 1301  
t r a n s f e r  segments between a l l  t h e  p l a n e t s .  



For  t h e  s e l e c t e d  n p l a n e t  f l y b y  r o u t e ,  t h e  moments of t ime  
n 
U tl and t l  , dete rmined  on each  t r a n s f e r  segment,  a r e  e q u a l .  

Consequent ly ,  

Thus, t h e  o v e r a l l  synodic  p e r i o d  T ~ '  i s  e q u a l  t o  t h e  l e a s t  

common mu!.tiple o f  a l l  t h e  mu tua l  synodic  p e r i o d s  Ts of t h e s e  

9lane:s. S ince  no l i m i t a t i o n s  a r e  imposed on t h e  mutua l  con- 

f i g u r a t i o n s  o f  t h e  t r a j e c t o r i e s  and t h e  p l a n e t  f l y b y  sequence 
( I n c l u d i n g  t h e  s t o p o v e r  time a t  t h e  p l a n e t ,  t h e  p e r i o d  T,' w i l l  

be t h e  r e p e t i t i o n  p e r i o d  of any > l a n e t  f l y b y  c o n f i g u r a t i o n  and 
sequence.  

P 

But t h e  r e a l  synodic  p e r i o , ~  T ~ '  o f  t h e  p l a q e t s  a r e  n o t  

exac t  m u l t i p l e s  of one a n o t h e r .  However ( f o r  s u f f i c i e n t l y  h igh  

accu racy  of Ts m u l t i p l i c i t y ,  we can  g u a r a n t e e  r e p e t i t i o n  a f t e r  

t h e  p e r i o d  T ~ '  o f  c o n f i g u r a t i o n s  which d i f f e r  s u f f i c i e n t l y  l i t t l e .  

For  t h e  r e a l  s o l a r  system w i t h  elliptic and nonccplanar  o r b i t s ,  

t h e  t r a j e c t o r y  c h a r a c t e r i s t i c s  w i l l  d l f f e r  somewhat a f t e r  t h e  
C p e r i o d  Ts . 

The r e l a t i v e  p l a r e t  l o c a t i o n  c o n f i g u r a t i o n  ( f o r  c i r c u . l a r  
C p l a n e t a r y  o r b i t s )  r e p e n t s  hf ter   he p e r l o l  Ts . R e p e t i t i o n  of  

t h e  p l a n e t  p o s i t i o n  c o n f i g u r a t i o .  i n  space  i s  p o s s i b l e .  A s  i s  

kr~own, f o r  two p l a n e t s ,  t h i s  " a b s o l u t e  c o n f i g u r a t i c n l '  r e p e a t s  

a f t e r  t h e  g r e a t  o p p o s i t i o n  p e r i o d  T  
go ' 

I n  t h i s  c a s e ,  e ach  
? l a n e t  occup ie s  t h e  o r i g i n a l  p l a c e s  



t h  where cp!" i s  t h e  long i tude  o f  t h e  k- p l a n e t  a t  n  r e v o l u t i o n s  

0 t h  a f t e r  t h e  ze ro  f l i g h t  c y c l e ;  cp, i s  t h e  l o n g i t u d e  of  t h e  k- 

p l a n e t  a t  t h e  ze ro  f l l g h t  c y c l e  t i m e ,  Hence, 

t h  where Tk i s  t h e  s i d e r e a l  p e r i o d  of t h e  k- p l a n e t .  Comparing i n  - /302 

(9 .1 .1 )  each succeeding  and preceding  r e l a t i o n  ( f i r s t  and second, 
f o r  example),  we o b t a i n  

Thus, "abso lu te  r e p e t  i t i o n ' '  of t h e  p l a n e t  p l a c e  c o n f i g u r a t i o n  
v 

w i l l  t a k e  p l a c e  a f t e r  t h e  o v e r a l l  graeat  o p p o s i t i o n  p e r i o d  T& 
go' 

equa l  t o  t h e  l e a s t  common m u l t i p l e  of t h e  s i d e r e a l  and a l l  t h e  
mutbal  synodic p l a n e t  p e r i o d s  Ts.  The p e r i o d i c i t y  of  c y c l e  

r e p e t i t i o n  a f t e r  T' i s  a l s o  v a l i d  f o r  noncoplanar and e l l i p t i c  
go 

p l a n e t  o r b i t s .  

It snould bz noted t h a t  t h e  synodic and s i d e r e a l  p e r i o d  

m u l t i p l i c i t y  i n  t h e  g e n e r a l  c a s e  may be only approximate.  
Therefore ,  depending on t h e  degree  of approximation,  t h e r e  w i l l  

C C be d i f f e r e n t  v a l u e s  of Ts and T - c o a r s e  and more e x a c t .  
go 

For f l i g h t  schemes w i t h  r e t u r n  t o  t h e  d e p a r t u r e  p l a n e t  ( t h e  

E a r t h ) ,  t h e  r e t u r n  segment has  no i n f l u e n c e  on f l i g h t  c y c l e  



p e r i o d i c i t y .  Moreover, t h e  p l a n e t  f l y b y  sequence has  no i n f l u e n c e  
on t h e  c y c l i c i t y  ( i t  is  s u f f i c i e n t  t o  know simply t h e  l i s t i n g  of 

t h e  p l a n e t s  a long  t h e  r o u t e ) .  

I n  c ~ d e r  t o  de termine  t h e  f l i g h t  c y c l i c i t y  t o  d i f f e r e n t  

p l a n e t  combinat ions,  it i s  necessa ry  t~ know t h e  p l a n e t  synodic 

r evo lu t i cm p e r i o d s  Ts. It i s  c l e a r  from t h e  above t h a t  Ts f o r  

two p l a n e t s  i s  t h e  r e p e t i t i o n  p e r l o d  of t h e i r  mutual  p o s i t l o n  

r e l a t i v e  c o n f i g u r a t i o n  o r  t h e  r e v o l u t i o n  p e r i o d  of t h e  p l a n e t s  
r e l a t i v e  t o  one a n o t h e r .  

The synodic p e r i o d  of  p l a n e t  1 r e l a t i v e  t o    la net 2 (or  
v i c e  v e r s a  

where T and T2 a r e  t h e  p l a n e t  s i d e r e a l  r e v o l u t i o n  p e r i o d s .  The 1 

va lues  of  Ts f o r  v a r i o u s  a u t u a l  combinat ions of two p l a n e t s  a r e  

t a b u l a t e d  i n  t h e  A p p e n d i ~ .  

The g r e a t  o p p o s i t i o n  p e r i o d  of two p l a n e t s  i s  t h e  r e p e t i t i o n  

pe r iod  of  t h e  a b s o l u t e  c o ~ f i g u r a t i o n  of  t h e i r  mutual  p o s i t i o n i n g .  

I n  Chapters  5 and 6 ,  t h e  va lues  of  T f o r  t h e  E a r t h  and t h e  
go 

v a r i o u s  r ~ l a n e t s  were presenteG when t h e  approximate r e p e t i t i o n  /303 - 
p e r i o d s  of t h e  op t ima l  t r a j e c t o r y  c h a r a c t e r i s t i c s  wi th  r e s p e c t  

t o  t h e  f l i g h t  c y c l e s  were i n d i c a t e d .  

For  t h e  c a s e  of f l i g h t  from p l a n e t  1 t o  p l a n e t  2 ( f l i g h t  

from t h e  E a r t h  t o  a p l a n e t ) ,  t h e  g r e a t  o p p o s i t i o n  p e r i o d  



For approximate  de te rmina-  

t i o n  o f  T  
go ' i t  i s  neces sa ry  t o  

f i n d  t h o s e  kl, k2 ,  and kZ1 which 

minimize t h e  e r r o r  

A=R T, --klT11 

o r  

A = 1 k2Tp - RITIli- 

I n  t h i s  c a s e ,  t h e  T  v a l u e s  
F i g u r e  9 .1 .2 .  Schematic of go  
g r a p h i c a l  d e t e r m i n a t i o n  o f  w i l l  be whole p e r i o d s  T1 ( t h e  
T ( f l i g h t  t o  Mercury) 

go E a r t h  p e r i o d  T  z 1.00004 = 1 

y e a r ) .  It i s  convenien t  t o  s o l v e  t h e  system of  e q u s t i o n s  f c r  
de t e rmin ing  T  g r a p h i c a l l y  ( F i g u r e  9 . 1 . 2 ) .  The e r r o r  A w r i e s  

go 
as a f u n c t i o n  of k i n  a  p u l s a t i n g  f a s h i o n .  The v a l u e s  of  t h e  

i n t e g e r  k cor responding  t o  t h e  m i c i m a l  e r r o r s  are e a s i l y  found 

from t h e  graph .  A f t e r  t h i s ,  t h e  q u a n t i t y  A i s  r e f i n e d  by 

computat ion.  Thus, f o r  f l i g h t s  t o  Mercury, t h e  T  v a l u e s  w i th  
go 

minimal e r r o r s  w i l l  be ( s e e  F i g u r e  9 . 1 . 2 ) :  

f o r  T  = 13=0 .018 ,ko= l ,k~B=3and  ky=4; 
e o  

f o r  T = 7A=0.02,ko=7,k50=22 and . t ~ = 2 9 ,  e t c .  
g  c 

Tab le  9 . 1  p r e s e n t s  T  v a l u e s  o f  d i f f e r i n g  o r d e r  of m u l t i -  
go  

p l i c i t y  accuracy  Tor f l i g h t s  from t h e  E a r t h  t o  t h e  p l a n e t s .  It 

i s  b e t t e r  t o  c o n v e r t  t h e  e r r o r  A i n t o  t h e  t r a j e c t o r y  a n g l e  e r r o r  
A 

A1=2..rA f o r  f l i g h t  t o  t h e  i n n e r  p l a n e t s  and t o  AI=2.-r - T 
f o r  

PI 

f l i g h t  t o  t h e  o u t e r  p l a n e t s  ( i . e . ,  f o r  f l i g h t s  t.o t h e  i n n e r  

p l a n e t s  A1 co r re sponds  t o  t h e  s h i f t  of  t h e  - . a r th ,  w h i l e  f o r  

f l i g h t  t o  t h e  o u t e r  p l a n e t s ,  i t  c o r r e s p ~ n d s  t o  t h e  s h i f t  of  t h e  

p l a n e t ) .  I n  t h i s  demarca t ion  v a r i a n t , , A l  w i l l  b,. t h e  s m a l l e s t  



TABLE 9.1% 
1 1 I F l i g h t  t r a j e c t o r y  ( Ts y e a r s  I T , years/AZ" 

go I 
( E a r t h  - Mercury 

E a r t h  - Venus 1 , 5 9 9  l3 - 8 - 11 - 13 - 16 ... 
4 3 '  c 7 '  1,35' 4.4' 5.4' 2.7' 

i 
E a r t h  - Mars 

2.135 1 17 32 47 64 79 - - - - .,. 

E a r t h  - J u p i t e r  

.- 
* [ T r a n s l a t o r ' s  Note: Commas i n  numbers i n d i c a t e  decima.1 p o i n t s . ]  

i 5,5' 14,6' 4,2' 12,8' 1'8' 

1.091 ( - 12 - 71 ... - 4.2' 5.1' 

E a r t h  - Neptune 

E a r t h  - P l u t o  

change of t h e  f l i g h t  t r a j e c t o r y  c h a r a c t e r i s t i c s .  Usua l ly ,  t h e  

first p2r iod  T i s  most c h a r a c t e r i s t i c .  Thus, f o r  f l i g h t s  t o  
go 

c- I 

Mercury, i t  i s  equa l  t o  one y e a r .  It would appea r  t h a t  t h e  

m u l t i p l i c i t y  cor responding  t o  A1 = 17.3' i s  not  very e x a c t .  

However, as was shown i n  § 3  of Chapter 5 ,  t h e  r e p e a t a b i l i t y  of 

165 
1.006 I G. -.- 

t h e  f l i g h t  c h a r a c t e r i s t i c s  t o  Mercury a f t e r  one yea r  i s  q u i t e  
e x a c t .  Th i s  i s  exp la ined  by t h e  f a c t  t h a t  t h e  optimum of t h e  

c h a r a c t e r i s t i c  v e l o c i t y  f t  as a  f u n c t i o n  of f l i g h t  t ime A t f  ( o r  

a s  a f u n c t i o n  of t r a j e c t o r y  a n g l e  2 )  i s  q u i t e  f l a t .  Therefore ,  

1,004 

t h e  i n c r e a s e  of  t h e  e r r o r  A1 i n  t h e  cour se  of t h e  f i r s t  t h r e e  o r  

- 
248 - ... 

f o u r  y e a r s  from t h e  o r j g i n a l  p o s i t i o n  ( s e e  F i g u r e  9 . 1 . 2 )  does no t  
i n f l u e n c e  op t ima l  c h a r a c t e r i s t i c s  very  s t r o n g l y .  Then t h e  e r r o r  

A d e c r e a s e s ,  r each ing  a second minimu? a t  T = 7 y e a r s .  Then 
go  

- 0.29' 

i t  a g a i n  i n c r e a s e s  i n  t h e  cour se  of t h r e e  o r  f o u r  y e a r s ,  r e a c h e s  

a  t h i r d  minimum a t  T = 1 3  y e a r s ,  and so  on. 
go 



For f l i g h t s  t o  Mars (Table 9 .1 ) ,  t h e  f i r s t  p e r i o d  T  c 17 
go 

y e a r s  wi th  q u i t e  sma l l  e r r o r  A I ,  t h e  second p e r i o d  T  = 32 y e a r s  
go 

wi th  s t i l l  s m a l l e r  Al ,  and s o  on. The t h i r d  m u l t i p l i c i t y  p e r i o d  

Tgo 
= 8 y e a r s  f o r  f l i g h t s  t o  Venus i s  ve ry  exac t  and i s  c l e a r l y  

seen  on t h e  f l i g h t  c h a r a c t e r i s t i c s  t o  Venus i n  § 3, Chapter  5 ,  

For f l i g h t s  t o  t h e  d i s t a n t  o u t e r  p l a n e t s ,  t h e  first n u l t i -  

p l i c i t y  p e r i o d  i s  e q u a l  t o  t h e  p l a n e t ' s  s i d e r e a l  p e r i o d  T rounded 

t o  t h e  n e a r e s t  y e a r .  The p e r i o d s  T of h i g h e r  m u l t i p l i c i t y  a r e  
go  

t o o  long t o  have 
t h e  E a r t h  r e t u r n  

does not d i s r u p t  

We can a l s o  

any p r a c t i c a l  va lue .  We r e c a l l  t h a t  addi tLon of 

segment t o  a!l  t h e  f l i g h t  r o u t e s  t o  t h e  p la .?e ts  

t h e  c y c l i c i t y .  

de termine  t h e  p e r i o d  of  g r e a t  o p p o s i t i o n s  /305 
between two p l a n e t s  as f o l l o w s .  A f t e r  one synodic pe r iod  Ts, the 

d i f f e r e n c e  i n  t h e  h e l i o c e n t r i c  long i tu f i s s  of t h e  p l a n e t s  w i l l  be 

For r e p e t i t i o n  of t h e  a b s o l u t e  p o s i t i o n  of t h e  p l a n e t s ,  t h e  

q u a n t i t y  AT, must r e p e a t  n ( i n  t h e  g e n e r a l  case ,  n  I s  not  an 
2n i n t e g e r )  t imes  p e r  r e v o l u t i o n ,  i . e . ,  n=- . I n  t h i s  c a s e ,  t h e  
A'P 

g r e a t  o p p o s i t i o n  p e r i o d  

For f l i g h t s  t o  Mercury, 

T" = 1.005 y e a r s  w i t h  k = 1; 
go 

t o  Venus 

Ti, = 2.667 y e a r s  wi th  k = 2;  



t o  Mars 

T ' ~  = 15.83 y e a r s  w i t h  k = 1. 
go 

The q u a n t i t y  k i s  equa l  t o  t h e  rounded whole number o f  

complete p l a n e t  r e v o l u t i o n s  d u r i n g  t h e  p e r i o d  T,. For  f l i g h t s  

t o  t h e  d i s t a n t  o u t e r  p l a n e t s ,  f o r  which T ,>Ts, t h e  q u a n t i t y  
~1 

k = 0. I n  t h i s  case ,  TP' = T  
p l  

Such v a l u e s  of t h e  p e r i o d  
go 

correspond t o  t h e  r e p e t i t i o n  p e r i o d  of t h e  f l i g h t *  t r a j e c t o r y  

c h a r a c t e r i s t i c s  on t h e  nominal cu rves  of t h e  c h a r a c t e r i s t i c s  

v e r s u s  E a r t h  launch d a t e  ( s e e  5 3 of Chapter  5 ,  5 3  of Chapter  6: 
and § 2 of Chapter 8 )  f o r  t h e  Ear th-p lane t  and Ear th-p lane t -Ear th  

f l i g h t  r o u t e s .  For  f l i g h t s  t o  Venus, t h e  r e p e a t a b i l i t y  of t h e  

c h a r a c t e r i s t i c s  cor responds  t o  T O  = 2.667 y e a r s  and f o r  t h e  more 
go 

'9 h igh ly  smsothed r e l a t i o n s  wi th  T = 3Tgo go 
t 8 y e a r s .  The va lues  

of t h e  p e r i o d s  TP1 rounded t o  a  whole number a r e  e q u a l  t o  t h e  
go  

f i r s t  T v a l u e s  from Table 9.1.  
go 

For f l i g h t s  t o  s e v e r a l  p l a n e t s ,  t h e  t o t a l  synodic  p e r i o d  
'7 " 
T; and t h e  t o t a l  g r e a t  oppos i t  * o n  p e r i o d  TL a r e  determined 

€40 

g r a p h i c a l l y .  Table  9 . 2  p r e s e n t s  t h e  v a l u e s  o f  T: and T' of 
go  

t h e  f i r s t  harmonic f o r  a  s e r i e s  of f l i g h t  r o u t e s  t o  s e v e r a l  
p l a n e t s  . 

Most i n t e r e s t i n g  a t  t h e  p r e s e n t  t ime  a r e  t h e  fo l lowing  

r o u t e s  : 

- f l i g h t  t o  Mercury v i a  Venus wi th  a  maneuver i n  i t s  

g r a v i t y  f i e l d  (T: = 1 . 6 ) ;  

- f l i g h t  t o  Mars v i a  Venus (maneuver i n  i t s  g r a v i t y  f i e l d )  
C with  r e t u r n  t o  t h e  E a r t h  (T, = 6 .5  y e a r s ) ;  

- f l i g h t s  t o  t h e  d i s t a n t  p l a n e t s  wi th  maneuver i n  t h e  

g r a v i t y  f i e l d  of  J u p i t e r .  

366 



TABLE 9.2* 

Flight Trajectory L 
S -, years A 

- years 

Earth-Venus-Mercury 

Earth-Venus-Mars 

Earth-Ma ps-Venus-r lercury 

Earth-Venus-Jupiter 
- 

Earth-Venus-Mars-Jupiter 
- 

Earth-Mercury-Venus-Jupiter 

Earth-Mercury-Venus-Mars-Jupiter 

Earth-Mars-Jupiter-Saturn 

Earth-Jupiter-Uranus 

Earth-Jupiter-Saturn-Uranus -- -- -.----.. -- 

Earth-Jupiter-Neptune 
--- -.. .- - .- - . 

Earth-Jupiter-Fluto , , I - ,  0, (i' 
CONTINUED 



TABLE 9.2* 
(Continued) 

Flight Trajectory 

Earth-Jupiter-Saturn- 
Uranus-Nept une 

Earth-Jupiter-Saturn-Pluto 

Earth-Jupiter-Uranus-Neptune 

Earth-Jupiter-Saturn-Neptune 

Earth-Jupiter-Saturn- 
Uranus-Neptune-Pluto 

&S ,, years 

i 
? 

TI + years i 

- -- 
L 

j 

i 
1 
i 

i 
Grand tour variants 

* Translator's Note: Commas in nu,iibers indicate decimal points. 

The latter group includes the flight schemes using three - /305 
Grand Tour program variants. However, flights along this route 

are a unique phenomenon (Ts 1 170 - 180years). More realistic 

are the flights along routes of the Earth-Jupiter-destination 

planet type. Thus, flight to Saturn via Jupiter with Ts s 20 years, 

to Uranus via Jupitep with Ts s 14 years, and to the more distant 

planets (Neptune and Pluto) via Jupiter with Ts r 13 years. 

S 2. FLIGHT TRAtTECTORIES TO MARS WITH RETURN TO YARTH 

AND UTILIZING VENUS'S GRAVITY FIELD 

Spacecraft flights to Mars with return to the Earth and Venus 

flyby are possible along two routes: 

Earth-Mars-Venus-Earth (E-M-V-E); 

Earth-Venus 'ars-Earth (E-V-M-E). 



One of  t h e  b a s i c  d i f f i c u l t i e s  i n  o p t i m i z i n g  f l i g h t  t r a j e c -  

t o r i e s  t o  s e v e r a l  p l a n e t s  i s  i d e n t i f i c a t i o n  of t h e  unimodal 
extremum s e a r c h  r e g i o n  ( i n  t h e  te rminology  o f  1463 un imoda l i t y  
means hav ing  a s ing l e -va lued  extremum). The f irst  means f o r  

i d e n t i f y i n g  t h i s  r e g i o n  on t h e  b a s i s  o f  E a r t h  l aunch  d a t e s  
@ i s  d e t e r m i n a t i o n  o f  t h e  c y c l i c i t y  o f  o p t i m a l  f l i g h t s  t o  t h e  tst  

p l a n e t s  . 

For  d i r e c t  r o u n d t r i p s  t o  Mars, t h e  synod ic  p e r i o d  Ts = 

2.135 y e a r s  and t h e  g r e a t  o p p o s i t i o n  p e r i o d  T  = 17 y e a r s  ( t h e  
go 

same as f o r  f l i g h t s  t o  Mars w i thou t  r e t u r n  t o  t h e  E a r t h ) .  F o r  

any of  t h e  f l i g h t  r o u t e  v a r i a n t s  t o  Mars v i a  Venus (E-M-V-E o r  /308 
E-V-N--E), t h e  synod ic  p e r i o d  Ts = 6 . 4  y e a r s  and t h e  g r e a t  

o p p o s i t i o n  p e r i o d  T = 32 y e a r s .  
go  

Thus, a f t e r  f i n d i n g  t h e  s e t  o f  op t imal  r o u t e s  and schemes 
C f o r  t h e  t i m e  i n t e r v a l  Ts,  we can  f i n d  t h e  e n t i r e  sequence of 

C l aunch  d a t e s  f o r  t h e s e  schemes i n  t e rms  o f  t h e  p e r i o d  Ts. 

OPTIMIZATION OF FLIGHT TRAJECTORIES " V I A  VENUS1' 

The o p t i m i z a f i o ~ i  c r i t e r i o n  f o r  t h e  s u b j e c t  problem w i l l  be 
t h e  t o t a l  v e l o c i t y  VIE 

( s t  i n d i c a t e s  l aunch ,  b  i n d i c a t e s  b r a k i n g ,  m i n d i c a t e s  maneuver) 

f o r  t h e  t h r ee - impu l se  scheme o r  

f o r  t h e  two-impulse scheme. 



The f u n c t i o n  v,, i s  a  f u n c t i o n  of f i v e  pa rame te r s ,  For  t h e  
E-M-V-E r o u t e ,  t h e s e  parameters  w i l l  be:  l aunch  d a t e  from t h e  

E a r t h  t:t; f l i g h t  t i m e  from t h e  E a r t h  t o  Mars ~ t f " ;  s t o p o v e r  

t ime  i n  AMS o r b i t  A t s o ;  f l i g h t  t ime  from Mars t o  Venus At:-? ; 

t o t a l  r o u n d t r i p  t ime  Ur: , 

Only t h e  o r d e r  of  t h e  f l i g h t  t ime  segment components changes 

f o r  t h e  E-V-M-E r o u t e .  

I n  o r d e r  t o  l o c a l i z e  t h e  extremum s e a r c h  r e g i o n ,  w e  b reak  

t h e  f l i g h t  t r a j e c t o r y  down i n t o  g roups  based  on s e m i o r b i t  

c m b i n a t i o n .  I n  our  t h r e e - p l a n e t  f l y b y  c a s e ,  t h e  number of  
g roups  N = 2" = 8. I n  a d d i t i o n ,  we a l s o  b reak  t h e  f l i g h t  t r a j e c -  
t o r y  down on t h e  b a s i s  of o v e r a l l  f l i g h t  t ime  i n t o  long  d u r a t i o n  

and a c c e l e r a t e d .  Th i s  narrows t h e  extremum s e a r c h  r e g i o n  markedly; 
however, f o r  t h e  s u b j e c t  problem, i t  s t i l l  does  no t  ensu re  
i d e c t i f i c a t i o n  o f  t h e  unimodal r e g i o n .  

The i m p o s s i b i l j t y  of a  p r i o r i  i d e n t i f i c a t i o n  o f  t h e  unimodal 

s e a r c h  r e g i o n  i n  t h e  t h r e e - p l a n e t  f l y b y  problem p r e c l u d e s  d i r e c t  

u t i l i z a t i o n  o f  t h e  g r a d i e n t  extremum s e a r c h  methods. T h e r e f o r e ,  
t h e  s e a r c h  f o r  a minimum OF t h e  f u n c t i o n  V x r  i s  made s e q u e n t i a l l y ,  

i n  two s t a g e s .  

The f i r s t  s t a g e  i s  f i n d i n g  t h e  i n i t i a l  approximat ion  o f  t h e  
minimal v a l u e  01 t h e  f u n c t i o n  V.r f o r  t h e  s i m p l i f i e d  problem by 

parameter  v a r i a t i o n  w i t h  l a r g e  s t e p .  

The second 
by t h e  g r a d i e n s  

s e e  [ 4 6 ] ) .  

s t a g e  i s  f i n a l  o p ~ i r n i z a t i o n  o f  t h e  f u n c t i o n  V,S 

methods ( i n  ou r  c a s e ,  t h e  c o n f i g u r a t i o n  melhod, 



We b r e a k  t h e  m u l t i p a r a m e t e r  problem down i n t o  t o  s e p a r a t e  
problems ( t r a j e c t o r y  segmeqts)  w i t h  a s m a l l e r  number of  param- 

eters.  We r e p r e s e n t  t h e  f l i g h t  t r a j e c t o r y  i n  t h e  form of t d o  
segments:  t h e  f i r s t  s emen t  i s  t h e  t r a j e c t o r y  n e a r  Venus (M-V-E /309 

o r  E-V-MI, t h e  second is  t h e  E-M segment f o r  t h e  E-M-V-E r o u t e  

o r  t h e  M-E segment f o r  t h e  E-V-M-E r o u t e .  

C a l c u l a t i o n s  showed t h a t  t h e  V , ,  optimum d i f f e r s  ve ry  l i t t l e  

from t h e  op t ima  o f  t h e  Vxr components on each  segnent,  T h e r e f o r e ,  

f o r  t h e  f irst  approximat ion  s t a g e ,  we c a n  o p t i m i z e  each  segment 

wi th  r e s p e c t  t o  i t s  independent  c r i t e r i o n  ( V ; ,  f o r  t h e  f irst  
segment and V:, f o r  t h e  s e c o n d ) .  

If Venus f l y b y  t a k e s  p l a c e  on t h e  E-V-M t r a j e c t o r y  s egn~en t  

p r i o r  t o  e n c o u n t e r  w i t h  Mars ( r o u t e  E-V-M-E), t h e n  V;, has  t h e  
form: 

- @ + AV; + V$ f o r  t h e  th ree- impulse  scheme; 
V'xZ - Vst 

- @ V t X Z  - Vst + Vi f o r  t h e  two-impulse scheme. 

If Venus f l y b y  t a k e s  p l a c e  on t h e  '- - t h  r e t u r n  t ~ a j e c t o r y  

( r o u t e  E-M-V-d) , t h e n  V ;  has  t h e  saln l o r  b o t h  t h e  two- 
impulse  and th r ee - impu l se  scherres,  xrt - : I - ,  ' 

The magni tude of t h e  energy  expendit;b,.?s on t2is segment is 
ve ry  s e n s i t i v e  t o  t h e  t ime  of Venus f l y b y .  I n  moet c a s e s ,  
d e v i a t i o n  o f  t h e  Venus f l y b y  t i m e  tir by 5 - 1 0  days  l e a d s  t o  

c o n s i d e r a b l e  l o s s e s  i n  t h e  t o t a l  energy  e x p e n d i t u r e s .  A s  a 
r u l e ,  t h e  anergy e x p e n d i t u r e  minimum l i e s  i n  t h e  r e g i o n  of s m a l l  
Venus maneuver i n p u l s e s  (AVA - 0 - 300 m/sec) .  S i n c e ,  i n  'he 

parameter  v a r i a t i o n  i n t e r v a l s  I n  q u e s t i o n ,  t he  f u n c t i o n  V;, 



, 
has  s e v e r a l  e x t r e m a l  p o i n t s ,  we i n d  t h e  minimum o f  t h e  f u n c t i o n  

ViE by v a r i a t i o n  of i t s  t h r e e  pa rame te r s  - one l aunch  d a t e  and 
two f l i g h t  t imes .  Reduc t ion  of  t h e  number of pa rame te r s  from 
f i v e  t o  t h r e e  makes i t  p o s s i b l e  t o  u s e  t h e  pa rame te r  v a r i z t i o n  

method. Moreover, t h e  approximate  n a t u r e  o f  t h e  f i r s t  s e ~ r c h  
s t a g e  makes i t  p o s s i b l e  t o  t h i n  o u t  t h e  parameter  v a r i a t i o n  g r i d .  

No l e s s  t h a n  f o u r  V:, optima a r e  p o s s i b l e  ( f o u r  s e m i o r b i t  combi- 
n a t i o n  g r o u p s ) .  From t h e s e  op t ima ,  we s e l e c t  t h a t  which y i e l d s  

t h e  s m a l l e s t  v a l u e  o f  Vi ,  . I n  t h e  c a s e  of s i m i l a r  v a l u e s  of  t h e  
V:, opt ima,  we s e l e c t  t h a t  which y i e l d s  a  s i g n i f i c a n t  g a i n  i n  
f l i g h t  t i m e  ~fl-Q-/-u?- ' ( o r  U F - Q + ~ t 1 4  ) . However, i f  t h e  

f l i g h t  t i m e s  a r e  a lsc  s i m i l a r ,  a l l  t h e  v a r i a n t s  e n t e r  i n t o  t h e  

second approximat ion  o p t i m i z a f i o n  c y c l e .  

Op t imjza t ion  of t h e  second segment w r t  t h e  c r i t e r i o n  C';, 

r educes  t o  t h e  s i n g l e - p a r a m e t e r  problem of determini! lg  t h e  E a r t h  

l auch  d a t e  t:t ( f o r  t h e  E-M-V-E r o u t e )  o r  t h e  E a r t h  l r r i v a l  d a t e  

(E-V-M-E r o u t e ) .  The V ; ,  minimum f o r  t h i s  r e s t r i c t e d  2roblem 

( f i x e d  Yhrs f l y b y  t i m e )  does  no t  co r r e spond  t o  t t ie nh imum p c ~ n t  
of t h e  two-parameter problem o f  independent  o p t i m i z a t i o n  of t h i s  
segment (E-M and/or  V-E t r a j e c t o r i e s )  b u t  i s  c l o s e  t o  t h e  minimum /310 - 
p o i n t .  

Preliminary o p t i m i z a t i o n  u s i n g  t h .  t e c h n i q u e  f i e sc r ibed  above 

was c a r r i e d  o u t  fdr t h e  " a c c e i e r a t e d  f l i g h t "  t r a j e c t o r y  c l a s s  i n  
t h e  t o t a l  f l i g h t  cime r a n g e  .lL)0<5 1fsS 700 days  f o r  f i x e d  minimal 

s t o p o v e r  t i m e  a t  Mars A t s o  = 15  d a y s .  

A s  a  r e s u l t  of 2hese  c a l c u l a t i o n s ,  we o b t a i n  a n  app rox imi t e  

bu t  g1sSa l  p a t t e r n  o f  t h e  o p t i m a l  t r a j e c t o r y  c h a r a c t e r i s t i c  

v a r i a t i o n  f o r  a s i n g l e  f l i g h t  c y c l e  i n  t h e  E a r t h  launch  d a t e  

range  ~ t : ~  6 . 4  y e a r s .  A similar c o n f i g u r a t i o n  of t h e  t h r e e  

p l a n e t s  - E a r t h ,  Mars, and Venus - r e p e a t s  n rp rox ima te ly  a f t e r  

t h e  t o t a l  syncd ic  p e r i o d  T: = 6 .4  y e a r s .  



On t h i s  baS i3 ,  we focnd  t h e  o p t i m ~ l  t r a j e c t o r y  c y c l e s  and 

co r r e spond ing  f l i g h t  g roups  ?or t h e  t i m e  i n t e r v a l s  from 1970 t o  

1392. A r e f i n e d  s e a r c h  fo!, t h e  o p t i m a l  t r a j e c t o r i e s  was made by 

t h e  c o n f i g u r a t i o n  method f o r  t h e  p o i n t s  copresponding t o  t h e  

approxl.mate opt ima.  Use o f  t h e  p r e l i m i n a r y  op t im2za t ion  p o i n t s  

e n s u r e s  un imoda l i t y  o f  t h e  s e a r c h  r e g i o n .  

CHARE.CTERISTICS OF ROUNDThIP TRAJECTORIES FOR 1970 - 1990 

FLIGijT CYCLES 

I n  o r d e r  t o  f i n d  t h e  Mars r o u n d t r i p  s p a c e c r a f t  f l i g h t  c y c l e s  

I n  which t h e  Venus g r a v i t y  f i e l d  can  b~ used ,  we made t r a j e c t o r y  

c a l c u l a t i o n s  f o r  f l i g h t s  from 1970 t o  1992  a l o n g  t h e  E-M-V-E and 

E-V-M-E r o u t e s .  I n  t h e  p r c c e s s  of t h e  c a l c u l ; t i o n s ,  we found 

t h a t  f o r  t h e  E-M-V-E r o u + e s ,  t h e  E a r t h  l aunch  d a t e s  a r e  c l o s e  t o  

t h e  d a t e s  f o r  f l i g h t s  a l o n g  t h z  E-M r o u t e ,  w h i l e  f o r  t h e  E-V-M-E 

r o u t e ,  t h e y  a r e  c l o s e  t o  t h e  l aunch  d a t e s  f o r  t h e  E-P i-oute,  Of 

a l l  t h e  l o c a l  V, :  opt ima,  we s e l e c t e d  on ly  t h o s e  wnlch y i e l d  

V,,<30 km/sec. A s  a  r e s u l t ,  f o r  t h e  2 3  y e a r s  from 197G t o  1992,  

of t h e  1 4  possib1.e opt ima f o r  t h e  E-V-M-E r o u t e  (E-V f l i g h t  

synodic  p e r i o d  Tr = 1 . 6  y e a r s )  and t h e  11 optima f o r  t h e  E-M-V-E 

r o u t e  (E-M f l i g h t  syncd ic  n e r i o d  Ts = 2.135 y e a r s ) ,  we found t h e  

op t ima l  c y c l e s  f o r  b o t h  r o u t e s .  

The c a l c u l a t l o ~ l  r e s u l t s  f o r  t h e  c y c l e s  w i t n  small energy  

expend i tuves  a r e  shown i n  T a b l e s  9 .3  anci 9 .4 .  

The c a l c u l a t i o n s  showed t h a t  t h e r e  a r e  two s e m i o r b i t  combina- 

t i o n  groups  f o r  t h e  minimal t r a j e c t o r i e s ,  One minimizes  V X t  f o r  

t h e  E-M-V-E r o u t e  t r a j e c t o r i e s  and co r r e sponds  t o  f l i g h t  from 
t h e  E a r t h  t o  Mars a l o n g  t h e  f i r s t  s e m i o r b i t  t : :?a . ie?tor ies ;  t h e  

s eco r~d  minimizes  V,S f o r  f l i g h t  from t h e  E a r t h  t o  Max 6 a l m g  

t h e  second s e m i o r b i t  t r a j e c t o r i e s .  rn t h e  d i f f e r e n t  c y c l e s ,  t h e  



TABLE 9.3. CHARACTERISTICS OF TWO-IMPULSE FLIGHT TRAJECTORIES* 
S t o p o v e r  T ime  a t  Mers 15 Days 

Route E-M-V-E, Group  I-X-Y 

R 
P a  

I " i ~ r o u p  

KV days, 
I 

R o u t e  E-M-V-E, G r o u p  II-X-Y 

Continued 
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TABLE 9.4* 
(Continued) 

Route E-V-M-E, Group X-Y-I 

st Group 

Route E-V-M-E, Group X-Y-I1 

*[Translator's Note: Commas in numbers indicate decimal points.3 



t r a j e c t o r i e s  i n  t h e  seg;, ,ents a d j a c e n t  t o  Venus have d i f f e r e n t  
semiorb i t  combinations. 

I f  t h e  f l i g h t  i s  accomplished a long  t h e  E-V-M-E r o u t e  /315 
t r a j e c t o r y ,  t h e  first combination which minimizes V X s  corresponds 
t o  f l i g h t  from Mars t o  t h e  Ear th  a long t h e  f irst  semiorb i t  t r a j e c -  
t o r y  and t h e  second corresponds t o  f l i g h t  a long t h e  second semi- 
o r b i t  t r a j e c t o r y .  

The t a b l e s  p r e s e n t  t h e  impulse a p p l i c a t i o n  p o i n t  r a d i u s  R 
Pa 

f o r  Venus f l y b y .  

F i g u r e s  9.2.1 and 9.2.2 show t h e  opt imal  V x z  va lues  f o r  t h e  
two- and three-impulse schemes ve r sus  Ear th  launch date f o r  t h e  
E-M-V-E and E-V-M-E r o u t e s .  The r e l a t i o n s  a r e  p e r i o d i c ,  The 
energy minima of t h e  opt imal  "v ia  Venus" f l i g h t  t r a j e c t o r i e s  
occur f o r  each r o u t e  approximately a f t e r  t h e  t o t a l  synodic 

C per iod  Ts = 6.4 yea r s .  S ince  t h e s e  minima over lap  one another ,  

f l i g h t  a long a minimal energy t r a j e c t o r y  of one of t h e  r o u t e s  i s  
p o s s i b l e  approximately every 3.2 yea r s .  The Ear th  atmosphere 
e n t r y  v e l o c i t y  V$ f o r  a l l  t h e  opt imal  f l i g h t  t r a j e c t o r i e s  does 
not  exceed 16 km/sec (F igures  9 .2 .3  and 9 .2 .4) ,  and t h e  Mars 
atmosphere e n t r y  v e l o c i t y  Vf -9 km/sec . 

Let us  compare t h e  e n e r g e t i c a l l y  opt imal  a c c e l e r a t e d  "v ia  
Venus" f l i g h t  t r a j e c t o r i e s  ( f o r  t h e  two- and three-impulse 
schemes) wi th  t h e  opt imal  f l i g h t  t r a j e c t o r i e s  along t h e  E-M-E 

r o u t e .  

The energy expendi tures  r e q u i r e d  f o r  r e a l i z a t i o n  of t h e  
d i r e c t  Mars f l i g h t  t r a j e c t o r i e s  a r e  g r e a t e r  than  t h e  minimal 
va lues  f o r  t h e  "v ia  Venus" f l i g h t s .  The c h a r a c t e r i s t i c  v e l o c i t y  
components f o r  t h e s e  v a r i a n t s  a r e  a l s o  u n s t a b l e  i n  c e r t a i n  f l i g h t  



Figure  9.2.1. Energy c h a r a c t e r i s t i c s  of v a r i o u s  two-impul!.se 
Mars r o u n d t r i p  f l i g h t  v e r s i o n s  

s t a g e s .  The energy expendi tures  a r e  most s t a b l e  f o r  launch 
e from ARS o r b i t  Vst z 4 0.5 k d s e c .  

When analyzing t h e  Mars sphcecra f t  r o u n d t r i p  f l i g h t  
t r a j e c t o r i e s ,  we u s u a l l y  examine t r a j e c t o r i e s  wi th  l i m i t a t i o n  of 
t h e  Ear th  atmosphere e n t r y  v e l o c i t y  t o  VF ,<- 15.5 km/sec. I n  
t h i s  case ,  t h e  er-ergy expend i tu res  f o r  r e a l i z a t i o n  of t h e  E-M-E 

r o u t e  t r a j e c t o r i e s  a r e  s i g n i f i c a n t l y  h igher  t h a n  f o r  t h e  f l i g h t  
t r a j e c t o r i e s  " v i a  Venus." For most c y c l e s ,  t h e  d i r e c t  Mars f l i g h t  
t r a j e c t o r i e s  have an  Ear th  atmosphere e n t r y  v e l o c i t y  v? 2, 15.5 
km/sec. A braking impulse (four-impulse f l i g h t  scheme) is  

app l i ed  p r i o r  t o  e n t r y  i n t o  t h e  atmosphere i n  o r d e r  t o  reduce  
t h e  excess  v e l o c i t y .  Thus, f o r  t h e  1975 four-impulse f l i g h t  
c y c l e  scheme a long t h e  E-M-E r o u t e  t r a j e c t o r y  ( s e e  F igure  9 .2 .2 ) ,  
t h e  t o t a l  energy expendi tures  V X o = 1 7  km/sec, while  f o r  t h e  



Figure  9.2.2. Energy c h a r a c t e r i s t i c s  o f  v a r i o u s  three- impulse 
Mars r o u n d t r i p  f l i g h t  v e r s i o n s  

opt imal  E-M-V-E r o u t e  t r a j e c t o r y  VXP = 9.3 km/sec. Here t h e  
d i f f e r e n c e  i n  t h e  t o t a l  r o u n d t r i p  f l i g h t  t ime of t h e s e  r o u t e s  
i s  A t 2  = 60 days.  The 1975 c y c l e  f o r  d i r e c t  f l i g h t s  t o  Mars 

cor responds  t o  t h e  l a r g e s t  energy expend i tu res  and h i g h e s t  E a r t h  
approach v e l o c i t y .  

I n  t h e  b e s t  d i r e c t  Mars f l i g h t  c y c l e s  ( c y c l e s  nea r  1985) ,  
p reb rak ing  i s  not  r e q u i r e d  and t h e  f o u r ~ i m p u l s e  f l i g h t  energy 
expend i tu res  a r e  c l o s e  t o  t h o s e  f o r  t h e  three- impulse scheme, 

A s  a r u l e ,  t h e  f u n c t i o n  V,, r e a c h e s  a minimal va lue  
f o r  A t s o  = 0 except  f o r  t h e  1982 f l i g h t  c y c l e ,  where t h e  op t ima l  

s topover  t ime A t s o  = 35 days.  I n  t h i s  connect ion ,  t h e  c a l c u l a -  

t i o n s  of t h e  op t ima l  t r a j e c t o r i e s ,  except  f o r  1982, were made 
f o r  f i x e d  minimal s topover  t ime At, ,  = 1 5  days .  



' e a r s  

F igure  9.2.3. C h a r a c t e r i s t i c s  o f  v a r i o u s  two-impulse Mars 
r o u n d t r i p  f l i g h t  v e r s i o n s  

CHARACTERISTICS OF OPTIMAL MARS AND VENUS FLYBY 
TRAJECTORJES FOR 1.970 - 1980 FLIGHT CYCLES 

With r e s p e c t  t o  geometr ic  and k inemat ic  c h a r a c t e r i s t i c s ,  
t h e  t r a j e c t o r i e s  of  j o i n t  Mars and Venus f l y b y  a r e  very  similar 
t o  t h e  r o u n d t r i p  t r a j e c t o r i e s  t o  Mars by way of Venus. 

Table 9.5 and F igures  9 .2 .5  and 9.2.6 show t h e  c h a r a c t e r l s -  
t i c s  of t h e  op t ima l  Mars and Venus f lyby  t r a j e c t o r i e s  i n  t h e  
f l i g h t  c y c l e s  from 1979 t o  1992. 

The nominal curves  connect ing  t h e  Vxr,  p o i n t s  f o r  t h e  op t ima l  
t r a j e c t o r i e s  have a n a t u r e  analogous t o  t h e  same cu rves  f o r  t h e  
Mars r o u n d t r i p  by way of Venus. The low va lues  of  . f o r  each 



' e a r s  

F igure  9 .2 .4 .  C h a r e c t e r i s t i c s  of v a r i o u s  three- impulse Mars 
r o u n d t r i p  f l i g h t  v e r s i o n s  

of t h e  two f l i g h t  r o d t e s  (E-V-M-E o r  E-M-V-E) r e p e a t  wi th  t h e  
C t o t a l  synodic  p e r i o d  Ts = 6 .4  y e a r s .  I n  t h e  c y c l e s  w i t h  l a r g e  

VXZ f o r  one o f  t h e  r o u t e s ,  t h e r e  a r e  s m a l l e r  V,o a l o n g  t h e  o t h e r  
r o u t e .  Thus, t n e  c y c l e s  w i t h  low v a l u e s  o f  V,S r e p e a t  approxi -  
mately every 3 .2  y e a r s ,  

The op t ima l  t r a j e c t o r y  c h a r a c t e r i s t i c s  o f  t h e  d i f f e r e n t  
r o u t e s  are a l s o  combined wi th  r e s p e c t  t o  t r a j e c t o r y  s e m i o r b i t  
grouping,  j u s t  as f o r  t h e  r o u n d t r i p  t r a j e c t o r i e s .  

F i g u r e  9 .2 .5  a l s o  shows t h e  c h a r a c t e r i s t i c s  of Mars f l y b y  
t r a 2 e c t o r i e s  without  Venus swingby ( d i r e c t  f l y b y ) .  We s e e  t h a t  
t h e  d i r e c t  f l y b y  t r a j e c t o r i e s ,  as a r u l e ,  y i e l d  l a r g e r  v a l u e s  of 
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F i g u r e  9 .2 .5 .  Energy e x p e n d i t u r e s  f o r  v a r i o u s  Mars f l y b y  
t r a j e c t o r y  v a r i a n t s  

Vr: t h a n  t h e  d u a l  f l y b y  t r a j e c t o r i e s .  Moreover, f o r  such  
t r a J e c t o r i e s ,  t h e  E a r t h  a tmosphere  e n t z y  v e l o c i t y  i s  s i g n i f i -  
c a n t l y  h i g h e r ,  j u s t  a s  i n  t h e  c a s e  of t h e  ana logous  Mars round- 
t r i p  t r a j e c t o r i e s .  

Use o f  d u a l  and d i r e c t  f l y b y  t r a j e c t o r i e s  makes i t  p o s s i b l e  
t o  per form Mars f l y b y s  a l o n g  one r o u t e  o r  a n o t h e r  p r a c t i : a l l y  
every  y e a r .  

We s e e  from t h i s  d i s c u s s i o n  t h a t  t h e  f l i g h t  t r a j e c t o r i e s  t o  
Mars u s i n g  t h e  g r a v i t y  f i e l d  o f  Venus a r e  o f  d e f i n i t e  i n t e r e s t  ?nd 
may s e r v e  a s  t h e  b a s i c  working t r a j e c t o r i e s  f o r  f u t u r e  p i l o t e d  
f l i g h t s  t o  Mars. I n  most c y c l e s ,  t h e y  p rov ide  lower  energy 
e x p e n d i t u r e s  and E a r t h  a tmosphere  e n t r y  v e l o c i t i e s  less t h a n  
16 km/sec. 
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F i g u r e  9 .2 .6 .  C h a r a c t e r i s t i c s  o f  v a r i o u s  Mars f l y b y  v a r i a n t s  

Use Por r o u n d t r i p  s p a c e c r a f t  f l i g h t  t o  Mars of  t h e  " d i r e c t  - /325 
f l i g h t "  and "Venus swingby" f l i g h t  t r a J e c t o r i e s  i n c r e a s e s  s i g n i -  
f i c a n t l y  t h e  number of  p o s s i b l e  f l i g h t  v a r i a n t s  and s h o r t e n s  
t h e  time between t h e  op t ima l  f l i g h t  c y c l e s ,  

5 3 .  PLIGHT TO MERCURY USING THE GRAVITY FIELD OF VENUS 

The d i r e c t  i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r i e s  t o  Mercury 
- swingby i n t e r p l a n e t a r y  Earth-Morcury t r a j e c t o r i e s  and i n t e r -  
p l a n e t a r y  Earth-Mercury t r a j e c t o r i e s  w i th  e n t r y  i n t o  o r b i t  
around t h e  d e s t i n a t i o n  p l a n e t  - were examined i n  p r i r z i p l e  i n  
Chapters  5 and 6 .  The a n a l y s i s  made % h e r e  showed t h a t  d i r e c t  
i n t e r p l a n e t a r y  Ca~th-Mercury f l i g h t s  r e q u i r e  l a r g e  energy expendl-  
t u r e s  f o r  t h e i r  r e a l i z a t i o n .  I n  t h e  b e s t  c a s e ,  t h e  r e q u i r e d  



launch c h a r a c t e r i s t i c  v e l o c i t y  
f o r  Mercury f l y b y  i s  25% g r e a t e r  
t h a n  t h e  analogous v e l o c i t y  f o r  
Mars f l y b y .  S p a c e c r a f t  e n t r y  
i n t o  f i n a l  o r b i t  around Mercury 
r e q u i r e s  f a r  l a r g e r  energy 
expend i tu res  i n  comparison w i t h  
t h e  same o p e r a t i o n  around Mars. 
Moreover, d j r e c t  Earth-Mercury 
swingby t r a j e c t o r i e s  a r e  charac-  
t e r i z e d  Ly l a r g e  hyperbo l i c  

F igure  9.3.1.  P r o j e c t i o n  of p l a n e t a r y  f l y b y  speeds ,  which 
Earth-Jupi tsr-Sun i n t e r p l a n e -  a r e  not  always a c c e p t a b l e  f o r  

SC trajectory On normal conduct of exper imenta l  ( i n  p r i n c i p l e ,  launch i s  
p o s s i b l e  every y e a r ) :  s t u d i e s .  

vx l  = 16.5 km/sec; l n l  = 5.3 R+; 

RIIO = 0.02 a .u. ;  V,, = 298 I n c r e a s e  of t h e  e n e r g e t i c  
kmjsec e f f i c i e n c y  o f  i n t  z r p l  aneta:*y 
f l i g h t s  t o  Mercury i s  an  impor tant  f a c t o r  i n  p lanning  such f l i g h t s  
f o r  t h e  n e a r  f u t u r e .  Here t h e  c h a r a c t e r i s t i c  f e a t u r e  of  t h e  

s o l a r  system s t r u c t u r e  which makes it p o s s i b l e  t o  u t i l i z e  t h e  
g r a v i t y  f i e l d s  of  Venus o r  J u p i t e r  may p lay  a d e c i s i v e  r o l e .  

In f a c t ,  u s ing  J u p i t e r ' s  g r a v i t y  f i e l d  t o  a l t e r  SC energy 
and f l i g h t  d i r e c t i o n ,  we can  o b t a i n  many h e l i o c e n t r i c  segment 
ve r s ions  pass ing  near  t h e  3un and i n t e r s e c t i n g  t h e  o r b i t  of 
Mercury (F igure  9 .3 .1 ) .  It i s  t r u e  t h a t  such  f l i g h t s  have long 
d u r a t i o n  (up t o  t h r e e  y e a r s ) ,  bu t  when us ing  conven t iona l  power- 
p l a n t s  ( l i q u i d  r o c k e t  e n g i n e s ) ,  t h e  use  of J u p i t e r ' s  g r a v i t y  
f i e l d  i s  p r a c t i c a l l y  t h e  only  way t o  accomplish SC f l y b y  nea r  t h e  
Sun at d i s t a n c e s  no more t h a n  0.1 a .u .  and i n t e r s e c t  Mercury 's  
o r b i t  (F igure  9 . 3 . 2 ) .  However, t h e  p l ann ing  of f l i g h t s  d i r e c t l y  
t o  Mercury us ing  t h e  p l a n e t  J u p i t e r  i s  no t  a d v i s a b l e  because of 
t h e  long d u r a t i o n  and t h e  very small g a i n  i n  f l i g h t  energy 
expendi ture .  
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Figure  9.3.2. Values of char- 
a c t e r i s t i c  launch v e l o c i t y  f o r  
f l i g h t s  t o  t h e  Sun a s  f u n c t i o n  
of t r a n s f e r  o r b i t  p e r i g e e :  
--- d i r e c t  Earth-Sun f l i g h t ;  -._._ f l i g h t  us ing  J u p i t e r ' s  
g r a v i t y  f i e l d  

The Venus f l y b y  t r a j e c t o r y  

A q u i t e  promising technique  

f o r  s o l v i n g  t h i s  problem i s  t h e  

use  of  Vehusts  g r a v i t y  f i e l d .  

There a r e ,  i n  p r i n c i p l e ,  s e v e r a l  
schemes f o r  f l i g h t  t o  Mercury 

us ing  Venus f l y b y .  While ba l -  

l i s t i c  Venus f lyby  wi th  a con- 

s t a n t  va lue  of  V,,, makes i t  
p o s s i b l e  t o  a l t e r  t h e  d i r e c t i o n  

and magnitude of t h e  SC h e l i o -  

c e n t r i c  v e l o c i t y  by u t i l i z i n g  
t h e  Venus g r a v i t y  f i e l d  a lone ,  

i n  t h e  powered f lyby  case ,  
both  t h e  d i r e c t i o n  and t h e  
h y p e r b ~ ~ l i c  excess  v e l o c i t y  a t  

d e p a r t u r e  are a l t e r e d  as a  
r e s u l t  of t h e  c o r r e c t i o n .  

c h a r a c t e r i s t i c s  depend t o  a  
cons ide rab le  degree on t h e  purpose of t h e  SC maneuver nea r  

Mercury. Therefore,  t h e  f lyby  scheme choice  may, i n  many c a s e s ,  

be predetermined by t h e  type  of i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r y .  

MERCURY SWINGBY TRAJECTORIES 

The i n t e r p l a n e t a r y  Mercury swingby t r a j e c t o r y  energy expen- 

d i t u r e s  a r e  de f ined  by t h e  launch c h a r a c t e r i s t i c  v e l o c i t y .  Th i s  

means t h a t  Venus f l y b y  i s  only e f f e c t i v e  when it reduces t h i s  

v e l o c i t y .  I n  t h i s  connect ion,  we would expect  t h a t  b a l l i s t i c  

Venus f lyby  may, i n  p r i n c i p l e ,  l e a d  t o  l a r g e r  g a i n s  i n  compari- 

son wi th  o t h e r  f lyby  schemes. The l i l l l i t a t i o n  here  i s  t h e  r e q u i r e d  
p e r i c e n t e r  a l t i t u d e  o f  t h e  p l a n e t o c e n t r i c  Venus f l y b y  o r b i t ,  

s i n c e  t h i s  he igh t  cannot be l e s s  than  t h e  he igh t  of t h e  upper 

atmosphere, approximately 200 - 150 km. This  d i f f i c u l t y  can 
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Figure  9.3.3. C h a r a c t e r i s t i c s  
of i n t e r p l a n e t a r y  f l i g h t  t r a -  
j e c t o r y  t o  Mercury wi th  a c t i v e  
and b a l l i s t i c  Venus f l y b y :  
- b a l l i s t i c ;  ---- a c t i v e  

approximately every 17 months, 

be avoided wi th  t h e  a i d  of a 
p l a n e t o c e n t r i c  f l y b y  t r a j e c t o r y  
p e r i c e n t e r  a l t i t u d e  c o r r e c t i o n  
maneuver. The c o r r e c t i o n ,  
u s u a l l y  r e q u i r i n g  a  small 
v e l o c i t y  increment ,  makes it 

p o s s i b l e  t o  o b t a i n  t h e  d e s i r e d  
minimal va lue  of t h e  subsequent 
f l y b y  t r a j e c t o r y  p e r i c e n t e r  
a l t i t u d e .  Although t h e  e n e r g e t i c  
c h a r a c t e r i s t i c s  of t h e  f l y b y  
schemes wi th  p e r i c e n t e r  he igh t  
c o r r e c t i o n  a r e  not  always b e t t e r  
t h a n  f o r  b a l l i s t i c  f l y b y ,  t h e  
launch windows become wider .  

The k inemat ics  of Earth-  
Mercury i n t e r p l a n e t a r y  f l i g h t s  
wi th  Venu: f l y b y  a r e  such t h a t  
they  corre,pond t o  every Earth-  
Venus conjunct ion ,  which occurs  

Th i s ,  then ,  determines t h e  
ca lendar  yea r  of p o s s i b l e  launch f o r  SC f l i g h t  t o  Mercury wi th  
Venus f l y b y .  Now i t  remains t o  f i n d  t h e  t r a n s f e r  o r b i t  t o  
Mercury wi th  account f o r  a c t i v e  and b a l l i s t i c  Venus f l y b y  wi th  
minimal launch c h a r a c t e r i s t i c  v e l o c i t y .  The technique  f o r  f i n d -  
i n g  such t r a n s f e r  o r b i t s  i s  analogous t o  t h a t  desc r ibed  i n  § 2 .  

The r e q u i r e d  minimal launch V,, and t o t a l  VX-(in t ' le a c t i v e  
f lyby c a s e )  c h a r a c t e r i s t i c  v e l o c i t i e s ,  hyper9ol ic  Mercury a r r i v a l  
v e l o c i t y  Vmf ,  and f l i g h t  time A t  a s  f u n c t i o n s  of t h e  Earth-Venus 

conjunct ion  ca lendar  yea r  a r e  shown i n  F igure  9.3.3. Cornparison 
of t h e  minimal launch c h a r a c t e r i s t i c  v e l o c i t i e s  f o r  d i r e c t  SC 
f l i g h t  t o  Mercury and f o r  f l i g h t  wi th  account f o r  b a l l i s t i c  Venus 
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f l y b y  is  shown i n  F i g u r e  9.3.4.' 
Ana lys i s  of  t h e  c a l c u l a t i o n  
r e s u l t s  makes i t  p o s s i b l e  t o  
draw s e v e r a l  conc lus ions .  
F l i g h t  of a n  i n t e r p l a n e t a r y  
v e h i c l e  t o  Mercury w i t h  b a l l i s -  
t i c  Venus f l y b y  and l aunch  i n  
t h e  Earth-Venus c o n j u n c t i o n  y e a r s  
1982, 1983, and 1985 is ener-  
g e t i c a l l y  more e f f e c t i v e  ( s e e  
F i g u r e  9.3.4) i n  comparison w i t h  /329 
d i r e c t  f l i g h t .  I n  1982, t h e  

F igure  9.3.4. Comparison of launch c h a r a c t e r i s t i c  v e l o c i t y  
launch c h a r a c t e r i s t i c  v e l o c i -  
t i e s  f o r  d i r e c t  f l i g h t  t o  w i l l  be  t h e  lowest  i n  t h e  1980 - 
Mercury and wi th  account  f o r  1990 decade and e q u a l  t o  about  
b a l l i s t i c  Venus f l y b y  4  krn/sec and 16% lower t h a n  f o r  

t h e  comparable d i r e c t  t r a j e c t o r y .  F l i g h t  t o  Mercury w i t h  a c t i v e  

Venus f l y b y  pe rmi t s  s i g n i f i c a n t  r e d u c t i o n  of t h e  energy expendi- 

t u r e s  i n  1988 - 1990 i n  comparison wi th  b a l l i s t i c  f l y b y .  Such 
f l i g h t s  a r e  a l s o  p o s s i b l e  i n  1975, 1977, and 1978 w i t h  r e q u i r e d  

v a l u e s  of  V; = 4.08 km/sec, A t = 1 7 2 ,  days ,  and Vo =, 4.47 kn/sec,  
At-119 days,  v o  = 4.44 km/sec, r e s p e c t i v e l y .  The f l i g h t  t ime 

i n c r e a s e s  by more t h a n  double  i n  a l l  c a s e s  i n  comparison wi th  
t h e  d i r e c t  t r a n s f e r s .  

The hyperbo l i c  a r r i v a l  v e l o c i t y  a t  Mercury i s  on t h e  
average  1 0  lan/sec and i s  cons ide rab ly  lower i n  t h e  d i r e c t  f l i g h t  
case .  For  t h e  i n t e r p l a n e t a r y  Mercury swingby t r a j e c t o r y  wi th  
b a l l i s t i c  Venus f l y b y ,  t h e  d e s i g n  problem reduces  t o  op t imiz ing  
t h e  b a s i c  d e s i g n  parameters  of t h e  b o ~ s t  module f o r  g i v e n  hyper- 
b o l i c  excess  v e l o c i t y .  F i g u r e s  9.3.: and 9.3.6 show t h e  op t ima l  

* I n  F i g u r e  9.3.4,  t h e  v a l u e  of ax i s  equa l  t o  t h e  r a t i o  of  t h e  
launch c h a r a c t e r i s t i c  v e l o c i t i e s  f o r  b a l l i s t i c  Venus f l y b y  and 
f o r  d i r e c t  f l i g h t .  
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F i g u r e  9.3.5.  Optimal v a l u e s  o f  boost  module thrus t -weight  
r a t i o  ~f i n t e r p l a n e t a r y  v e h i c l e  swinging by Mercury: 
0- d i r e c t  f l i g h t ;  A- f l i g h t  w i t h  Venus f l y b y ;  - ypp = 0.1; --- 

Y~~ 
= 0.02 

va lu% of no and vf f o r  t h e  module of  a n  i n t e r p l a n e t a r y  v e h i c l e  1 k 

i n t ended  f o r  Mercury swingby wi th  and wi thout  b a l l i s t i c  Venus 1 
Z 

f l y b y  f o r  launch i n  1975 - 1998. Here t h e  d e p a r t u r e  hyperbo l i c  1 
i 

excess  v e l o c i t i e s  (cor responding  t o  c,:) a r e  t a k e n  from F i g u r e  f 4 
9.3.4. i 

I 
FLIGHT TRAJECTORIES WITH SC ENTRY I N T O  ORBIT AROUND MERCURY i 

I 
F o r  such a maneuver n e a r  Mercury, t h e  Venus f l y b y  w i l l  i 

1 reduce  t h e  t o t a l  c h a r a c t e r i s t i c  v e l o c i t y  V C ,  which depends on 
i 

(330 j k+oth t h e  launch and b rak ing  c h a r a c t e r i s t i c  v e l o c i t i e s ,  Thus, 
Venus f 1 y b y . i ~  e n e r g e t i c a l l y  more e f f e c t i v e  when it l e a d s  t o  
change of t h e  c h a r a c t e r i s t i c  launch and braking  v e l o c i t i e s  such 
t h a t  Vz dec reases .  Decrease of VC i s  n o t  always a s s o c i a t e d  wi th  

r e d u c t i o n  of t h e  braking  c h a r a c t e r i s t i c  v e l o c i t y .  Most o f t e n ,  it 

m y  be caused by r e d u c t i o n  o f  t h e  d e p a r t u r e  h y p e r b o l i c  excess  i 
v e l o c i t y  ( launch c h a r a c t e r i s t i c  v e l o c i t y ) .  The r eason  i s  t h a t  I 

j 
cho ice  of  t h e  Earth-Venus t r a n s f e r  o r b i t  i s  more f l e x i b l e .  , 

However, s e l e c t i o n  of  t h e  d e p a r t u r e  hyperbo l i c  e x c e s s  v e l o c i t y  I 

i s  l i m i t e d  by i t s  minimal va lue ,  below which t h e  SC a r r i v a l  
I 

I 
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Figure  9.3.6. Optimal va lues  of  r e l a t i v e  f i n a l  weight of  boost  
module of i n t e r p l a n e t a r y  v e h i c l e  swinging by Mercury: 
0- d i r e c t  f l i g h t ;  A- f l i g h t  wi th  Venus f l y b y ;  - ypp = 0.1; --- 

Y~~ 
= 0.02 

v e l o c i t y  a t  Venus w i l l  be very  low, which does not  permit  us ing  
t h e  g r a v i t y  f i e l d  of t h e  p l a n e t  f o r  f l i g h t  t o  Mercury, Because 
of t h i s  l i m i t a t i o n ,  it is  not  p o s s i b l e  t o  u t i l i z e  t h e  minimal 
c h a r a c t e r i s t i c  v e l o c i t y  e l l i p s e  f o r  t h e  Earth-Venus t r a j e c t o r y  
and reach  Mercury a s  a r e s u l t  of b a l l i s t i c  Venus f l y b y .  

The c a l c u l a t i o n s  showed t h a t  t r a n s f e r  o r b i t s  wi th  b a l l i s t i c  
Venus f l y b y  and e n t r y  i n t o  o r b i t  around Mercury a r e  c h a r a c t e r -  
i z e d  by t h e  same kinematic  parameters  a s  t h e  p rev ious ly  examined 
swingby t r a n s f e r  o r b i t s .  F igure  9.3.7 shows t h e  minimal va lues  
of t h e  t o t a l  c h a r a c t e r i s t i c  v e l o c i t y  ve r sus  Earth-Venus conjunc- 
t i o n  year  wi th  b a l l i s t i c  Venus f l y b y .  The s m a l l e s t  va lue  V,P  

11.8 m/sec [t0=2449650 J. D. ( 2 4 j ~  1994 ) ; b t  = 290 days],  which i s  9% 
l e s s  t h a n  t h e  minimal t o t a l  c h a r a c t e r i s t i c  d i r e c t  f l i g h t  v e l o c i t y  
[to=2446%2 J. D. (1 lG86 ) ; b t  = 95 days].  Comparison of t h e  minimal 
va lues  of t h e  t o t a l  c h a r a c t e r i s t i c  v e l o c i t y  f o r  t h e  d i r e c t  and 
i n d i r e c t  ( b a l l i s t i c  Venus f l y b y )  i n t e r p l a n e t a r y  f l i g h t s  wi th  
en t ry  i n t o  o r b i t  around Mercury i s  g iven  i n  F igure  9.3.8.5 - .. 

L11L I 
* I n  F igure  9.3.8, t h e  va lue  of VT: i s  equa l  t o  t h e  r a t i o  of VI: 

1 

i 

f o r  b a l l i s t i c  f l y b y  t o  VI: f o r  d i r e c t  f l i g h t .  I 
f 
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Figure  9.3.7. Minimal va lues  of t h e  t o t a l  c h a r a c t e r i s t i c  
v e l o c i t y  of  i n t e r p l a n e t a r y  f l i g h t  w i t h  e n t r y  i n t o  o r b i t  around 
Mercury as  f u n c t i o n  of launch yea r  (yea r s  of @ - v con junc t ion) .  
F i n a l  o r b i t  i s  c i r c u l a r ,  Hf = 1P00 km; --- scheme wi th  f l y b y  
o r b i t  p e r i c e n t e r  a l t i t u d e  c o r r e c t i o n  

B a l l i s t i c  Venus f l y b y  f o r  e n t r y  i n t o  o r b i t  around Mercury i s  

more e f f e c t i v e  than  d i r e c t  f l i g h t s  only  i n  1980, 1982, 1983, 
and 1994, 1998. 

The minimal Vz can be achieved only w i t h i n  20 days from 

t h e  Earth-Venus conjunct ion  d a t e .  Devia t ion  from t h e s e  l i m i t s  
l e a d s  t o  marked i n c r e a s e  of V z .  

I t  i s  i n t e r e s t i n g  t o  no te  t h a t  t h e  t r a j e c t o r i e s  wi th  
b a l l i s t i c  Venus f l y b y  l e a d  t o  encounter  wi th  Mercury near  t h e  
descending node reg ion  - aphe l ion  of Mercury's o r b i t ,  Therefore ,  
t h e  c h a r a c t e r i s t i c  braking v e l o c i t y  f o r  t r a n s f e r  o r b i t s  wi th  
b a l l i s t i c  Venus f l y b y  is b a s i c a l l y  l a r g e r  t h a n  i t s  v a l u e s  f o r  
d i r e c t  f l i g h t s .  I n  t h i s  connect ion,  b a l l i s t i c  Venus f l y b y  
e f f e c t i v e n e s s  i s  achieved only by reducing t h e  launch c h a r a c t e r -  
i s t i c  v e l o c i t y  i n  comparison wi th  t h e  d i r e c t  f l i g h t s .  This  
r e s u l t  makes i t  p o s s i b l e  t o  seek  r e s e r v e s  f o r  reducing VC by 

r e g u l a t i n g  t h e  long i tude  o f  t h e  p o i n t  of  encounter  wi th  Mercury 
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Figure  9.3.8. Comparison of 
minimal t o t a l  c h a r a c t e r i s t i c  
v e l o c i t y  f o r  d i r e c t  and 
i n d i r e c t  ( b a l l i s t i c  Venus 
f l y b y )  f l i g h t s  w i t h  e n t r y  
i n t o  o r b i t  around Mercury. 
F i n a l  o r b i t  i s  c i r c u l a r ,  
Hf = 1000 km 

by means of a c t i v e  Venus f l y b y ,  
If t h i s  l e a d s  t o  encounter  wi th  
Mercury's o r b i t  - t h e n  we can 
p o s t u l a t e  r e d u c t i o n  of VC.  

However, c a l c u l a t i o n s  show t h a t  
t h i s  r e d u c t i o n  is  nut  achieved 
because of t h e  l a r g e  energy 
expend i tu res  i n  t h e  v i c i n i t y  
of Venus, t h e  c h a r a c t e r i s t i c  
v e l o c i t y  of which reaches  
3  km/sec. I n  t h i s  sense ,  t h e  
Venus f l y b y  scheme w i t h  f l y b y  
o r b i t  p e r i c e n t e r  a l t i t u d e  
c o r r e c t i o n  i s  more promising. 

I n  F igure  9.3.7, t h e  
dashed l i n e  connects  p o i n t s  wi th  minimal VC f o r  t h i s  Venus f l y b y  

scheme. We s e e  t h a t  VZ dec reases  t o  1 1 . 2  km/sec f o r  launch d a t e  

to=2.1qi330 J. D. ( ~ ? / v I  1988) and A t  = 300 days .  

If - e  t a k e  t h e  t o t a l  c h a r a c t e r i s t i c  v e l o c i t y  as t h e  o p t i m a l i t y  
c r i t e r i o n ,  t h e  s o l u t i o n  of t h e  des ign  problem i n  which b a l l i s t i c  
Venus f l y b y  i s  taken i n t o  account w i l l  reduce t o  opt imiz ing t h e  
b a s i c  d e s i g n  parameters  of t h e  boost  and r e t r o  modules f o r  known 
hyperbol ic  excess  v e l o c i t i e s .  Of t h e  two i n t e r p l a n e t a r y  f l i g h t  
types  - d i r e c t  and i n d i r e c t  ( b a l l i s t i c  Venus f l y b y )  - we 
s e l e c t e d  t r a n s f e r  o r b i t s  wi th  minimal V C ,  on t h e  b a s i s  of which 

by s o l v i n g  t h e  des ign  problem, we determined t h e  opt imal  b a s i c  
des ign  parameters  of t h e  boost  and r e t r o  modules of  t h e  i n t e r -  I 

! 

plane ta ry  v e h i c l e  in tended f o r  f l i g h t  t o  Mercury wi th  e n t r y  i n t o  j 
a t e r m i n a l  o r b i t .  The s o l u t i o n  r e s u l t s  a r e  shown i n  F igures  9.3.9 
and 9.3.10. 
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F igure  9.3.9. Optimal thrus t -weight  r a t i o  of  boos t  module 
( e n t r y  i n t o  o r b i t  around Mercury): 
9- d i r e c t  f l i g h t ;  A- f l i g h t  w i t h  Venus f l y b y ;  - YpP 1 0.1; --- YPP = 0.02; 

P s ~  
= 450 s e c  

The i n f l u e n c e  of Venus f l y b y  on t h e  energy c h a r a c t e r i s t i c s  
of t h e  i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r i e s  t o  Mercury w i t h  r e t u r n  
t o  t h e  E a r t h  may show up d i f f e r e n t l y  f o r  t h e  r e t u r n  t r a j e c t o r i e s .  
T h e  c a l c u l a t i o n  r e s u l t s  show t h a t ,  f o r  r e t u r n  t r a j e c t o r i e s ,  on ly  
a small r e d u c t i o n  of V2 ( l e s s  t h a n  1 0 % )  i s  p o s s i b l e  as a r e s u l t  

of Venus f l y b y ,  b u t  t h i s  i n v o l v e s  a l a r g e  miss ion  d u r a t i o n  
i n c r e a s e  (by 50 - 100%) 1721. For  t h i s  r eason ,  we s h a l l  no t  
examine h e r e  t h e  Mercury-Earth r e t u r n  t r a j e c t o r i e s  w i t h  Venus 
f l y b y ,  a l t h o u g h  i n  many c a s e s  they  msy l e a d  t o  lower E a r t h  
atmosphere e n t r y  v e l o c i t i e s .  

The c r i t e r i o n  f o r  use  o f  t h e  Venus f l y b y  schemes t o  s o l v e  
Mercury f l i g h t  problems should  n o t  be r e l a t e d  only  w i t h  t h e  
energy expend i tu re  l e v e l .  Other impor tant  c h a r a c t e r i s t i c s  a r e  
t h e  launch "window" width and s e n s i t i v i t y  of  t h e  nominal i n t e r -  
p l a n e t a r y  t r a j e c t o r y  t o  t h e  magnitudes of  t h e  d e v i a t i o n s ,  

I n  t h e  c a s e  of  b a l l i s t i c  Venus f l y b y  f o r  t r a n s f e r  o r b i t s  
wi th  minimal c h a r a c t e r i s t i c  v e l o c i t y ,  t h e  launch "window" s i z e  
depends on t h e  minimal p e r i c e n t e r  h e i g h t  l i m i t a t i o n s ,  For  example, 



Year 

F i g u r e  9.3.10. Optimal r e l a t i v e  f i n a l  weight of boost  module 
( e n t r y  i n t o  o r b i t  around Mercury): 
0- d i r e c t  f l i g h t ;  A-f l ight  wi th  Venus f l y b y ;  - Ypp 1 0.1; --- ypp = 0.02; P = 450 s e c  

s P 

f o r  t h e  1980 con junc t ion ,  t h e  launch "window" narrows i n  compari- 
son w i t h  d i r e c t  f l i g h t  by n e a r l y  a f a c t o r  of  t h r e e  and amounts 
t o  on ly  seven days 1721. I n  t h e  c a s e  of low p e r i c e n t e r  a l t i t u d e s  
wi th  b a l l i s t i c  Venus f l y b y ,  changeover t o  t h e  f l y b y  scheme w i t h  
a l t i t u d e  c o r r e c t i o n  y i e l d s  l a r g e  advantages .  For  t h e  same con- /334 
j u n c t i o n  y e a r  (19801, changeover t o  p e r i c e n t e r  h e i g h t  c o r r e c t i o n  
o f  t h e  f l y b y  o r b i t  w i th  5% VE margin broadens t h e  launch llwindowll 

t o  42 days  1721. I f  t h e  f l y b y  o r b i t  p e r i c e n t e r  h e i g h t  i s  a l r e a d y  
q u i t e  h igh ,  b a l l i s t i c  f l y b y  a l s o  makes i t  p o s s i b l e  t o  broaden 
t h e  launch "window" s i g n i f i c a n t l y .  For  example, f o r  t h e  1982 
con junc t ion ,  b a l l i s t i c  Venus f l y b y  ( p e r i c e n t e r  h e i g h t  1980 lan) 
permi t s  f o r  5% VL margin broadening t h e  launch llwindowll t o  50 

days [72]. Thus, depending on t h e  f l y b y  o r b i t , p e r i c e n t e r  h e i g h t  
s e l e c t i o n  of t h e  proper  Venus f l y b y  scheme makes It p o s s i b l e  t o  
broaden cons ide rab ly  t h e  launch "windown of t h e  i n t e r p l a n e t a r y  
v e h i c l e  t o  Mercury. There fo re ,  even i f  t h e  r a t i o n a l  Venus f l y b y  
scheme does  no t  y i e l d  an  a p p r e c i a b l e  g a i n  i n  e n e r g e t i c s ,  an even 
g r e a t e r  advantage i s  t h e  launch i n t e r v a l  broadening.  



R e a l i z a t i o n  of  t h e  i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r y  t o  
Mercury wi th  Venus f l y b y  depends t o  a considerab3.e degree  on t h e  
nominal t r a 3 e c t o r y  s e n s i t i v i t y  t o  d e v i a t i o n s  of  t h e  kinematic  
parameters  from t h e  t h e o r e t i c a l  va lues .  Contro l  of t h e  i n d i r e c t  
Earth-Venus-Mercury fLlght  t r a j e c t o r y  is  a more d i f f i c u l t  prob- 
lem t h a n  f o r  d i r e c t  f l i g h t .  I n  f a c t ,  even very small e r r o r s  i n  
r e a l i z a t i o n  of  t h e  t h e o r e t i c a l  p e r i c e n t e r  a l t i t u d e  may cause  
marked e r r o r s  i n  t h e  d i r e c t i o n  of t h e  a l t e r e d  hyperbo l i c  f lyby  
o r b i t  asymptote.  Judgtng by t h e  r e s u l t s  of approximate ca lcu la -  
t i o n s  and numerical i n t e g r a t i o n ,  t h e  f u e l  supply a v a i l a b l e  f o r  
c o r r e c t i o n  should supplement t h e  average t o t a l  r e q u i r e d  f u e l  
supply by (2.3 - 3 . 5 ) ~  ( a  i s  t h e  mean square  d e v i a t i o n  of t h e  
c o r r e c t i o n  r e a l i z a t i o n  e r r o r ) ,  which f o r  t n d l r e c t  f l i g h t s  with 
Mercury swingby dur ing  t h e  1970 and 1973 Earth-Venus conjunct ions  
correspond t o  a  c h a r a c t e r i s t i c  v e l o c i t y  of about 250 m/sec. 

Thus, t h e  above r e s u l t s  of p re l iminary  a n a l y s i s  of i n d i r e c t  
f l i g h t  t r a j e c t o r i e s  t o  Mercury make it p o s s i b l e  t o  look op t i rn1~-  
t i c a l l y  a t  t e c h n i c a l  r e a l i z a t i o n  of i n t e r p l a n e t a r y  f l i g h t s  t o  
Mercury wi th  Venus f l y b y .  

§ 4.  SC MANEWERS UTILIZING JUPITER'S GRAVITY FIELD 

The g r a v i t y  f i e l d  of  J u p i t e r ,  t h e  l a r g e s t  p l a n e t ,  i s  a  good 
" a s n i s t a n t "  i n  l a y i n g  out  space rouces  t o  i n a c c e s s i b l e  and d i s -  
t a n t  r eg ions  of t h e  s o l a r  system. These i n c l u d e  r e g i o n s  near  t h e  
Sun, r eg ions  above and below t h e  e c l i p t i c  p lane ,  t h e  o u t e r  p l a n e t s  
from S a t u r n  t o  P l u t o ,  and t h e  deep space r e g i o n s .  The l o c a t i o n  
of J u p i t e r ' s  o r b i t  and i t s  mass are such t h a t  t h s e  problems can 
be s u c c e s s f u l l y  sa lved  wi th  lower energy expend i iu res  by us ing  /335 
t h e  g r a v i t y  f i e l d  of J u p i t e r  t o  a l t e r  t h e  SC-planet encounter  
geometry. 



Figure  9.4.1. Kinematics of F igure  9.4.2. Promising schemes 
f lyby  o r b i t  v e c t o r s  : i m = P x  PI,; of  SC space maneuvers w i t h  - 
P&=@ no i s  p o s i t i v e  J u p i t e r  f Ayby 

It wa? shown prev ious ly  t h a t  t h e  magnitudes of t h e  t a r g e t  

range 6 ( o r  p e r i c e n t e r  h e i g h t )  and t h e  ang le  $ f o r  unchanged V,t 
determine completely t h e  SC-planet encounter  geometry and charac- 
t e r i z e  t h e  p l a n e t o c e n t r i c  f lyby  o r b i t  (F igure  9 .4 .1) .  By 

a l t e r i n g  6 and t h e  a r ~ l e  $, we can o b t a i n  many f l i g h t  v a r i a n t s  
i n  view of t h e  change a f t e r  f lyby  of t h e  magnitude and d i r e c t i o n  
of  t h e  SC h e l i o c e n t r i c  f l l g h t  v e l o c i t y .  Some promising SC 
f l i g h t  schemes wi th  J u p i t e r  f lyby  a r e  shown i n  F igure  9.4.2. 
We s h a l l  examine t h e  SC b a l l i s t i c  des ign  c h a r a c t e r i s t i c s  f o r  
such f l i g h t  schemes. 

FLIGHT TRAJECTORIES TO THE SUN 

Flyby o r b i t s  wi th  va lues  of $ c l o s e  t o  ze ro  can be used f o r  
SC f l i g h t s  t o  t h e  Sun ( s o l a r  probes)  s i n c e  t h e  SC h e l i o c e n t r i c  
ve1ocit:r dec reases  markedly a f t e r  f lyby  , which l eads  t o  nea r ly  
r e c t i l i n e a r  h e l i o c e n t r i c  t r a j e c t o r i e s  and i n  c e r t a i n  c a s e s ,  even 
t o  Sun llimpactw t r a j e c t o r i e s .  Di rec t  f l i g h t  from t h e  Ear th  t o  
t h e  v i c i n i t y  of t h e  Sun r e q u i r e s  l a r g e  energy expend i tu res  (F igure  

9 .3 .2) .  Among t h e  p o s s i b l e  f l i g h t  schemes t o  t h e  Sun (@UP<. 0.21, 
t h e  f l i g h t  scheme us ing  t h e  g r a v i t y  f i e l d  of J u p i t e r  r e q u i r e s  t h e  



Figure  9.4.3. Required f l i g h t  
t ime t o  t h e  Sun v e r s u s  depar-11 
t u r e  o r b i t  hyperbol ic  excess  
v e l o c i t y  

smallest energy expend i tu res  
and i s  t h e r e f o r e  t h e  most 
promising. F igure  9.4.3 shows 
t h e  r e q u i r e d  f l i g h t  t imes  A t  
of SC performing f l i g h t  t o  t h e  
Sun wi%h J u p i t e r  f lyby  d s  a  
f u n c t i o n  of t h e  hyperbol ic  excess  
v e l o c i t y  V d ,  p e r i h e l i o n  r a d i u s  
R.3 o f  t h e  t . r ans fe r  o r b i t  af ter  
J u p i t e r  f l y b y ,  and p e r i c e n t e r  
r a d i u s  ;XI o f  t h e  p laneto-  
c e n t r i c  f lyby  o r b i t ,  r ep resen ted  
i n  J u p i t e r  r a d i u s  u n i t s .  The 

o t h e r  h a l l i s t i c  des ign  c h a r a c t e r i s t i c s  co inc ide  wi th  t h e  d i r e c t  
Ear th - Jup i t e r  f l i g h t  v a l u e s .  

FLIGHT TRAJECTORIES OUT OF THE ECLIPTIC 

Probing of t h e  r e g i o n s  above and below t h e  e c l i p t i c  p lane  
i s  of g r e a t  scientific i n t e r e s t  because of t h e  p o s s i b i l i t y  of 
s tudying t h e  Sun fram "belowft (l labovett)  and i n v e s t i g a t i n g  t h e  
c h a r a c t e r i s t i c s  of t h e  i n t e r s t e l l a r  medium and t h e  p o s s i b l e  
asymmetry of c o n d i t i o n s  i n  space (distribution of m e t e o ~ i t i c  
bodies,  s o l a r  phenomena, and s o  o n ) .  H e l i o c e n t r i c  SC f l i g h t  

t r a j e c t o r i e s  i n  p lanes  wi th  l a r g e  i n c l i n a t i o n  ang les  ( c lose  t o  
go0) make it p o s s i b l e  t o  bolve t h i s  problem 

Di rec t  f l i g h t s  from t h e  Ear th  t o  t h e  r e g i o n s  above the 

e c l i p t i c  r e q u i r e  l a r g e  energy expendi tures :  F l g u r e  9.4.4 shows 
t h e  va lues  of t h e  d e p a r t u r e  o r b i t  h j p e r b o l i c  excess  v e l o c i t y  a s  
a  f u n c t i o n  of h e l i o c e n t r i c  o r b i t  i n c l i n a t i o n  t o  t h e  e c l i p t i c  
p lane  and p e r i h e l i o n  r a d i u s  [73]. I n  view of t he  large v a l u e s  
of V4, we can ha rd ly  expect r e a l i z a t i o n  o f  such f l i g h t  schemes 
t o  d i s t a n t  r eg ions  aoove t h e  e c l i p t i c  plane.  



The u s e  of J u p i t e r ' s  g r a v i t y  f 
f i e l u  makes i t  p o s s i b l e  ' 7 

d e f l e c t  t h e  SC h e l i o c e n t r i c  
o r b i t  f o r  va lues  of $ c l o s e  t o  
90° ( s e e  F igure  9.4.1) i n  o r d e r  
t o  achieve  l a r g e  e c l i p t i c  lat i-  
t u d e s ,  Two f l i g h t  schemes a r e  
p o s s i b l e ,  depending on t h e  

Figure  9.4.4. V a r i a t i o n  of  problem formula t ion .  The f i r s t  
excess Of f1igl.L scheme i lvolves r o t a t i o n  depnr tu re  o r b i t  from t r a n s f e r  

o r b i t  p e r i g e e  f o r  d i r e c t  of  t h e  t r a n s f e r  o r b i t  p lane  after 1 
I ' 

f l i g h t s  from t h e  E a r t h  t o  
r eg ions  above t h e  e c l i p t i c  J u p l t e r  f l y b y  t o  90° t o  t h e  
p lane  e c l i p t i c  p lane  and pe rmi t s  t he  i 
SC t o  pass  above (below) t h e  Sun. Tnis  scheme f l i g h t  is  shown 
i n  Figure  9.4.5. I 

The second f l i g h t  scheme meets th: requirement f o r  maxi- 
mizing t h e  SC h e l i o c e n t r i c  v e l o c i t y  components a f t e r  J u p i t e r  
f lyby normal t o  t h e  e c l i p t i c  p lane .  This  scheme slakes i t  
p o s s i b l e  t o  achieve  t h e  g r e a t e s t  d i s t a n c e  between t h e  SC  and 
t h e  e c l i p t i c  p lane  a t  t h e  p o i n t  of i t s  maximal h e l i o c e n t r i c  
l a t i t u d e .  F igure  9.4.6 shows t h e  maximal d e v i e t i u n  He from t h e  

e c l i p t i c  p lane  a s  a  f u n c t i o n  of  launch c h a r a c t e r i s t i c  v e l o c i t y  
f o r  t h e  two f l i g h t  schemes [4O]. 

INTERPLANETARY FLIGHT TRAJECTORIES TO THE OUTER PLANETS 

A f t e r  accomplishment of i n t e r p l a n e t a r y  v e h i c l e  f l i g h t s  t o  
J u p i t e r ,  t h e  requirement w i l l  i n e v i t a b l y  arise f o r  s tudying t h e  
more d i s t a n t  p l a n e t s  - Saturn ,  Uranus, Neptune, and P lu to .  
However, d i r e c t  f l i g h t s  t o  t h e s e  p l a n e t s  r e q u i r e  s t i l l  g r e a t e r  
energy expendi tures  wi th  excess ive ly  long f l i g h t  t ime r e q u i r e d  
( s e e  B 3, Chapter 5 ) .  Reduction of  t h e  f l i g h t  t ime t o  accep2able 1338 
magnitudes can be accomplished only a t  t h e  expense of  f u r t h e r  
energy expendi ture  i n c r e a s e  (F igure  9 . 4 . 7 ) .  

400 



Figure  9.4.5. J u p i t e r  f l y b y  w i t h  t r a n s f e r  o r b i ~  p l a n e  r o t a t i o n  
t o  go0 t o  t h e  e c l i p t i c  plan? (first scheme): 
to-24425w.5 I .  D.; vWo-o.n v ~ :  r-sa; R , ~  -o.ws a . u . ; 7 4  

The s o l u t i o n  of  t h e  problem of f l i g h t  t o  t h e  o u t e r  p l a n a t s  
wi th  energy c h a r a c t e r i s t i c s  and f l i g h t  t imes  which a r e  a c c e p t a b l e  
f o r  SC w i t h  h igh- th rus t  engines  ( l i q u i d  r o c k e t  engines  and n u c l e a r  
rocke t  eng ines )  becomes f e a s i b l e  when us ing  J u p i t e r ' s  g r a v i t y  
f i e l d .  i f  f l y b y  t a k e s  p l a c e  wi th  a n g l e s  JI c l o s e  t o  180° (see 
F igure  9.4.1) ,  t h e  i n t e r p l a n e t a r y  v e h i c l e  can a c q u i r e  s u f f i c i e n t  
energy from J u p i t e r  s o  t h a t ,  a f t e r  f l y b y ,  it can  t r a v e l  a long  
a hyperbol ic  o r b i t  and the reby  overcome t h e  g r a v i t a t i o n a l  f o r c e  
of t h e  s o l a r  system. Such a f l i g h t  scheme w i t h  p rope r  p o s i t i o n -  
i n g  of t h e  p l a n e t s  makes it p o s s i b l e  t o  r e a c h  t h e  nex t  p l a n e t  
q u i t e  qu ick ly .  S e q u e n t i a l  u t i l i z a t i o n  of t h e  g r a v i t y  f i e l d s  of  
t h e  o u t e r  p l a n e t s  can permi t  i n t e r p l a n e t a r y  v e h i c l e  f l i g h t  t o  
many p l a n e t s  a f t e r  J u p i t e r .  I n  r e c e n t  y e a r s ,  s e v e r a l  s t u d i e s  
have been made of i n t e r p l a n e t a r y  f l i ~ h t s  t o  t h e  o u t e r  p l a n e t s  
wi th  use o f  J u p i t e r ' s  g r a v i t y  f i e l d  o r  t h e  g r s v i t y  f i e l d s  o f  
s e v e m l  p l a n e t s  . * 

It i s  of i n t e r e s t  t h a t  t h e  p o s s i b i l i t i e s  f o r  s tudy ing  t h e  
o u t e r  p l a n e t s  of t h e  s o l a r  system (Sa tu rn ,  Uranus, Neptune, and 
P l u t o )  u t i l i z i n g  J u p i t e r  f l y b y  a r e  being brought t o  l i g h t  i n  
t h e  p r e s e n t  e x a d e .  h t e r p l a n e t a r y  t r a j e c t o r i e s  w i t h  f l y b y  of  

*An a n a l y s i s  of some such s t u d i e s  i n  t h e  V,S. is g iven  i n  1403. 

i! 0  1 



Figure  9.4.6. SC d i s t a n c e  
from e c l i p t i c  ? lane  a t  t ime 
of i ts  passage above Sun f o r  
two f l i g h t  schemes: 
1- scheme wi th  maximization 
of normal v e l o c i t y  component; 
2- scheme with 90' r o t a t i o n  
t o  t h e  e c l i p t i c  p lane  

2 0 $0 80 110160 hUf,m /set 2 

Figure  9.4.7. Minimal t ime o f  
d i r e c t  f l i g h t s  t o  t h e  o u t e r  
p l a n e t s  a s  f u n c t i o n  of launch 
energy 

two, t h r e e ,  o r  even f o u r  o u t e r  
p l a n e t s  f o r  moderate va lues  of 
t h e  launch c h a r a c t e r i s t i c  

v e l o c i t y  (from 14.5 t o  16.5 km/sec) and f l i g h t  t imes  a r e  a l s o  
p o s s i b l e .  The fo l lowing  t h r e e  fundamental p l a n e t  swingby schemes 
a r e  usua l ly  considered:  

1) two-planet swingby scheme a long  t h e  r o u t e s :  J u p i t e r -  
Sa tu rn  (J -S) ;  Jupi ter-Uranus (J-U); Jupiter-Neptune (J-N); and 
J u p i t  e r -Plu to  (J-P) ; 

2 )  th ree -p lane t  swingby scheme along t h e  r o u t e s :  J u p i t e r -  
Saturn-Pluto (J-S-P) ; Jupiter-Uranus-Neptune (J-U-N) ; 

3 )  four-p lanet  swingby scheme a long  t h e  Jupi ter -Saturn-  
Uranus-Neptune (J-S-U-N) r o u t e .  

An important  c h a r a a t e r i s t i c  of t h e s e  f l i g h t  schemes i s  t h a t  
J u p i t e r  i s  t h e  f i r s t  p lane t  on each r o u t e .  Therefore ,  t h e  mini- 
mal energy expendi tures  w i l l  be determined p r i m a r i l y  by the  1339 
Ear th - Jup i t e r  f l i g h t  cond i t ions .  



ory @) 

Figure  9.4.8, F l i g h t  t ime as 
f u n c t i o n  of  d e p a r t u r e  o r b i t  
hyperbol ic  excess  v e l o c i t y  
f o r  t h e  E-J-S r o u t e  

Let  u s  examine each 
swingby scheme. 

F igure  9.4.9. I n t e r p l a n e t a r y  
f l i g k t  t r a j e c t o r y  t o  Sa tu rn  
with J u p i t e r  f lyby :  

to- September 1977; v-.-o.ave 

Two-Planet Swingby Scheme 

(Ear th) -Jupi ter -Saturn .  The dependence of t h e  f l i g h t  t i m e  
t o  S a t u r n  on t h e  d e p a r t u r e  o r b i t  hyperbol ic  excess  v e l o c i t y  V - o  

f o r  v a r i o u s  launch d a t e s  and v a r i o u s  p l a n e t o c e n t r i c  f l y b y  o r b i t  
p e r i c e n t e r  radii c, ( i n  J u p i t e r  r a d i i )  i s  shown i n  F igure  
9.4.8 [73]. We s e e  t h a t  t h e  bes t  p o s s i b i l i t i e s  f o r  f l i g h t  t o  
Sa tu rn  wi th  J u p i t e r  f lyby  occur wi th  launch i n  1977 - 1978, 
when t h e  s m a l l e s t  V,O with  p r a c t i c a l l y  minimal A t  and a c c e p t a b l e  - 
r=x: can be achieved.  I f  w e  s e l e c t  t h e  launch d a t e  i n  1977, then  

v ~ o = 0 . 3 2 V ~  wi th  r'ei=l!! , while f o r  d i r e c t  f l i g h t ,  i t s  minimal 
va lue  i s  0.385 V..o . However, f o r  f l i g h t s  t o  t h e  o u t e r  p l a n e t s ,  
r e d u c t i o n  of t h e  f l i g h t  t ime may be a more important  f a c t o r  t h a n  
reduc t ion  of V d . .  I n  t h i s  sense ,  t h e  f l i g h t  c h a r a c t e r i s t i c s  t o  
Sa tu rn  wi th  J u p i t e r  f l y b y  become s t i l l  b e t t e r ,  t h e  f l i g h t  t ime 
dec reases  from f o u r  y e a r s  t o  2.75 yea r s .  The s h o r t e s t  f l i g h t  

t ime f o r  launch i n  1977, 1978, and 1979 i s  two y e a l s .  

F igure  9 .4 .9  [73 ]  shows t h e  p r o j e c t i o n  on t h e  e c l i p t i c  
p lane  of t h e  i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r y  t o  S a t u r n  wi th  
J u p i t e r  f l y 5 y  f o r  launch on 6 September 1977. A s i m i l a r  



TABLE 9.6. OPTIMAL SC BALLISTIC DESIGN CHARACTERISTICS v3R 

FLIGHTS TO TH4 OUTER PLANETS WITH JUPITER FLYBY* 

T r a j e c t o r y  S t a r t  
d a t e  

Ear th-Jupi ter -Saturn  September 
1977 

-. 

Earth-Jupiter-Uranus October 
1978 

Earth-Jupit  er-Neptune November 
1979 

0.38 0,162 0.05 
0.72 0,169 0.01 ll.O1 = 0.51 0.437 0.05 
0.95 0,449 0.01 

Ear th-Jupi ter -Plu to  1977 

* [ T r a n s l a t o r t s  Note: Commas i n  numbers i n d i c a t e  decimal  po in t s . ]  

i n t e r p l a n e t a r y  t r a j e c t o r y  i s  p o s s i b l e  wi th  launch i n  October,  

1978. The next opt imal  launch d a t e s  a r e  p o s s i b l e  only a f t e r  t h e  
t o t a l  synodic pe r iod  ( 2 0  y e a r s )  i n  1997 - 1998. Table 9.6 shows 

t h e  op t ima l  boost  module b a s i c  des ign  parameters  no and uf f o r  

t h e  September, 1977, launch d a t e .  

(Earth)-Jupiter-Uranus.  The b a l l i s t i c  c h a r a c t e r i s t i c s  of 

t h e  i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r y  t o  Uranus us ing  J u p i t e r ' s  
g r a v i t y  f i e l d  a r e  shown i n  F igure  9.4.10 [73]. The most accept -  

a b l e  f l i g h t  c h a r a c t e r i s t i c s  occur  f o r  launch d a t e s  i n  1978 - 
1979. Thus, f o r  VdzO.34 Va , t h e  f l i g h t  t ime i s  6.5 y e a r s  a r d  - - 
r ~ l  = 2  (1978 ) or  r,, =12 (1979), while  t h e  minimal f l i g h t  d u r a t i o n  is  
about f i v e  yea r s  but wi th  Vd-0.38-0.4 VQW 



' 's Direc t  

F igure  9.4.10. F l i g h t  t ime as 
f u n c t i o n  of  d e p a r t u r e  o r b i t  
hyperbol ic  excess  v e l o c i t y  f o r  
E-J-U r o u t e  

Figuae 3.4.11. I n t e r p l a n e t a r y  
f l i g h t  t r a j e c t o r y  t o  Uranus 
wi th  J u p i t e r  f l y b y :  
to- October,  1978; V..-OJSJ'YCB 

The d i r e c t  f l i g h t  wi th  launch i n  1979 w i l l  l a s t  12  y e a r s  
wi th  minimal hyperbol ic  excess  v e l o c i t y  V..o. equa l  t o  0.38 V@. 

While t h e  d i r e c t  f l i g h t  d u r a t i o n  w i l l  bc 6 .5  y e a r s ,  it r e q u i r e s  
V,O= 0.42 VI. I n  t h e  f i r s t  case ,  J u p i t e r  f l y - y  makes i t  p o s s i b l e  

t o  reduce t h e  f l i g h t  t ime by a  f a c t o r  o f  1 . 8  wi th  some r e d u c t i o n  
of V-o., i n  t h e  second c a s e  f o r  t h e  same f l i g h t  t i m e  Vmo. i s  

l e s s  by 2 .4  km/sec o r  nea r ly  30%. 

F igure  9.4.11 shows t h e  p r o j e c t i o n  of t h e  E d 4  i n t e r p l a n e -  
t a r y  f l i g h t  t r a j e c t o r y  on t h e  e c l i p t i c  p lane  f o r  t h e  October,  
1978, launch d a t e  and V4-0.35 Vo [73]. Table 9.6 shows t h e  o p i i n a l  
boost module b a s i c  des ign  parameters  no and pf f o r  t h e  October,  
1979, launch d a t e .  

The next  opt imal  launch d a t e s  a r e  p o s s i b l e  only i n  1992 - 
1993. 

(Earth)-Jupiter-~eptune. Among t h e  b a l l i s t i c  c h a r a c t e r i s t i c s  
of t h e  f l i g h t  t r a j e c t o r i e s  t o  Neptune us ing  t h e  g r a v i t y  f i e l d  of 
J u p i t e r  shown i n  Figure  9.4.12, t h e  most a c c e p t a b l e  a r e  those  f o r  

launch d a t e s  i n  1979 -- 1980 [ 73 ] .  Thus, f o r  t h e  November, 1979, 
launch d a t e ,  i n t e r p l a n e t a r y  SC f l i g h t  t o  Neptune w i t h  J u p i t e r  



~ t - w a r s  D i r e c t  

F igure  9.4.12. F l i g h t  t i m e  
versus  d e p a r t u r e  o r b i t  hyper- 
b o l i c  excess  v e l o c i t y  f o r  
E-J-N r o u t e  

F i g u r e  9.4.13. I n t e r p l a n e t a r y  
f l i g h t  t r a j e c t o r y  t o  Neptune 
wi th  J u p i t e r  f lyby :  

f l y b y  can be r e a l i z e d  wi th  hyperbol i c  excess  v e l o c i t y  V-0=0-37~@ 

and A t  = 8 y e a r s ,  c l o s e  t o  t h e  minimal va lue ,  and Ll = 3  . The 
i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r y  w;'.th launch i n  1980, when-r,~ =9 

has similar c h a r a c t e r i s t i c s .  

The i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r i e s  t o  Neptune with 

J u p i t e r  f lyby  have q u a l i t a t i v e l y  b e t t e r  b a l l i s t i c  c h a r a c t e r i s -  
t i c s  i n  comparison wi th  d i r e c t  f l i g h t  ( s e e  F igure  9.4.12).  Thus, 
f o r  launch i n  1979 and f l i g h t  time e i g h t  y e a r s  V-0=0.48 Vo. , which 
i s  3 . 3  km/sec h igher  t h a ~  C'-O f o r  f l i g h t  u s i n g  t h e  g r a v i t y  f i e l d  
of J u p i t e r .  While d i r e c t  f l i g h t  i s  r e a l i z e d  wi th  minimal Vd=0-39 Vo 

( c l o s e  t o  V-O f o r  f l i g h t  wi th  J u p i t e r  f l y b y ) ,  t h e  f l i g h t  t ime 
i n c r e a s e s  by nea r ly  17 yea r s .  

F igure  9.4.13 shows t h e  p r o j e c t i o n  on t h e  e c l i p t i c  p lane  of 
t t ,e  i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r y  t o  l?eptune wi th  J u p i t e r  
f lyby  f o r  launch on 1 0  November 1979, ir4=0.37 Vo, and A t  = 8 y e a r s .  # 

Table 9.6 shows t h e  opt imal  boost  module b a s i c  des ign  parameters  ! 

no and vf corresponding t o  t h i s  t r a j e c t o r y .  The next opt imal  

launch d a t e s  a r e  p o s s i b l e  only i n  1992 - 1993. 



I I I u 
a34 as8 a42 V,,/V. 

Figure  9.4.14. F l i g h t  time 
versus  d e p a r t u r e  o r b i t  hyper- 
b o l i c  excess  v e l o c i t y  f o r  t h e  
E-J-P r o u t e  

(Ear th ) - Jup i t e r -P lu to .  The 

F igure  9.4.15, I n t e r p l a n e t a r y  
f l i g h t  t r a j e c t o r y  t o  P l u t o  wi th  
J u p i t e r  f l y b y  : 
to- January,  1977; ~ ~ ~ 4 . 3 4  ve 

b a l l i s t i c  c h a r a c t e r i s t i c s  of 
t h e  i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r y  t o  P l u t o  us ing  J u p i t e r ' s  
g r a v i t y  f i e l d  a r e  shown i n  Figure  9.4.14 [73] .  We s e e  t h a t  
1977 - 1978 a r e  t h e  most accep tab le  y e a r s  f o r  launch,  when 
r e l a t i v e l y  s h o r t  f l i g h t  time can be achieved wi th  r e l a t i v e  low - 
\'=o v a l u e s  and convenient = . Thus, i n  1977, f l i g h t  t o  P l u t o  

wi th  J u p i t e r  f l y 5 y  can b e  r e a l i z e d  f o r  \',o-0.34 Vq w i t h  ;,I =5 

and A t  = 1 0  yea rs .  

The b a l l i s t i c  c h a r a c t e r i s t i c s  d e t e r i o r a t e  cons iderably  f o r  
d i r e c t  f l i g h t  with opt imal  launch d a t e  i n  1976: i n  t h e  case  of 
f l i g h t  with t h e  minimal va lue  of V,po=0.38 1'3 , we have A t  = 4 4  y e a r s ,  
while  f l i g h t  wi th  minimal t ime A t  = 38  y e a r s  i s  p o s s i b l e  with 
Vmo=0.48 V3. 

Figure  9.4.15 shows t h e  p r o j e c t i o n  on t h e  e c l i p  i c  p l a n e  
of t h e  i n t e r p l a n e t a r ;  f l i g h t  t r a j e c t o r y  t o  P l u t o  w i t h  J u p i t e r  (343 
f lyby  f o r  launch i n  1977 and V-0-0.34 V 5 ,  . A t  t h e  time of i n t e r -  
p lane ta ry  v e h i c l e  swingby, P l u t o  w i l l  b e  a t  t h e  p e r i h e l l o n  of 
i t s  o r b i t ,  having Rn = 30 a .u .  This  i s  t h e  reason f o r  t h e  

r e l a t i v e l y  low energy expendi tures  f o r  f l i g h t  t o  P lu to .  



Figure  9.4.16. F l i g h t  t ime  F i g u r e  9.4.17, F l i g h t  t ime  t o  
t o  P l u t o  v e r s u s  c h a r a c t e r i s t i c  Neptune ve r sus  c h a r a c t e r i s t i c  
launch v e l o c i t y  For v a r i o u s  launch v e l o c i t y  f o r  v a r i o u s  
swingby schemes swingby schemes 

Table  9.6 p r e s e n t s  t h e  op t ima l  boost  module b a s i c  d e s i g n  
parameters  no and uf cor responding  t o  t h i s  f l i g h t  t r a j e c t o r y .  

The next  opt imal  launch d a t e s  a r e  p o s s i b l e  only  i n  1989 - 1990. 

Three-Planet Swingby Scheme 

To demonst ra te  t h e  c a p a b i l i t i e s  f o r  reducing  t h e  energy 
expend i tu res  and f l i g h t  t ime t o  t h e  most d i s t a n t  p l a n e t s  of t h e  
s o l a r  system, Neptune and P l u t o ,  i t  i s  i n t e r e s t i n g  t o  examine 
t h e  t h r e e - p l a n e t  swingby schemes a long  t h e  Ed-S-P* and F-J-U-N 
r o u t e s .  F i g u r e s  9.4.15 and 9.4.17 show t h e  r e l a t i o n s h i p s  between 
t h e  minimal c h a r a c t e r i s t i c  l aunch  v e l o c i t y  and f l i g h t  d u r a t i o n  
a long t h e s e  r o u t e s  [75]. We s e e  t h a t  t h e  b a l l i s t i c  c h a r a c t e r i s -  
t i c s  of t h e  two- and th ree -p lane t  swingby schemes a r e  q u i t e  
similar. The s i m i l a r i - y  of t h e  energy expend i tu res  i s  exp la ined  
by t h e  f a c t  t h a t  t h e  f irst  f l y b y  p l a n e t  on each  r o u t e  i s  J u p i t e r  
and t h e  energy requi rements  a r e  determined p r i m a r i l y  by t h e  
E a r t h - J u p i t e r  t r a j e c t o r y .  The s i m i l a r i t y  of  t h e  f l i g h t  t ime  
va lues  means t h a t  t h e  primary f a c t o r  de termining  t h e  t r a n s f e r  
t ime i s  t h e  h e l i o c e n t r i c  d i s t a n c e  of t h e  f i n a l  d e s t i n a t i o n  p l a n e t ,  
and t h a t  t h e  number of i n t e r m e d i a t e  f l y b y  p l a n e t s  i s  not  o f  

--- - 

* F l i g h t  scheme fo l lowing  program which has  been termed t h e  
"Grand Tour." 



s i g n i f i c a n t  importance. We a l s o  no te  t h a t  t h e  f l i g h t  times t o  
Neptune and P l u t o  a r e  q u i t e  similar because of t h e  s i m i l a r i t y  of /344 
t h e i r  h e l i o c e n t r i c  d i s t a n c e s  i n  1980 and 1990, when SC swingby 
is expected . * 

A f a v o r a b l e  launch pe r iod  f o r  t h e  E-J-S-P r o u t e  occurs  i n  
1977 - 1978 and f o r  t h e  E-J-U-N r o u t e ,  i n  1978 - 1980. The 
next f avorab le  pe r iods  w i l l  occur  only i n  2076 - 2077 and 2155 - 
2156, r e s p e c t i v e l y .  This  i s  one of t h e  hazards  i n  p lanning f o r  
t h e  three-planet  swingby schemes, t h e  o t h e r  hazard i s  t h e  g r e a t e r  
s e n s i t i v i t y  of t h e  nominal t r a j e c t o r y  t o  d e v i a t i o n s  i n  comparison 
wi th  t h e  two-planet scheme. Moreover, f o r  t h e  E-J-S-P r o u t e ,  
a l though t h e  SC does not  c r o s s  S a t u r n ' s  r i n g s ,  unfavorable  
cond i t ions  f o r  Sa tu rn  obse rva t ion  a r e  c r e a t e d .  Therefose ,  t h e  
a d v i s a b i l i t y  of p lanning f o r  t h e  three-planet  swinqby schemes 
i s  q u e s t i o n a b l e  a t  t h e  moment. 

Four-Planet Swingby Scheme 

The i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r y  fo l lowing t h e  E-J-S-U-N 

route8* i s  a t t r a c t i v e  because of t h e  p o s s i b i l i t y  of s o l v i n g  
c e r t a i n  fundamental s c i e n t i f i c  problems i n  s tudy of t h e  o u t e r  
p l a n e t s  and d i s t a n t  regions  of t h e  s o l a r  system u s i n g  a  smal l  
number o f  i n t e r p l a n e t a r y  v e h i c l e s .  The uniqueness of t h i s  r o u t e  
( s i n c e  t h e  next  f avorab le  p e r i o d  occurs  only  a f t e r  180 y e a r s )  
imposes s p e c i a l  requi rements  on a n a l y s i s  of t h e  b a l l i s t i c  d e s i g n  
c h a r a c t e r i s t i c s  of t h e  i n t e r p l a n e t a r y  v e h i c l e  in tended f o r  t h i s  
c r i t i c a l  f l i g h t .  It Is  s t i l l  d i f f i c u l t  a t  t h i s  time t o  ana lyze  
a l l  a s p e c t s  of t h e  p r o j e c t  because of t h e  absence of r e l i a b l e  
informat ion  on t h e  o u t e r  p l a n e t s .  The l i m i t a t i o n s  on t h e  choice  
of t h e  i n t e r p l a n e t a r y  t r a j e c t o r y ,  which w i l l  be d i c t a t e d  by t h e  
space c o n d i t i o n s  near  t h e  p l a n e t s ,  may i n f l u e n c e  t h e  e n e r g e t i c s  

* This  i s  a s s o c i a t e d  wi th  t h e  f a c t  t h a t ,  a t  t h e  time of  i n t e r -  
p l a n e t a r y  v e h i c l e  swingby, P l u t o  w i l l  be l o c a t e d  near  t h e  p e r i -  
h e l i o n  of i t s  o r b i t .  
fi* Var ian t  of t h e  Grand Tour f l i g h t  scheme. 
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and f l i g h t  t ime  markedly, 
However, on t h e  b a s i s  of  t h e  
e x i s t i n g  in fo rma t ion  on t h e  
o u t e r  p l a n e t s ,  we can  i d e n t i f y  
r a t i o n a l  Grand Tour mis s ion  
i n t e r p l a n e t a r y  f l i g h t  t r a j  ec- 
t o r i e s .  L e t  us  examine some 

F i g u r e  9.4.18. Four-planet  c h a r a c t e r i s t i c s  of  t h i s  mis s ion .  
f l y b y  scheme 

S i n c e  t h e  Grand Tour m i s s i o n  can  be r e a l i z e d  only  w i t h  
s t r i c t l y  d e f i n e d  p o s i t i o n  o f  t h e  o u t e r  p l a n e t s  r e l a t i v e  t o  one 
a n o t h e r ,  f a v o r a b l e  p e r i o d s  f o r  SC launch a r e  ve ry  r a r e .  The 
f a v o r a b l e  launch c a p a b i l i t y  p e r i o d i c i t y  i s  determined p r i m a r i l y  
by t h e  synodic p e r i o d  of  Uranus and Neptune (171.4 y e a r s )  and 
r e p e a t s  w i t h  an i n t e r v a l  o f  about  1 3  months from 1976 t o  1979. 
The e n e r g e t i c  requi rements  become excessi , ; re ly h igh  f o r  launches  
a f t e r  1979, s i n c e  J u p i t e r  f l y b y  does n o t y i e l d  t h e  necessa ry  
e f f e c t  because of i t s  p o s i t i o n .  For  t h e  scheme w i t h  f l y b y  of /345 
s e v e r a l  p l a n e t s ,  t h e r e  i s  a n  energy expend i tu re  l i m i t ,  exceeding 
which does not  l e a d  t o  f u r t h e r  s h o r t e n i n g  of t h e  t ime.  Th i s  
l i m i t a t i o n  i s  caused by t h e  k inemat ics  of  t h e  p l a n e t  f l y b y  
schemes. For  f l y b y  of s e v e r a l  p l a n e t s ,  t h e  t r a j e c t o r y  must 
" r e f l e c t 1 '  a t  some a n g l e  from each  i n t e r m e d i a t e  p l a n e t  (F igure  
9.4.18) .  However, it i s  not  p o s s i b l e  i n  p r a c t i c e  t o r e a l i z e  t h e  
p l a n e t  f l y b y  scheme wi th  large r e f l e c t i o n  a n g l e s ,  s i n c e  t h i s  

r e q u i r e s  e x c e s s i v e l y  low p l a n e t o c e n t r i c  f l y b y  o r b i t  ~ e r i c e n t e r  
h e i g h t s  which cannot be achieved because of  t h e  p l a n e t ' s  
atmosphere.  Consequently,  t h e  r e q u i r e d  f l i g h t  t imes  a r e  l i m i t e d  
from below by t h e  minimal a l lowab le  f l y b y  o r b i t  p e r i c e n t e r  
a l t i t u d e s .  Th i s  a n a l y s i s  i s  confirmed by t h e  c a l c u l a t i o n  r e s u l t s ,  
F i g u r e s  9.4.19 and 5.4.20 show t h e  f l i g h t  t ime as a f u n c t i o n  of  
nominal launch d a t e  f o r  v a r i o u s  va lues  of t h e  launch energy Hu 

an* f l y b y  o r b i t  nominal p e r i c e n t e r  a l t i t u d e H . , ,  r e s p e c t i v e l y .  



Figure  9.4.19. Grand Tou? miss ion  d u r a t i o n  a s  f u n c t i o n  of 
launch d a t e  ( f o r  1976 -- 1979) and launch ene?gy 

Sa tu rn  i s  t h e  most c r i t i c a l  p l a n e t  f o r  r e a l i z a t i o n  of t h e  
Grand Tour mission.  F i r s t ,  t h e  minimal miss ion  d u r a t i o n  i s  
d i r e c t l y  p e l a t e d  with t h e  c l o s e s t  approach of t h e  SC t o  Sa tu rn .  
Second, a d d i t i o n a l  l i m i t a t i o n s  on t h e  f l y b y  o r b i t  p e r i c e n t e r  
r a d j u s  choice  a r i s e  because of t h e  e x i s t e n c e  of S a t u r n r s  r i n g s ,  
encounter  w i th  which must be avoided. The o r i e n t a t i o n  of 
Sa tu rn  and i t s  r i n g s  i n  t h e  assumed f l y b y  pe r iod  (1979 - 1983) 
permits  SC f lyby  both  o u t s i d e  of  t h e  r i n g s  and between t h e  i n n e r  
s i d e  of t h e  r i n g s  and t h e  s u r f a c e  of t h e  p l a n e t .  It i s  t r u e  t h a t  
t h e  d u r a t i o n  of t h e  e n t i r e  miss ion  f o r  f l y b y  o u t s i d e  of t h e  r i n g s  
i n c r e a s e s  two y e a r s  i n  comparison with f l y b y  a long t h e  i n n e r  s i d e  
of  S a t u r n ' s  r i n g s .  

The b a l l i s t i c  c h a r a c t e r i s t i c s  of t h e  Grand Tour miss ion  
i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r y  a r e  shown i n  F igure  9.4.21 as 
a  f u n c t i o n  of Sa tu rn  f l y b y  o r b i t  p l a n e t o c e n t r i c  p e r i c e n t e r  r a d i u s  - 
rCat,. Analysis  of t h e  r e l a t i o n s  shown makes it p o s s i b l e  t o  develop 

d e f i n i t e  recommendations on choice  of t h e  nominal Grand Tour 
mission i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r y  . F i r s t ,  t h e  s c i e n t i f i c  I 
va lue  of t h e  mission w i l l  depend t o  a cons ide rab le  deeree  on t h e  i 

i 

c loseness  of SC passage around each f l y b y  p l a n e t .  Second, t h e  
t r a j e c t o r i e s  corresponding t o  Sa tu rn  f lyby  o r b i t  p e r i c e n t e r  I 



* See "Design of Unmanned Automatic Veh ic l e  f o r  t h e  Grand Tour 
Mission," A . R . ,  No. 1 4 ,  1970, r e f .  187-188. 
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Figure  9.4.20. In f luence  of p l a n e t o c e n t r i c  f l y b y  o r b i t  nominal 
p e r i c e n t e r  he igh t  H.1 on Grand Tour miss ion  d u r a t i o n  ( u n r e a l i z a b l e  
t r a j e c t o r i e s  i n  shaded r e g i o n )  

d i s t a n c e s  equa l  t o  7,3 =1.2-2.4 p l a n e t  r a d i i  should  be excluded a t  
once, s i n c e  t h i ~  space  i s  occupied by S a t u r n t s  r i n g s .  Cons ider ing  
t h e s e  remarks,  t r a j e c t o r i e s  wi th  t h e  fo l lowing  launch d a t e s  can 
be cons idered  t h e  b e s t  Grand Tour missio?? i n t e r p l a n e t a r y  f l i g h t  

t r a j e c t o r i e s :  (;.\=2.4).; 1977 ( F.5 -1.2);1977(?.$"2,4) and1978 (;.\ = I . ? )  

However, t a k i n g  i n t o  account  t h e  p r o p e l l a n t  and t ime e x p e n d i t u r e s  
and t h e  d e f i n i t e  r i s k  a s s o c i a t e d  w i t h  S a t u r n  f l y b y  a long  t h e  
i n n e r  s i d e  of t h e  r i n g s ,  t h e  prt ? r a b l e  nominal i n t e r p l a n e t a r y  
t r a j e c t o r y  i s  t h a t  c h a r a c t e r i z e d  by launch i n  1977 and S a t u r n  
f lyby  o u t s i d e  of t h e  r i n g s .  The b a l l i s t i c  d e s i g n  c h a r a c t e r i s t i c s  /347 
of t h e  cor responding  i n t e r p l a n e t a r y  v e h i c l e  a r e  shown i n  Table  

9.7.' 

Performance o f  t h e  Grand Tour mis s ion  imposes s e v e r e  r e q u i r e -  
ments on i n t e r p l a n e t a r y  t r a j e c t o r y  r e a L i z a t i o n  accuracy .  An 
e r r o r  i n  p o s i t i o n  of a  few k i l o m e t e r s  i n  f l y b y  of  one p l a n e t  may 
l e a d  t o  e r r o r s  of thousands o f  k i lomete r s  i n  r e a c h i n g  a n o t h e r  
p l a n e t .  The success  of t h e  G;.and Tour mis s ion  w i l l  be l a r g e l y  
determined by proper  de te rmina t ion  of t h e  c o r r e c t i n g  impulse 
p o i n t s  of a p p l i c a t i o n  and magnitudes,  which depend on t h e  nominal 



Pigu -e  9.4.21.  
i n t e r p l a n e t a r y  
f l y b y  o r b i t  p e r  

d t, days  

B a l l i s t i c  c h a r a c t e r i s t i c s  o f  Grand Tour m i s s i o n  
f l i g h t  t r a j e c t o r y  as f u n c t i o n  of r e l a t i v e  S a t u r n  
i c e n t  er r s d i u s  

t r a j e c t o r y  s e n s i t i v i t y  t o  e r r o r s  i n  t h e  i n i t i a l  c o n d i t i o n s  of t h e  

h e l i o c e n t r i c  segments  and t h e  p l a n e t o c e n t r i c  p l a n e t  f l y b y  o r b i t s .  - /349 
The p r i n c i p a l .  e r r o r  s o u r c e s  are inaccu racy  of SC i n s e r t i o n  i n t o  
t h e  nominal t r a j e c t o r y ,  i n a c c u r a c y  of r e a l i z a t i o n  of  t h e  correct- 

i n g  maneuvers and d e t e r m i n a t i o n  of  t h e  a c t u a l  t r a j e c t o r y ,  

For  t h e  p l a n e t  f l y b y  p l a n e t o c e n t r i c  segments ,  e r r o r s  i n  
d e t e r m i n i n g  t h e  t r a j e c t o r y  may l e a d  t o  d i s r u p t i o n  of  t h e  f l i g h t  
p l a n  o r  t o  marked i n c r e a s e  o f  t h e  c o r r e c t i o n  r e q u i r e m e n t s ,  E r r o r s  
i n  de t e rmin ing  t h e  t r a j e c t o r y  i n  t h e  p l a n e t  approach  segments  
a r e  made up o f  t h e  t r a c k i n g  e r v o r s  and i n a c c u r a t e  knowledge o f  
t h e  ephemeris  o f  t h e  f l y b y  p l a n e t s .  E s t i m a t e s  o f  t h e  pos s ib ! l i -  
t i e s  of  r e f i n i n g  t h e  ephemer i s  o f  t h e  p l a n e t s  by t h e  end of t h e  
19701s  i n d i c a t e  t h a t  t h e  c e l e s t i a l  l o n g i t u d e s  and l a t i t u d e s  o f  



TABLE 9.7. BALLISTIC DE3IGN CHAPACTERISTIC3 9F THE 
GRAND TOUl 

C h a r a c t e r i s t i c  
-- 

h u n c h  d a t e  

op t  Thrust-weight r a t i o  no 

op t  R e l a t i v e  f i n a l  weight pf 

Hyperbolic excess  ve loci :  7 a t  
depar tu re  from p l a n e t  sphere o f  
a c t i o n  i n  km/sec 

Target  d e c l i n a t i o n  a t  depar- 
t u r e  from p l a n e t  sphere  of 
a c t i o n  i n  degrees 

Right ascens ion a t  depar tu re  
from p l a n e t  sphere  cf a c t i o n  
i n  degrees  

Hyperbolic excess  v e l o c i t y  of 
a r r i v a l  o r b i t  i n  km/sec 

T a r g t t  d e c l i n a t i o n  a t  e n t r y  
i n t o  p l a n e t  sphere  of a c t i o n  
i n  degrees 

Right  ascens ion a t  e n t r y  
i n t o  p lanet  sphere  of a c t i o n  
i n  degrees 

Flyby o r b i t  p e r i c e n t e r  r a d i u s  
i n  km 

Flyby o r b i t  i n c l i n a t i o n  t o  
p lane t  e q u a t o r i a l  p lene  i n  
degrees 

Miss parameter b  i n  km 

Angular miss parameter $ i n  
degrees 

Jranus 
Jeptune -- 

. - 
- 

- 
t 

~ ? ~ = 1 5 # 4  

t 
+-51 ,f 

t 
8p-4.5 

VZ-17.4 

,? =,,7 

Hyperbolic excess  v s l o c i t y  
vector  t u r n i n g  ang le  dur ing  
f lyby i n  d e ~ r e e s  

Continued 
4 1 4  



TABLE 9.7* 
(Cont: 

C h a r a c t e r i s t i c  

- 
Date of depar tu re  from p l a n e t  
sphere of  a c t i o n  

Date of en;ry i n t o  p l a n e t  
sphere of a c t i o n  

Date of f lyby  o r b i t  p e r i c e n t e r  
passage 

Transfer  o r b i t  p lane  i n c l i n a t i o r  
i0 r e l a t i v e  t o  e c l i p t i c  p lane  
i n  degrees 

Trans fe r  segment angular  range 
i n  degrees  

Transfer  o r b i t  p .er ihe l ion  
r a d i u s  i n  degrees 

Transfer  o r b i t  aphe l ion  r a d i u s  
R., ir. a .u.  

Transfer  segment o r b i t  
e c c e n t r i c i t y  e 

F l i g h t  t i m e  A t f  on segment i n  
days 

T o t a l  f l i g h t  t i n e  Jtd i n  days 

Inued ) - 
F l i g h t  segment I -- 

( S U P ~  t e r i  Saturn (1 Sarth ' 

Jupiter  

2 . 1 ~  1977 

4.V 1979 

-_ 
I.vII 1J79 

2,1, 

158,l 

1 .O1 

6.5 - 

0.73 

668 

668 

' 13ep t une 

Hyperbola 

t h e  o u t e r  p l a n e t s  w i l l  be determined t o  w i t h i n  0 . 2  a rc-sec .  A t  

t h e  d i s t a n c e  of Uranus (about 1 9  a . u . )  t h i s  angular  indeterminacy 
i s  equivalent  t o  a d i s t a n c e  e r r o r  of about 3000 la. If t h i s  

e r r o r  i s  not  determined and cor rec ted  i n  t h e  Uranus approach 
segment, such a n  e r r o r  w i l l  l e a d  t o  a  miss d i s t a n c e  of about a  
m i l l i o n  k i lometers  dur ing  Neptune f l y b y .  A c a r e f u l  s tudy must 
be made of t h e  c a p a b i l i t i e s  of t h e  Doppler t r a c k i n g  equipment, 



-. ~ s a t e l l i t e  r a d i i  
F igure  9.4.22.  Typica l  scheme 
of SC rendezvous wi th  J u p i t e r  
and p o s i t i o n i n g  of t h e  G a l i l e a n  
s a t  e l l i t  e s  : 

1- o r b i t  of C a l l i s t o ;  2- o r b i t  
of Ganymede; 3- o r b l t  of 
Europa; 4- o r b i t  of 10; 5- 
p l a n e t  approach t r a j e c t o r y ;  
6- unperturbed t r a j  ec to ry ;  7- 
per tu rbed  t r a j e c t o r y  

d i s t a n c e  de te rmina t ion  methods, 
s tel lar  nav iga t ion ,  and s o  on, 
and t h e i r  connect ion  wi th  t h e  SC 

b a l l i s t i c  des ign  c h a r a c t e r i s t i c s  
i n  o rde r  t o  s e l e c t  a n  opt imal  
scheme f ~ r  c o n t r o l l i n g  t h e  S C  

t r a j e c t o r y .  I n  examining t h e  
ques t lone  of SC des ign,  we should 
use  t h e  improved e s t i m a t e s  of t h e  
t r a j e c t o r y  parameters ,  which /350 
permi ts  t a k i n g  a  r e q u i r e d  charac- 
t e r i s t i c  v e l o c i t y  of 250 m/sec 
f o r  r e a l i z a t i o n  of t n e  c o r r e c t i o n  i 

! 
maneuvers. i 

i 
i 

In f luence  of  G a l i l e a n  S a t e l l i t e s  on H e l i o c e n t r i c  
Segments a f t e r  J u p i t e r  Swingby 

The G a l i l e a n  s a t e l l i t e s  of J u p i t e r :  10 

R 1 
i 
i 

1 
Eur op a ! 

I 

R - = 0.0079 and - = 0.226), 
Rs 

Ganymede 

R - ~0.026 and - = 0.394) 
43 

and C a l l i s t o  

(5 =0.016 and ?= 0.35) 
'% R, 



a r e  ve ry  s i g n i f i c a n t  o b j e c t s  of t h e  s o l a r  system. Therefore ,  
t h e i r  i n f l u e n c e  may show up i n  e v a l u a t i n g  t h e  r e s u l t s  of  s tudy 
of t h e  b a l l i s t i c  c h a r a c t e r i s t i c s  of i n t e r p l a n e t a r y  SC flights 

wi th  u t i l i z a t i o n  of  J u p i t e r ' s  g r a v i t y  f i e l d .  F igure  9.4.22 
shows a t y p i c a l  scheme of SC rendezvous wi th  J u p i t e r  and ar range-  
ment of t h e  G a l i l e a n  s a t e l l i t e  o r b i t s ,  

The i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r y  a n a l y s i s  made i n  1671 
showed marked i n f l u e n c e  of  G a l i l e a n  s a t e l l i t e  p e r t u r b i n g  a c t i o n  
on SC swingby around J u p i t e r  i f  t h e  SC is r e q u i r e d  t o  r e a c h  a 
given p o i n t  o f  space.  Therefore ,  t h e  h e l i o c e n t r i c  f l i g h t  seg- 
ments t o  t h e  o u t e r  p l a n e t s  a f t e r  J u p i t e r  swingby may d i f f e r  
markedly from t h e  t h e o r e t i c a l  segment i f  t h e  G a l i l e a n  s a t e l l i t e  
p e r t u r b i n g  a c t i o n  i s  not t a k e n  i n t o  cons ide ra t ion .  The G a l i l e a n  
s a t e l l i t e  p e r t u r b i n g  a c t i o n  can be ignored f o r  any o t h e r  f l i g h t s  

whose o b j e c t i v e  i s  simply t o  cover d e f i n i t e  d i s t a n c e s ,  reach 
l a r g e  i n c l i n a t i o n s  t o  t h e  e c l i p t i c  p lane ,  and s o  on, 

This  conclus ion  i s  w e l l  i l l u s t r a t e d  by Table 9.8 1672, The 
r e s u l t s  of G a l i l e a n  s a t e l l i t e  p e r t u r b i n g  a c t i o n  i n f l u e n c e  on t h e  
elements and parameters  of t h e  h e l i o c e n t r i c  segment a f t e r  J u p i t e r  /352 - 
swingby a r e  r epresen ted  i n  t h e  t a b l e  i n  t h e  form of t h e  d i f f e r -  
ence between t h e  elements  and parameters  c a l c u l a t e d  w i t h  account 
f o r  t h e  p e r t u r b i n g  a c t i o n  of t h e  Sun a lone  and wi th  account f o r  
t h e  combined p e r t u r b a t i o n  from t h e  Sun and t h e  G a l i l e a n  s a t e l l i t e s .  
It i s  i n t e r e s t i n g  t o  determine t h e  r e l a t i v e  magnitude of changes 
presented  i n  t h e  t a b l e .  

I n  many cases ,  t h e  Aa r e a c h  l a r g e  magnitudes. However, 
t h e  dimension a i s  l a r g e  i n  i t s e l f .  Therefore,  t h e  r e l a t i v e  
p e r t u r b a t i o n  magnitude Aa does not  r each  more t h a n  4%. The 
p e r t u r b a t i o n s  o f  t h e  o t h e r  elements of t h e  h e l i o c e n t r i c  segment 
do not exceed t h e  u s u a l  bounds. 
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An important  f a c t o r  i s  t h e  r a d i u s  v e c t o r  magnitude change. 
Since t h e  SC i s  a t  a d i s t a n c e  of  about 5 a .u .  from t h e  Sun a t  
t h i s  p o i n t ,  t h e s e  changes a r e  i n  g e n e r a l  small, However, i f  t h e  
f l i g h t  o b j e c t i v e  i s  t o  r e a c h  some d e f i n i t e  p o i n t  of space ,  f o r  
example, subsequent f l i g h t  t o  one o r  more p l a n e t s ,  t h e n  any, 
even smal l ,  d e v i a t i o n s  must be c a r e f u l l y  taken i n t o  account .  I n  
t h i s  connect ion,  it i s  a d v i s a b l e  t o  examine t h e  g e n e r a l  SC 
v e l o c i t y  and p o s i t i o n  d e v i a t i o n s  a t  t h e  t ime of i t s  d e p a r t u r e  
from J u p i t e r ' s  g rav i sphere  ( p l a n e t o c e n t r i c  coord ina te  sys tem) ,  
Such d e v i a t i o n s  a r e  de f ined  i n  Table 9.8 (columns 1 3  and 14) a s  
t h e  square  r o o t s  of t h e  sum of t h e  squares  of t h e  i n d i v i d u a l  
component d e v i a t i o n s .  These d a t a  show t h a t ,  depending on t h e  
swingby type  being examined, a d d i t i o n a l  requirements  may be 
imposed on t h e  guidance system i n  t h e  h e l i o c e n t r i c  t r a j e c t o r y  
segment a f t e r  con tac t  wi th  J u p i t e r .  

Table 9.8 a l s o  p r e s e n t s  d a t a  on G a l i l e a n  s a t e l l i t e  i n f l u e n c e  
on t h e  t r a j e c t o r y  parameters  f o r  f l i g h t  schemes i n  which guiaance  
accuracy does not p l a y  a s i g n i f i c a n t  r o l e .  Columns 15 and 16 
show t h e  d i f f e r e n c e  of t h e  t ime t h e  SC i s  I n  t h e  g r a v i s p h e r e  of 
J u p i t e r  and t h e  d i f f e r e n c e  of the time a t  which t h e  SC reaches  
a  d i s t a n c e  of 10  a . u .  from t h e  Sun. 

For c a s e s  2 and 4 of Table 9.8, t h e  d i f f e r e n c e  i n  t h e  
d i s t a n c e s  which t h e  SC can cover t r a v e l i n g  o u t s i d e  t h e  e c l i p t i c  
p lane  reaches  l a r g e  magnitudes. However, t h e  r e a l i s t i c a l l y  
ach ievab le  d i s t a n c e s  amount t o  a t  l e a s t  25 a . u ,  f o r  both  cases ,  
which i n d i c a t e s  t h e  r e l a t i v e l y  small in f luence  of t h e  pe r tu rba -  
t ions .  

The i n f l u e n c e  of t h e  G a l i l e a n  s a t e l l i t e  p e r t u r b i n g  a c t i o n  on 
f l i g h t  t o  t h e  Sun is  i l l u s t r a t e d  by c a s e s  5 and 6.  I n  c a s e  5, 
t h e  t r a j e c t o r y  l e a d s  t o  impact on t h e  Sun r e g a r d l e s s  of whether 
t h e  s a t e l l i t e  i n f l u e n c e  i s  t aken  i n t o  account o r  n o t ,  I n  case  





CHAPTER 10. DESCENT TRAJECTORIES I N  PLANETARY ATMOSPHERES 

§ 1. DESCENT FROM AES ORBIT 

A schematic of f l i g h t  a long a descent  t r a j e c t o r y  from 

o r b i t  i s  shown i n  F igure  10.1.1. The descent  t r a j e c t o r y  from 

o r b i t  may be broken down i n t o  t h e  fo l lowing  segments: 

1. Braking segment - o p e r a t i o n  of t h e  r e t r o  powerplant 

(RPP). I n  t h i s  t r a j e c t o r y  segment, t h e  v e l o c i t y  i s  reduced from 

t h e  s a t e l l i t e  o r b i t  f l i g h t  v e l o c i t y  Vo t o  t h e  v e l o c i t y  V1 

r e q u i r e d  f o r  t r a n s i t i o n  i n t o  a n  e l l i p s e  whicn i n t e r s e c t s  t h e  

dense l a y e r s  of t h e  atmosphere. 

2. T rans fe r  e l l i p s e  - t h e  p a s s i v e  f l i g h t  segment i n  

p r a c t i c a l l y  a i r l e s s  space from t h e  t ime of RPP c u t o f f  up t o  
e n t r y  i n t o  t h e  dense l a y e r s  c,' t h e  atmosphere ( i n  t h e  p resen t  

s tudy,  we t a k e  t h e  boundary o f  t h e  dense l a y e r s  of t h e  
atmosphere t o  be t h e  he igh t  ho = 100 km). 

3 .  Vehicle descent  t r a j e c t o r y  i n  t h e  atmosphere - t h e  /354 
primary p o r t i o n  of t h e  descent  t r a j e c t o r y  dur ing  which t h e  

v e h i c l e  reduces  i t s  v e l o c i t y  from near ly  t h e  s a t e l l i t e  v e l o c i t y  
t o  t h e  v e l o c i t y  of s t eady  f a l l  o r  g l i d e .  I n  t h i s  segment, t h e  

v e h i c l e  i s  sub jec ted  t o  t h e  a c t i o n  of h igh  tempera tures  and load 

f a c t o r s ,  

4. Landing segment - t h i s  inc ludes  s t eady-s ta te  v e r t i c a l  

descent  o r  g l i d e  and v e h i c l e  landing truchdown. 



Figure  10.1.1. Schematic of  
descent  from s a t e l l i t e  o r b i t :  
1- braking;  2- s a t e l l i t e  
o r b i t ;  3- t r a n s f e r  e l l i p s e ;  
4- e n t r y  i n t o  t h e  atmopshere; 
5- descent  t r a j e c t o r y  i n  t h e  
atmosphere; 6- landing t r a -  
j e c t o r y  segment; 7- edge of  
atmosphere 

Usually t h e  s a t e l l i t e  a r b i t  
h e i g h t  has  a lower l i m i t  d e t e r -  
mined by t h e  r e q u i r e d  s a t e l l i t e  
l i f e t i m e .  For s t a t i o n a r y  o b j e c t s  
i n  o r b i t  ( s a t e l l i t e  s t a t i o n ,  
s p a c e c r a f t  assembly, and s o  on) ,  
we can t a k e  hcir o 200 - 300 lan 

as t h e  lower l i m i t  of o r b i t  
h e i g h t .  The upper l i m i t  of 
manned s a t e l l i t e  o r b i t  he igh t  
i s  s e l e c t e d  s o  t h a t  t h e  v e h i c l e  
w i l l  be below t h e  r a d i a t i o n  
b e l t s  of t h e  Ear th  and i s  heir .., .., 
500 - 600 km. 

VEHICLE BRAKING AND FLIGHT ALONG TRANSFER ELLIPSE 

To determine t h e  parameters  of t h e  t r a n s f e r  e l l i p s e ,  we 
need t o  know t h e  v e h i c l e  motion c h a r a c t e r i s t i c s  a t  t h e  end of 
t h e  braking segment. 

The braking time 

where AV i s  t h e  v e l o c i t y  l o s s  dur ing  braking 

n  = P/G i s  t h e  load f a c t o r  dur ing  braking,  

I n  t h e  generd l  case ,  when t h e  braking impulse i s  a p p l i e d  
a t  t h e  ang le  a t o  t h e  v e l o c i t y  v e c t o r  i n  o r b i t ,  t h e  v e l o c i t y  
a t  t h e  end of t h e  braking segment 



Va= vaz AV cos a, 

and t h e  t r a j e c t o r y  i n c l i n a t i o n  t o  t h e  hor izon 

8,=9,-+ arc tg AV sin a z ~ + x s i n  a, 
vo-AVcosa 
.- "0 

where Vo i s  t h e  f l i g h t  v e l o c i t y  i n  o r b i t ;  i s  t h e  t r a j e c t o r y  

( o r b i t )  i n c l i n a t i o n  a t  t h e  i n s t a n t  of braking impulse a p p l i c a t i o n .  

Knowing t h e  t r a n s f e r  e l l i p s e  i n i t i a l  parameters  (V1 and e l ) ,  

we can, from t h e  known r e l a t i o n s  of  e l l i p t i c  motion theory ,  
desermine t h e  v e h i c l e  t r a j e c t o r y  c h a r a c t e r i s t i c s  (Ven, een,  Len, 

and ten) a t  e n t r y  i n t o  t h e  atmosphere. 

For t h e  case  of p r a c t i c a l  i n t e r e s t  - descent  from a  c i r c u -  /355 : - 
l a r  o r b i t  (Oo=O) w i t h  braking impulse a p p l i c a t i o n  a t  t h e  a n g l e  
a = G - we can o b t a i n  s imple approximate formulas.  

The e n t r y  v e l o c i t y  Ven i n t o  t h e  atmosphere i s  found from 

t h e  energy i n t e g r a l  

where r 1s t h e  o r b  
1 

a p p l i c a t i o n ;  re, i s  

it r a d i u s  a t  t h e  p o i n t  of brakinp impulse 

t h e  atmosphere bocndary r a d i u s ;  v i s  t h e  

g r a v i t a t i o n a l  cons tan t .  

We in t roduce  r e l a t i v e  v e l o c i t i e s  and h e i g h t s  

v P=- and h = -  h - ,  
vo 'en 

where 



A f t e r  t r ans fo rmat ion ,  we o o t ? t n  

where 

- r 
&,!!L and ha = 1 - ren 

vo. ren 
* 

The e n t r y  ang le  i n t o  t h e  atmosphere i s  found from t h e  
angu la r  momentum conservat ion  law 

cos 8,r,V,= cos 8 r V en en  en 

o r  f o r  our  case  91=0* 

J. cos  B e n  = - V *  ren en 

S ince  t h e  e n t r y  ang le  is usua l ly  smal l ,  i t  i s  more conven- 
i e n t  t o  c a l c u l a t e  s i n  Re, r a t h e r  than  cos B e n ;  

2 v 
s i n  een = 1 - (T +12. 

en en 

Af te r  t r ans fo rmat ions  and in t roduc ing  r e l a t i v e  magnitudes, we 

o b t a i n  



The f l i g h t  r ange  a long  t h e  t r a n s f e r  e l l i p s e  can be obta ined 
from t h e  equat ion  of t h e  e l l i p t i c  t r a j e c t o r y  

r=  P 
1-t-ecoru : 

rV2 
where p-rkcos0 i s  t h e  parameter of t h e  e l l i p s e  (L=-) ; e=l-k, 

I' 

i s  t h e  e c c e n t r i c i t y  of t h e  e l l i p s e ;  v  i s  t h e  t r u e  anomaly 
(measured from t h e  p e r i g e e ) .  

I n  our case ,  01=0  and v 1 ~ 2 n  (braking impulse a t  t h e  apogee) .  

The f l i g h t  range  a long t h e  t r a n s f e r  e l l i p s e  

where B i s  t h e  angular  range ,  R i s  t h e  r a d i u s  of t h e  p l a n e t ,  

The t r u e  anomaly of t h e  atmospheric  e n t r y  p o i n t  

5 (1 - l\iy 
cos  ven = -- 1. 

A? (2 - A?) 
-, 

These formulas i n  r e l a t i v e  magnitudes of t h e  v e l o c i t y  V and 
o r b i t  he igh t  X, above t h e  t o p  of t h e  atmosphere a r e  v a l i d  f o r  
any p l a n e t s .  

FLIGHT TRAJECTORIES I N  THE ATMOSPHERE 

Marked hea t ing  and d e c e l e r a t i o n  of t h e  v e h i c l e  i n  t h e  
atmosphere begin a t  a n  a l t i t u d e  h ~ 1 0 0  ion. The fo l lowing  e x t e r n a l  
f o r c e s  (F igure  10.1.2)  a c t  on a  v e h i c l e  f l y i n g  i n  t h e  atmosphere 
a t  a l t i t u d e  wi th  t h e  v e l o c i t y  V:  d rag  f o r c e  X d i r e c t e d  a l o n s  
t h e  tangent  t o  t h e  t r a j e c t o r y  oppos i t e  t h e  d i r e c t i o q  of f l i g h t ,  
l i f t  Y a long t h e  d j r e c t i o n  pe rpend icu la r  t o  t h e  t r a j e c t o r y ,  and 
g r a v i t y  f o r c e  G a long  t h e  d i r e c t i o n  o f  t h e  l o c a l  v e r t i c a l .  These 
f o r c e s  a r e  balanced by t h e  f o r c e s  of i n e r t i a ,  We p r o j e c t  theae  
f o r c e s  on t h e  x  and y v e l o c i t y  axes.  The sum of  t h e  p r o j e c t i o n s  



e c t o r y  

Figure  10.1.2. Diagram of f o r c e s  a c t i n g  on descent  v e h i c l e  

of a l l  t h e  f o r c e s  on t h e  x a x i s  

dV dm--- X -0 sin B=0, 
dl  

where m=-- i s  t h e  v e h i c l e  mass (GO and go a r e  t h e  weight and 
iC0 

g r a v i t y  f o r c e  a c c e l e r a t i o n  f o r  h  = 0 ) ;  t is  t h e  f l i g h t  t ime;  8 

i s  t h e  t r a j e c t o r y  i n c l i n a t i o n  t o  t h e  hor izon;  G i s  t h e  v e h i c l e  
weight.  The sum of  t h e  p r o j e c t i o n s  on t h e  y  a x i s  

where rcur i s  t h e  r a d i u s  of cu rva tu re  of t h e  t r a j e c t o r y .  We 

r e p l a c e  

v2 w r  V 
- =  CUT 

r = wv, 
cur  c u r  

do d$ where a=--- 
dt dl 

i s  t h e  angular  r a t e  of r o t a t i o n  of t h e  v e l o c i t y  
d$ V cos 8 -- vec to r  r e l a t i v e  t o  t h e  Ear th :  ,-- R + I  and B i s  t h e  c e n t r a l  

angle  t r a v e r s e d  by t h e  v e h i c l e  from t h e  t ime of e n t r y  i n t o  t h e  
atmosphere (angu la r  f l i g h t  r a n g e ) .  

After t r ans fo rmat ions ,  we o b t a i n  t h e  fo l lowing  system of 

equat ions  d e s c r i b i n g  v e h i c l e  p l a n a r  motion dur ing  descent  i n  
t h e  atmosphere: 



%=v sin 8; 
dl 

!L v cor fi 
d l  R + b  * 

.m 2 m 
where PI-.- is t h e  s p e c i f i c  d rag  load ing  i n  kg/m , and .pH=- 

css 0s 
S i s  t h e  c h a r a c t e r i s t i c  drag  t o  which t h e  aerodynamic c o e f f i c i e n t s  
c, and c  a r e  r e f e r r e d ;  g=g0 is  t h e  l o c a l  g r a v i t y  f o r c e  

Y 
a c c e l e r a t i o n .  

The system of equat ions  i n  g e n e r a l  form is non l inea r  and is 1358 
solved by numerical i n t e g r a t i o n  us ing  t h e  Runge-Kutta method on 
r d i g i t a l  computer. 

We shall examine t h e  c l a s s  of descen t  t r a j e c t o r i e s  wi th  
cons tan t  va lues  of t h e  drag  loading p, and aerodynamic e f f i c i e n c y  
K=P" 

Pu , i . e , ,  t r a j e c t o r i e s  wi th  p,=const and p,=const, which 

a r e  q u i t e  c l o s e  t o  t h e  a c t u a l  c a s e .  

The major p o r t i o n  of t h e  descent  t r a j e c t o r y  ( i . e . ,  t h e  
p o r t i o n  where aerodynamic hea t ing  occurs  and load f a c t o r s  a c t )  
l i e s  i n  t h e  hypersonic f l i g h t  r e g i o n  (M>3-5) , where t h e  aero-  
dynamic c h a r a c t e r i s t i c s  a r e  nea r ly  independent of Mach number. 
Therefore,  t h e  cond i t ions  p, = const  and p  = cons t  correspond 

Y 
t o  v e h i c l e  descent  wi th  cons tan t  ang le  of a t t a c k ,  i . e . ,  t h e  most 
r e a l i s t i c  case  from t h e  viewpoint of v e h i c l e  c o n t r o l .  S p e c i f i -  
c a l l y ,  t h e s e  regimes inc lude  b a l l i s t i c  descent  (K = 0). 



F i g u r e  10.1.3 .  B a l l i s t i c  d e s c e n t  t r a j e c t o r y  from AES o r b i t  w i t h  
K = 0; p, = 650 kg/km2; Ven = 7.8  k d s e c ;  een r -20 

F i g u r e  10 .1 .3  shows t h e  b a l l i s t i c  descen t  t r a j e c t o r y  cha rac -  
t e r i s t i c s  f o r  a v e h i c l e  e n t e r i n g  t h e  E a r t h ' s  a tmosphere  w l t h  

v e l o c i t y  Ven = 7 .8  km/sec a t  t h e  a n g l e  B e n  = -2' t o  t h e  h o r i z o n .  

Marked b rak ing  of t h e  v e h i c l e  begin8 a t  a n  a l t i t u d e  h  z 70  

Lon. The maximal l o n g i t u d i n a l  l o a d  f a c t o r s  r e a c h  nx = 9 a t  

h  = 35 km. We n o t e  t h a t  t h e  zone of  most marked v e h i c l e  b rak ing  
l i e s  i n  a r e l a t i v e l y  narrow a l t i t u d e  r ange  20<h<50 km. The load  
f a c t o r  peak (nx 9) lasts f o r  about  10 seconds,  howevsr, t h e  

t o t a l  time of h i g h  l o a d  f a c t o r  (nx > 4 )  a c t i o n  i s  r e l a t i v e l y  
l o n g  A t  z 100 s e c .  

A t  e n t r y  i n t o  t h e  a tmosphere  ( h  = 100 k n ) ,  t h e  t empera tu re  
i s  a l r e a d y  T  = 1500° K ( i n  F i g u r e  10 .1 .3  and subsequent  f i g u r e s ,  
t h e  t e m p e r a t u r e s  are t h e  t h e o r e t i c a l  v a l u e s  a t  t h e  s t a g n a t i o n  
p o i n t  of a s p h e r e  of  r a d i u s  R = 1 m f o r  a  p e r f e c t l y  t h e r m a l l y  
i n s u l a t e d  w a l l ) .  The t empera tu re  "peak" : 3C)00° K i c  

reached  a t  h  2 45 km. C h z r a c t e r i s t i c a l l y ,  t h e  t empera tu re  p t a k  
always l e a d s  t h e  l oad  f a c t o r  peak. The r e g i o n  of  h i g h  tempera- 
t u r e s  T;.lOi)oK ex tends  t o  h  = 30 km. 



2.10~ - 40 -2000 - 

O h  * u  - 
Figure  10.1.4. Gl id ing  t r a j e c t o r y  descent  from AES orb 

'en = - 2 O ;  K = 0.2, px = 650 kg/m2; Ven = 7.8 km/sec 

i t  wi th  

Heating of t h e  v e h i c l e  dur ing  descent  i n t o  t h e  atmosphere 

takes  p lace  a s  a r e s u l t  of both  convect ive qc and r a d i a t i v e  q, 

thermal f l u x e s  from t h e  hot gas behind t h e  shock wave. I n  t h e  

peak temperature zone, t h e  convect ive and r a d i a t i v e  f l u x e s  a r e  

approximately t h e  same (we r e c a l l  t n a t  we a r e  r e f e r r i n g  t o  

t h e  s t a g n a t i o n  p o i n t  of a sphere  with R = 1 m), 

The t r a j e c t o r y  i n c l i n a t i o n  i s  n e a r l y  cons tant  f o r  a long 

time and marked i n c r e a s e  of  i t s  s lope  begins only  f o r  h < 40 km. 

The t o t a l  f l i g h t  range  i n  t h e  atmosphere L = 1750 km. The f l i g h t  
t ime t o  h = 10 la i s  t "- 5.5 mJn. 

The g l i d i n g  descent  t r a j e c t o r y  wi th  n e h i c l ~  aerodynamic 

e f f i c i e n c y  K = 0.2  i s  shown i n  F igure  10. i . l l .  I n  comparison w i t h  

t h e  b a l l i s t i c  descent  t r a j e c t o r y ,  t h e  maximal load f a c t o r s  

decrease s i g n i f i c a n t l y  and t h e  maximal temperature a l s o  dec reases  
somewhat. The tfpeakft va lues  of t h e  r a d i a t i v e  f l u x e s  qr dec rease  

markedly. The skipping n a t u r e  of t h e  t r a j e c t o r y  wi th  two load 
f a c t o r  peaks and i n c r e a s e  of t h e  f l i g h t  range and t i m e  a r e  

c h a r a c t e r i s t i c .  



Let us examine t h e  i n f l u e n c e  
of v a r i o u s  parameters  on t h e  
descent  t r a j e c t o r y  c h a r a c t e r i s -  
t i c s .  F igure  10.1.5 shows t h e  
i n f l u e n c e  of v e h i c l e  aerodynamic 
e f f i c i e n c y  and atmosphere e n t r y  
ang le  on t h e  maximal load  f a c -  
t o r s  and f l i g h t  range .  

Bigure 10.1.5. In f luence  of 
eyltry angle  Ben on load 
f a c t o r  nmax and f l i g h t  range L 

i n  t h e  akmospkere f o r  px = 
2 650 kg/m Ven = 7.8 km/sec 

f o r  reducing t h e  load  f a c t o r s .  
maxims1 load f a c t o r s  t o  nmax - - 

The e x i s t e n c e  of  a  lift 

f o r c e ,  i . e . ,  changeover from t h e  
b a l l i s t i c  descent  v e h i c l e  t o  
g l i d i n g  descent  v e h i c l e s ,  i s  

one of t h e  r a d i c a l  techniques  
S i g n i f i c a n t  r e d u c t i o n  of t h e  

3 - 4 ,  i . e . ,  va lue3 which man 

can wi ths tand f o r  a q u i t e  long t ime without  any a f t e r e f f e c t s ,  
can be obta ined w i t h  comparat ively low aerodynamic e f f i c i e n c y  
K z 0.2. We no te  t h a t  t h e  l o a d  f a c t o r s  dec rease  most r a p i d l y  - /360 
f o r  K 5 0.2 - 0.3. 

I 

The r e d u c t i o n  of t h e  load  f a c t o r s  i n  t h e  presence of l i f t  

f o r c e s  i s  expla ined by t h e  f a c t  t h a t ,  f o r  a  g l i d i n g  v e h i c l e ,  
t h e  t r a j e c t o r y  i s  higher  than  f o r  a b a l l i s t i c  v e h i c l e  and i t s  
d e c e l e r a t i o n  t akes  p l a c e  more g radua l ly  (extends  over a  longer  
t i m e ) .  T h i s  i s  p a r t i c u l a r l y  marked i n  comparing t h e  t r a j e c t o r i e s  
cf F igures  10.1.3 and 10.1.4.  With i n c r e a s e  of  t h ?  en t ry  ang le  

'en9 t h e  maximal load  f a c t o r s  i n c r e a s e  ( s e e  F igure  10 .1 .5 ) .  

This  i s  explained by  t h e  f a c t  t h a t  i n  t h e  s t e e p  e n t r y  case ,  t h e  
v e h i c l e  "d igs"  i n t o  t h e  dense l a y e r s  of t h e  atmosphere a s  a  
r e s u l t  of i n e r t i a ,  where i t  i s  braked s t r o n g l y .  The minimal 
load f a c t o r s  correspond t o  an  e n t r y  ang le  Oen  = 0  - -2O. A s  

we would expect ,  t h e  f l i g h t  range i n c r e a s e s  w i t h  i n c r e a s e  of t h e  



Figure  10.1.6. I n f l u e n c e  of 
e n t r y  a n g l e  een on t empera tu re  

Tmax and i n t e g r a l  t he rma l  f l u x  
C) 

Q f o r  px = 650 kg/mC, Ven = 

v e h i c l e  aerodynamic e f f i c i e n c y ,  

The f l i g h t  r ange  d e c r e a s e s  s i g -  

n i f i c a n t l y  wi th  i n c r e a s e  of  t h e  
atmosphere e n t r y  a n g l e .  

The i n f l u e n c e  of aerodynamic 

e f f i c i e n c y  K and e n t r y  a n g l e  O e n  

on t h e  maximal tempera ture  Tmax 

(at  t h e  s t a g n a t i o n  p o i n t  of  a  

the rma l ly  i n s u l a t e d  sphe re  w i t h  

R = 1 m )  and on t h e  time- 

i n t e g r a l  t he rma l  f l u x e s  Q (at t h e  

same p o i n t ) "  i s  shown i n  F i g u r e  

10.1.6.  With i n c r e a s e  of t h e  aerodynamic e f f i c i e n c y ,  t h e  maximal 

tempera ture  Tmax d e c r e a s e s  somewhat, b u t  t h e  t i m e - i n t e g r a l  t h e r -  

mal f l u x  Q i n c r e a s e s .  The tempera ture  r e d u c t i o n  is  exp la ined  by 
braking  of t h e  g l i d i n g  v e h i c l e  i n  t h e  more r a r e f i e d  l a y e r s  of 
t h e  atmosphere i n  comparison w i t h  t h e  b a l l i s t i c  v e h i c l e .  The 

i n c r e a s e  of t h e  i n t e g r a l  khermal f l u x e s  i s  exp la ined  by f l i g h t  

t ime i n c r e a s e  ( a s  a r e s u l t  o f  t h e  convec t ive  f l u x e s ) .  With 
i n c r e a s e  of t h e  aerodynamic e f f i c i e n c y ,  t h e  i n t e g r a l  r a d i a t i v e  /361 

f l u x e s  Qr dec rease  markedly. With i n c r e a s e  of t h e  e r t r y  a n g l e  

'ens t h e  maximal temperatu:. i n c r e a s e s  bu t  t h e  i n t e g r a l  thermal  

f l u x e s  d e c r e a s e  s i g n i f i c a n t l y .  

Knowledge of t h e  maximal tempera ture  Tmax makes it p o s s i b l e  

t o  e v a l u a t e  t h e  the rma l  s t a b i l i t y  of t h e  thermal  p r o t e c t i o n  

m a t e r i a l  ( i n  t h e  c a s e  of the rma l  p r o t e c t i o n  wi thout  s u b l i m a t i o n ) ,  

The magnitude of t h e  i n t e g r a l  t he rma l  f l u x e s  Q de termines  t h e  

weight of t h e  sub l ima t ing  p a r t  of  t h e  the rma l  p r o t e c t i c n ,  There- 

f o r e ,  t h e s e  q u a n t i t i e s  can  s e r v e  t o  some degree  as t r a j e c t o r y  

e v a l u a t i o n  c r i t e r i a .  

* 2 
Q = jf q d t ,  where q a r e  t h e  l o c a l  thermal  f l u x e s  i n  kcal/m . 



Analyzing t h e  informat ion  p resen ted  above, we can s e l e c t  

more o r  l e s s  s a t i s f a c t o r y  v a l u e s  of t h e  e n t r y  a n g l e  een f o r  t h e  

b a l l i s t i c  descent  v e h i c l e .  P rov i s ion  f o r  minimal load  f a c t o r s  

l i m i t s  t h e  q u a n t i t y  een - 2 O  - 2.5O. The maximal tempera ture  

obviously does no t  i n f l u e n c e  t r a j e c t o r y  s e l e c t i o n  i n  t h e  s u b l i -  
m a t i r e  thermal  p r o t e c t i o n  c a s e  ( i n  t h e  b a l l i s t i c  descent  case ,  
t h e  temperature is s u f f i c i e n t l y  h igh  f o r  r e a l i s t i c  va lues  of p, = 

2 300 - 500 kg/m t o  cons ide r  thermal  p r o t e c t i o n  without  a b l a t i o n ) .  

However, i n  o r d e r  t o  reduce  t h e  thermal  p r o t e c t i o n  weight ,  i t  i s  

d e s i r a b l e  t o  have lower i n t e g r a l  thermal  f l u x e s  Q ,  i , e , ,  change- 
over  t o  h igh  e n t r y  ang les ,  which should be taken a t  t h e  upper 

l i m i t  considelaing t h e  load  f a c t o r s .  High e n t r y  a n g l e s  a r e  a l s o  

d e s i r a b l e  f o r  reducing t h e  touchdown po in t  s c a t t e r  because of 

p o s s i b l e  e n t r y  ang le  e r r o r s ,  s i n c e  wi th  i n c r e a s e o f t h e  e n t r y  
ang le ,  t h e  f l i g h t  range and t h e  d e r i v a t i v e  aL/aBen dec rease  

( s e e  F igure  10 .1 .5) .  

Considering t h e  load f a c t o r  l e v e l  n = 3 - 4 t o  be a c c e p t a b l e  

wi th  regard  t o  crew comfort dur ing  descen t ,  i t  ha rd ly  akes s e r s e  

t o  i n c r e a s e  t h e  aerodynamic e f f i c i e n c y  above K = 0.15 - 0.25 f o r  

a g l i d i n g  descen t ,  s i n c e  wi th  i n c r e a s e  of K ,  t h e  i n t e g r a l  h e a t  
f l u x e s  and consequently t h e  thermal  p r o t e c t i o n  weight i n c r e a s e .  

Let u s  examine t h e  i n f l u e n c e  of t h e  s p e c i f i c  drag  load ing  

on t h e  b a s i c  descent  t r a j e c t o r y  c h a r a c t e r i s t i c s  (F igures  10.1.7 

and 10.1.8!. 

The drag  loading px reduces  t h e  maximal load  f a c t o r s  and 

f l i g h t  range s l i g h t l y ,  bu t  decrease  of px reduces  both t h e  maxi- - / 3 6 2  

ma1 temperature T and i n t e g r a l  hea t  f l u x e s  Q s i g n i f i c a n t l y .  

Considering t h i s ,  we can i d e n t i f y  t h e  requi rements  on shape of 

t h e  v e h i c l e  wi th  minimal thermal  p r o t e c t i o n  weight 



Figure  10.1.7.  In f luence  of  F igure  10.1.8, In f luence  of 
drag  load ing  px on temperature d rag  load ing  p, on f l i g h t  range  

Tmax and load f a c t o r  nmax f o r  L and i n t e g r a l  thermal  f l u x e s  

Actual ly ,  t h e  parameter px = G/cxS. Usually t h e  v e h i c l e  

weight and dimensions (and t h e r e f o r e ,  t h e  f r o n t a l  a r e a )  a r e  
given.  Consequently,  t h e  v e h i c l e  wi th  minimal thermal  protec-  
t i o n  weight w i l l  have a  shape which y i e l d s  t h e  l a r g e s t  d rag  

c o e f f i c i e n t  cx.  Under hypersonic f l i g h t  c o n d i t i o n s ,  t h e  body 

wi th  forebody which i s  c l o s e s t  t o  f l a t  w i l l  have t h e  l a r g e s t  cx 

(headl ight - type  shape i n  F igure  10 .1 .2 ) .  This  i s  v a l i d  f o r  

v e h i c l e s  us ing  both b a l l i s t i c  and g l i d i n g  descen t .  

S 2 .  DESCENT I N  EARTH'S ATMOSPHERE WITH HYPERBOLIC VELOCITY 

TRAJECTORIES WITH LARGE ATMOSPHERE ENTRY ANGLES 

Let us  f i rs t  examine atmospheric e n t r y  t r a j e c t o r i e s  wi th  

escape v e l o c i t y  a t  ang les  B e n  = -15 - -90'. The n a t u r e  of  t h e  

t r a j e c t o r y  c h a r a c t e r i s t i c  v a r i a t i o n  i s  t h e  same a s  f o r  descen t  
from AES o r b i t ;  however, t h e  braking process  t a k e s  p l a c e  con- 

s i d e r a b l y  f a s t e r .  C h a r a c t e r i s t i c  i s  n e a r l y  cons tan t  t r a j e c t o r y  

i n c l i n a t i o n  0 t o  t h e  hor izon i n  t h e  b a s i c  t r a j e c t o r y  segment. 
The load f a c t o r  nx and minimal tempera ture  Tmax a r e  cons ide rab ly  

h igher  t h a n  f o r  descen t  from o r b i t .  



Figure  10.2.1.  I n f l u e n c e  of 
e n t r y  a n g l e  een on load  f a c t o r  

"max and f l i g h t  r ange  L f o r  
K = 0; Ven = 11 km/sec 

i n f l u e n c e  of e n t r y  a n g l e  Ben and 

F i g u r e  10 .2 .2 ,  I n f l u e n c e  of 
e n t r y  a n g l e  Ben on tempera ture  

Tmax and i n t e g r a l  thermal  f l u x e s  
Q f o r  K = 0, Ven = km/sec 

F i g u r e  10 .2 .1  shows t h e  
d r a g  l o a d i n g  px on t h e  maximal 

load  f a c t o r  nmax and f l i g h t  range  L. The maximal l o a d  f a c t o r s  

dec rease  s i g n i f i c a n t l y  w i t h  r e d u c t i o n  of t h e  atmosphere e n t r y  

a n g l e ,  which i s  exp la ined  by t h e  i n c r e a s e  of t h e  b rak ing  pa th  

l e n g t h  ( i n c r e a s e  of t h e  f l i g h t  r ange  L ) .  The d rag  load ing  px 

has  p r a c t i c a l l y  no i n f l u e n c e  on t h e  f l i g h t  range  L and l o a d  

f a c t o r  nmax. The sp read  of t h e  nmax v a l u e s  f o r  t h e  a n g l e  O e n  = 

-90' i s  expla ined  by t h e  f a c t  t h a t ,  f o r  d i f f e r e n t  px,  t h e  maximal 

load  f a c t o r  zone occur s  i n  d i f f e r e n t  segments of t h e  atmosphere 

wi th  d i f f e r e n t  v a l u e s  of t h e  d e n s i t y  g r a d i e n t  ( i n  t h e  c a l c u l a -  
t i o n s  we used t h e  E a r t h  ISA). J u s t  as i n  t h e  desce  --from-orbi t  

case ,  i n c r e a s e  of t h e  e n t r y  a n g l e  l e a d s  t o  i n c r e a s e  ~f t h e  maxi- 
mal t empera tu re  and r e d u c t i o n  of t h e  i n t e g r a l  h e a t  f l u x e s  (F igure  /363 ! 

t empera ture  Tmax and t h e  i n t e g r a l  t he rma l  f l u x e s  Q .  In t h e  

case  of descen t  w i t h  E a r t h  escape v e l o c i t y ,  t h e  r a d i a t i v e  thermal  

f luxes ,which  c o n s t i t u t e  about  50% of t h e  o v e r a l l  i n t e g r a l  t h e r n a l  

f l u x e s ,  i n c r e a s e  s i g n i f i c a n t l y  . 

10 .2 .2 ) .  Decrease of  t h e  d rag  load ing  px reduces  bo th  t h e  

I 



Figure  10.2.3. In f  iuence  of 
e n t r y  v e l o c i t y  Ven on load 

f a c t o r  nmax and f l i g h t  range 
L f o r  K = 0; pX = 400 kg/m 2 

Figure  10.2.4. In f luence  of 
e n t r y  speed Ven on tempera ture  

Tmax and i n t e g r a l  thermal  f l u x e s  

Q f o r  K = 0; p, = 400 k g / m  2 

The load f a c t o r  sax i n c r e a s e s  as t h e  square  of t h e  v e l o c i t y .  

However, t h e  f l i g h t  range L i n c r e a s e s  very l i t t l e  (Figure  10 .2 .3) .  

With i n c r e a s e  of t h e  atmosphere e n t r y  v e l o c i t y  V , t h e  maximal 
en 

tempera ture  Tma, and i n t e g r a l  thermal  f l u x e s  Q i n c r e a s e  s i g n i f i -  

c a n t l y  (F igure  10 .2 .4) .  Because of t h e  l a r g e  load f a c t o r s  nmax, 

t r a j e c t o r i e s  wi th  l a r g e  e n t r y  ang les  a r e  s u i t a b l e  only f o r  descent  

of automatic  v e h i c l e s  r e t u r n i n g  from f l i g h t  t r a j e c t o r i e s  t o  t h e  

p l a n e t s .  For t h e  case of b a l l i s t i c  en t ry  i n t o  t h e  atmosphere 

( K  = 0)  a t  l a r g e  e n t r y  ang les ,  when t h e  i n c l i n a t i o n  0 = een - - 

const  on most of t h e  t r a j e c t o r y ,  an  a n a l y t i c  s o l u t i o n  can be 

obta ined f o r  t h e  b a s i c  t r a j e c t o r y  c h a r a c t e r i s t i c s .  

For t h i s  c a s e ,  we can neg lec t  i n  t h e  f irst  equa t ion  of t h e  /364 
system (10.1.9)  t h e  term g  s i n  0 ,  s i n c e  it i s  cons ide rab ly  

smal le r  than  t h e  term def ined  by t h e  d rag .  Thus, t h e  first 
equa t ion  of t h e  system (10.1.9)  can be w r i t t e n  i n  t h e  form 



The second equa t ion  of t h i s  system becomes meaningless  f o r  

t h i s  c a s e  ( 0  = c o n s t ,  K = 0 ) .  

We r e p r e s e n t  t h e  d e n s i t y  v a r i a t i o n  law by t h e  approximate 

r e l a t i o n  ( i so the rma l  atmosphere ) 

Q= Q,, e-Ph. 

Then (10.2.1) may be  w r i t t e n  i n  t h e  form 

where 

RT 
i s  t h e  mean l o g a r i t h m i c  atmospheric  d e n s i t y  g r a d i e n t ;  IJ 

i s  t h e  molecular  weight of t h e  atmospheric  g a s ;  g  i s  t h e  g r a v i t y  

f o r c e  a c c e l e r a t i o n ;  T i s  t h e  mean a tmospher ic  tempera ture ;  R is 
t h e  u n i v e r s a l  g a s  c o n s t a n t ,  

Using s t i l l  a n o t h e r  equa t ion  of t h e  system ( 1 0 , 1 , 9 ) ,  

namely t h e  equa t ion  f o r  de termining  t h e  descen t  v e l o c i t y  v e r t i c a l  

component 

-- dh - v sin e. 
dt (10.2.3) 

D i f f e r e n t i a t i n g  A=e-ph and u s i n g  ( l O , 2 . 3 ) ,  we o b t a i n  

Excluding t ime from (10.2.2)  and (10.2.4) and s e p a r a t i n g  

v a r i a b l e s ,  we o b t a i n  

dV -- k -- 
V Brine dA. 





S u b s t i t u t i n g  dh= -db , we o b t a i n  
flA 

1 A 
dl;.- In--+- 

\'o,9 sin 0 A -I- Vos sin 0 [ 4 F sin 0 

Comparison of t h e  va lues  c a l c u l a t e d  u s i n g  t h e  formulas  
p resen ted  above w i t h  numerical  i n t e g r a t i o n  of t h e  e q u a t i o n s  of 
motion shows t h a t ,  f o r  a tmospher ic  e n t r y  a n g l e s  een f r o m  -90 t o  

-15O, t h e  approximate formulas  y i e l d  s a t i s f a c t o r y  accuracy  over  
most of t h e  t r a j e c t o r y  ( t o  h z 20 - 25 km) .  

TRAJECTORIES WITH SMALL ENTRY ANGLES AT THE LIMIT OF 

VEHICLE CAPTURE BY THE ATMOSPHERE 

F i g u r e  10.2.5 shows t h e  c h a r a c t e r i s t i c s  of a b a l l i s t i c  
descen t  t r a j e c t o r y  a t  escape  speed f o r  a tmospher ic  e n t r y  a n g l e  
( B e n  = -5') c l o s e  t o  t h e  l i m i t  of v e h i c l e  c a p t u r e  by t h e  atmod 

sphere .  The descent  t ime a long  t h i s  t r a j e c t o r y  i s  s i g n i f i c a n t l y  
longer  t h a n  f o r  l a r g e  e n t r y  a n g l e s  and cor responds  approximately 
t o  t h e  descen t  t i m e  from AES o r b i t ,  while  t h e  maximal load  
l a c  t o r  ( nmax = 6 .5 )  i s  even somewhat l e s s  t h a n  f o r  b a l l i s t i c  

descen t  from o r b i t ,  where nmax 2 8. C h a r a c t e r i s t i c  f o r  t h e  

t r a j e c t o r i e s  at  t h e  c a p t u r e  l i m i t  i s  t h e  p r sence  of t h e  s k i p p i n g  
phenomenon, expressed  i n  t h e  form of two maximal load  f a c t o r  
"peaks.  '' 

The maximal tempera ture  T-,_ f o r  descen t  a t  t h e  escape  
1llQ IL 

v e l o c i t y  i s  s i g n i f i c a n t l y  g r e a t e r  than f o r  descen t  from AES 
o r b i t  i n  t h e  c a s e  of both  b a l l i s t i c  and g l i d i n g  desc,ent .  The 
b a s i c  c h a r a c t e r i s t i c s  of t h e  descen t  regime f o r  a tmospher ic  e n t r y  /367 - - 



F i g u r e  10.2.5. G l i d i n g  d e s c e n t  F i g u r e  10 .3  ' .  I n f l u e n c e  o f  
t r a j e c t o r y  f o r  gene= -5O; K I Ben and a e r o d y n a m ~ c  n f f i c i e n c y  

0.1;  px = 650 kg/md; Ve, P K on load  f a c t o r  cmax and  

11 h / s e c  f l i g h t  r ange  L f o r  Ve - 11 

km/sec; px = 400 kg/m !i! 
a n g l e s  c l o s e  t o  t h e  c a p t u r e  

2  l i m i t *  f o r  v e h i c l e s  w i t h  d r a g  l o a d i n g  px = 400 kg/m and f o r  

v a r i o u s  v a l u e s  of t h e  aerodynamic e f f i c i e n c y  K are shown i n  

F i g u r e s  10.2.6  and 10.2.7 .  I n c r e a s e  of K l e a d s  t o  d e c r e a s e  

o f  t h e  maximal l o a d  f a c t o r s  nmax f o r  f i x e d  a tmosphe r i c  e n t r y  
dnm,. - 

a n g l e  O e n  and t o  some d e c r e a s e  of t h e  d e r i v a t j v e  sen . 
C h a r a c t e r i s t i c  f o r  t h e  reg imes  w i t h  K ~ g 0 . 2  2 s  a  minimum of  t h e  

l o a d  f a c t o r  nmax a t  e n t r y  a n g i c s  B e n  c l r a e  t o  t h e  c a p t u r e  l i m i t  

'en l i m  and a b r u p t  d e c r e a s e  of  nmax f o r  B e n  < 'en l i m q  For  K > 

0.2,  passage  th rough  t h e  c a p t u r e  l i m i t  does  no t  cause  any changes 

i n  t h e  nmax = f (Ben)  cu rve .  Also i n t e r e s t i n g  i s  t h e  f a c t  t h a t  

t h e r e  i s  a minimum of  nmax a s  a f u n c t i o n  of  K ( f o r  K . 0 . 1 ) .  We 

s e e  from F i g u r e  10 .2 .6  t h a t  t h e  l i m i t  of  v e h i c l e  c a p t u r e  by t h e  

a tmosphere  i s  c h a r a c t e r i z e d  by s h a r p  i n c r e a s e  o f  t h e  f l i g h t  ; 

r ange  L i n  t h e  a tmosphere  (L i s  de te rmined  from t h e  moment of  

* I n  t h e  p r e s e n t  s t u d y ,  we c o n s i d e r  t h o s e  d e s c e n t  t r a j e c t o r i e s  
f o r  which t h e  v e h i c l e  e n t e r i n g  t h e  a tmosphere  a t  hen = 100 la 

does  n o t  a g a i n  r e a c h  t h i s  h e i g h t  t o  be  "cap tu red . "  
1 



kcal  

F igure  10.2.7.  I n f l u e n c e  of 
e n t r y  a n g l e  0,, and aerodynamic 
e f f i c i e n c y  K on thermal  f l u x e s  
Q and t empera tu re  TmaX f o r  Ven 

11 km/sec; px = 400 kg/m2 

F igure  10.2.8.  I n f l u e n c e  of 
d rag  l o a d i n g  px on load  f a c t o r  

nmax and thermal  f l u x e s  Q a t  
c a p t u r e  l i m i t  f o r  Yen = 11 km/sec 

e n t r y  i n t o  t h e  abmosphere a t  nen = 100 km t o  t h e  moment of  e i t h e r  

v e h i c l e  l and ing  o r  d e p a r t u r e  from t h e  a tmosphere) .  With i n c r e a s e  

3f t h e  e n t r y  a n g l e  0 en'  t h e r e  i s  marked i n c r e a s e  of t h e  maximal 

tempera ture  Tmax on t h e  descen t  t r a j e c t o r y  ( s e e  F i g u r e  10 .2 .7) .  

We n o t e  t h a t  Tmax a t  t h e  c a p t u r e  l i m i t  i n c r e a s e s  wi th  i n c r e a s e  - 
of K.  C h a r a c t e r i s t i c  i s  t h e  p resence  of  "peaks" o f  t h e  i n t e g r a l  

thermal  f l u x e s  Q a t  t h e  c a p t u r e  l i m i t ,  and a l s o  t h e  f a c t  t h a t ,  
wi th  i n c r e a s e  of  K ,  t h e  "peak1' v a l u e s  of Q a t  t h e  c a p t u r e  l i m i t  

dec rease .  The in t eg l ' a l  r a d i a t i v e  t h e m a l  f l u x e s  Qr a t  t h e  c a p t u r e  

l i m i t  remain p r a c t i c a l l y  unchanged w i t h  v a r i a t i o n  of K .  

F igu res  10.2.8 and 10.2.9 show t h e  i n f l u e n c e  of  drag load ing  

px on t h e  b a s i c  descen t  t r a j e c t o r y  c h ~ r a c t e r i s t i c s  f o r  s m a l l  
a tmospheric  e n t r y  a n g l e s .  The maxinal l oad  f a c t o r s  a t  t h e  nmax s 

f ( B e n )  minimum p o i n t  o r  a t  t h e  c a p t u r e  l i m i t  f o r  K < 0 . 1  depend 

very l i t t l e  on p,, wh i l e  f o r  K > 0.2 ,  t hey  i n c r e a s e  somewhat f o r  

sma l l  v a l u e s  of px .  The e n t r y  a n g l e  Oen  lim cor responding  t o  

t h e  atmospheric  c a p t u r s  l i m i t  i n c r e a s e s  somewhat w i t h  i n c r e a s e  



F i g u r e  10 .2 .9 .  I n f l u e n c e  of 
d r a g  l o a d i n g  px on e n t r y  a n g l e  

'en and t e m p e r a t u r e  Tmax a t  
c a p t u r e  l i m i t  f o r  Ven = 11 
km/sec 

of px f o r  Kx 0.3.  The maximal 

F i g u r e  10.2.10.  I n f l ~ e n c e  of 
a n g l e  een and e n t r y  speed  Ven 

on l oad  f a c t o r s  nma, and f l i g h t  

r a n g e  L f o r  K = 0 ,  px = 400 kg/m 2  

t e m p e r a t u r e  Tmax :,, , a t  t h e  

c a p t u r e  l i m i t  and t h e  i n t e g r a l  t h e r m a l  f l u x e s  Qlim i n c r e a s e  w i t h  

i n c r e a s e  o f  px.  The i n c r e a s e  o f  Tmax and Q l i m  w i t h  i n c r e a s e  of 

px i s  e x p l a i n e d  by t h e  f a c t  t h a t ,  f o ~ -  l a r g e  p x ,  b r a k i n g  of t h e  

v e h i c l e  t a k e s  p l a c e  i n  t h e  more dense  l a y e r s  o f  t h e  a t w s p h e r e .  

The i n f l u e n c e  o f  a t m o s p h e r ~ c  e n t r y  v e l o c i t y  on t h e  b a s i c  

b a l l i s t i c  d e s c e n t  t r a j e c t o r y  c h a r a c t e r i s t i c s  i s  shown i n  F i g i i r e s  

10.2.10 and 10 .2 .11 .  The l i m i t i n g  e n t r y  a n g l e  een lim a n d a l s o  / 3 6 9  

t h e  d e r i v a t i v e  anma,/3een n a t u r a l l y  i n c r e a s e  w i t h  i n c r e a s e  of  

t h e  e n t r y  speed.  We n o t e  t h a t  f o r  Ven > 1 2  km/sec, t h e  nmax 

minim~m n e a r  t h e  c a p t u r e  l i m i t  d i s a p p e a r s .  The maximal tempera- 

ture Tmax l i m  and t h e  i n t e g r a l  t h e r m a l  f l u x e s  Qlim a t  t h e  c a p t u r e  

l i m i t  i n c r e a s e  s i g n i f i c a n t l y  w i t h  i n c r e a s e  of t h e  a tmosphe r i c  

e n t r y  speed .  The i n t e g r a l  r a d i a t i v e  f l u x e s  Qr a l s o  i n c r e a s e  

markedly.  



F i g u r e  10 .2 .11 .  I n f l u e n c e  of  F i g u r e  10 .2 .12 ,  In f lue r i ce  o f  
a n g l e  ee, and e n t r y  speed Ven e n t r y  v e l o c i t y  Ven on maximal 

- - -  
on t h e r m a l  f l u x e s  Q and tempera- l o a d  f a c t o r s  n,,, f o r  p, - 
t u r e  F f o r  K = 0, px 
kg/m2 max = 400 400 kg/m2 

We s e e  from F i g u r e  1C.2.12 t h a t ,  f o r  each  atrnosp!?eric 

e n t r y  v e l o c i t y ,  t h e r e  a r e  v a l ~ e s  o f  t h e  aerodynam.'.~ e f r i c i e n c y  

K co r r e spond ing  t o  a  minimum of  t h e  l oad  f a c t o r s  nmax. While 

f o r  d e s c e n t  from o r b i t  ( V  = 7 . 8  km/sec) t h i s  K ~ t - w ,  even f o r  

p a r a b o l i c  e n t r y  v e l o c i t y  (Ven = 11 km/sec, t h e  q u a n t i t y  h z  

0 . 1  - 0.15, and f o r  Ven = 1 4  km/sec, K 
o p t  

= 0. F i g u r e  10.2.13 

shows t h c  i n f l u e n c e  of a tmosphe r i c  e n t r y  speed Ven on t h e  i n t e -  

g r a l  t h e r m a l  f l u x e s  Q and maximal t e m p e r a t u r e  Tma, a t  t h e  c a p t u r e  

l i m i t .  The fo l l owing  f a c t s  a r e  o f  i n t e r e s t .  F i r s t ,  t h e  r a d i -  

a t i v e  f l u x e s  Qr a t  t h e  capbure  l i m i t  a r e  n e a r l y  independent  o f  1370  

t h e  aerodynamic e f f i c i e n c y  K and ,  s e c o ~ d ,  f o r  e n t r y  speed 

g r e a t e r  t h a n  Ven = 8.5 km/sec, i n c r e a s e  of  t h e  e f f i c i e n c y  l e a d s  

t o  d e c r e a s e  of t h e  i n t e g r a l  t he rma l  f l u x e s  Q and l n c i t ~ a s e  of t h e  

t e m p e r a t u r e  Tmax a t  t h e  c a p t u r e  l i m i t .  

Let u s  examine t h e  influence o f  v a r i o u s  d e s c e n t  v e h i c l e  

pa rame te r s  and i t s  e n t r y  speed  i n t o  t h e  a tmosphere  on t h e  

caDtu re  l i m i t .  It i s  more conven ien t  t o  c h a r a c t e r i z e  t h e  l i m i t  

o f  v e h i c l e  c a p t u r e  by t h e  a t r o s p h e r e ,  no t  5y  t h e  e n t r y  a n g l e  bu t  



r a t h e r  by t h e  v e h i c l e  t r a j e c t o r y  

p e r i g e e  he igh t  h,, c a l c u l a t e d  on 

t h e  b a s i s  of  t h e  a tmospher ic  

e n t r y  c o n d i t i o n s  h e  = 100 km; 

een and Ven) ,  c o n s i d e r i n g  t h a t  

f l i g h t  t a k e s  p l a c e  i n  a i r l e s s  

Th i s  nominal p e r i g e e  
Figure  10.2.13. In f luence  of h e i g h t  h- i s  more convenient  

- 

e n t r y  speed Ven on thermal  ll 

f l u x e s  Q and tempera ture  Tmax f o r  e v a l u a t i n g  t h e  accuracy  of 

a t  t h e  cap tu re  l i m i t  f o r  px = SC gdidance systems d u r i n g  

400 kg/m2 atmospheric  e n t r y .  The nominal 

p e r i g e e  r a d i u s  rn may be d e t e r -  

mined if we know t h e  atmospheric  e n t r y  h e i g h t  ho ,  e n t r y  speed 

Ven, and e n t r y  a n g l e  B e n .  Tn f a c t ,  we have, from t h e  con ic  

s e c t i o n  e q ~ a t i o n  

r= P 
I i - e c o s u  ' . 

where p = (v2 cos2'enPen)/p i s  t h e  t r a j e c t o r y  parameter ;  v i s  cn 
t h e  t r u e  anon,aly; r = R -t h; R i s  t h e  r a d i u s  of t h e  E a r t h ;  

i s  t h e  e c c e n t r i c i t y  of t b e  o r b i t .  

A t  t h e  normal p e r i g e e  v = 0, t h e n  

Figure  10.2.14 shows t h e  i n f l u e n c e  

loading px a t  t h e  l i m i t  nominal p e r i g e e  

of t h e  s p e c i f i c  d r a g  

he igh t  hnlim f o r  v a r i o u s  

va lues  of  K .  We s e e  t h a t ,  f o r  l a r g e  p,, t h e  descent  v e h i c l e  must 
I 



Figure  10.2.14. Dependence 
of nominal p e r i g e e  he ight  hT 

on drag loading px and load 
h 

f a c t o r  %ax f o r  px = 400 kg/md, 
K - 0  

F igure  10.2.15, Dependence of 
nominal p e r i g e e  he igh t  hT on 

e n t r y  speed Ven f o r  Ven = 11 

km/sec, K = 0 
p e n e t r a t e  more deeply i n t o  t h e  

atmosphere i n  o r d e r  t o  be captured .  With i n c r e a s e  of t h e  atmo- 

s p h e r i c  en t ry  speed Ven, t h e  p e r i g e e  he igh t  hTlim a t  t h e  cap tu re  

l i m i t  a l s o  dec reases  (F igure  10 .2 .13) .  

The "en t ry  c o r r i d o r "  concept i s  used t o  e v a l u a t e  SC guidance 

system accuracy f o r  e n t r y  i n t o  t h e  atmosphere. >he e n t r y  c o r r i -  

dor i s  bounded on one s i d e  by t h e  l i m i t  of S C  c a p t u r e  by t h e  

atmosphere and on t h e  o t h e r  s i d e  by t h e  admiss ib le  load  f a c t o r  

l e v e l .  The e n t r y  c o r r i d o r  h e i g h t  can be c h a r a c t e r i z e d  by t h e  

d i f f e r e n c e  of  t h e  nominal p e r i g e e  h e i g h t s .  The e n t r y  c o r r i d o r  

he ight  dh; can be found from F igure  10.2.14. The drag  loading 

x has p r a c t i c a l l y  no i n f l u e n c e  on t h e  e n t r y  c o r r i d o r  he igh t  bu t  

does s h i f t  i t s  boundal ies .  With i n c r e a s e  of  t h e  atmospheric  

e n t r y  speed, t h e  e n t r y  c o r r i d o r  h e i g h t  Ah. d e c r e a s e s ,  Thus, f o r  

b a l l i s t i c  t r a j e c t o r i e s  with Ven = 1 4  km/sec and nmax = 19, t h e  

en t ry  c o r r i a ~ r  vanishes  (F igure  10 .2 .15) .  
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F i g u r e  10.2.16. Diagram of sk ipp ing  descen t  t r a j e c t o r y  

SKIPPING DESCENT TRAJECTORIES. SC INSERTION INTO SATELLITZ 

ORBIT WITH MANEWER I N  THE ATMOSPHERE 

I f  a n  SC e n t e r s  t h e  atmosphere wi th  e n t r y  a n g l e  een l e s s  

than  t h e  a n g l e  cor responding  t o  t h e  c a p t u r e  l i m i t ,  t h e n  a f t e r  

p a r t i a l l y  d e c e l e r a t i n g  i n  t h e  ztmosphere,  t h e  v e h i c l e  w i l l  l9ave  

t h e  atmosphere.  A f t e r  f l y i n g  f o r  some t ime  a long  an  e l l i p t i c  

t r a j e c t o r y ,  i t  a@n e n t e r s  t h e  atmosphere b u t  now w i t h  lower 

v e l o c i t y .  A f ~ e r  performing s e v e r a l  such s k i p s ,  t h e  SC f i n a l l y  

decends t o  t h e  E a r t h  ( F i g u r e  10 .2 .16) .  F i g u r e s  10.2.17 - 
10.2.18 show some c h a r a c t e r i s t i c s  of sk ipp ing  descent  t r a j e c -  /37 2 
t o r i e s  t o  t h e  Ea r th  a t  escape  v e l o c i t y .  It i s  c h a r a c t e r i s t i c  

t h a t  t h e  h i g h e s t  l oad  f a c t o r s  occur  d u r i n g  t h e  las t  e n t r y  i n t o  

t h e  atmosphere and a r e  p r a c t i c a l l y  c o n s t a n t  over  a wide range  

of e n t r y  a n g l e s .  I n  t h e  b a l l i s t i c  descent  case ,  t h e s e  load  

f a c t o r s  correspond approximately t o  t h e  minimal load  f a c t o r s  

f o r  descen t  from AES o r b i t .  The sk ipp ing  t r a j e c t o r i e s  a r e  a l s o  

c h a r a c t e r i z e d  by t h e  f a c t  t h a t  t h e  i n t e g r a l  t he rma l  f l u x e s  Q - 
i n c r e a s e  s i g n i f i c a n t l y  w i t h  i n c r e a s e  of t h e  number N of e n t r i e s  

i n t o  t h e  atmosphere.  I 

Table 1 0 . 1  p r e s e n t s  t h e  b a s i c  c h a r a c t e r i s t i c s  of a sk ipp ing  

b a l l i s t i c  descen t  t r a j e c t o r y  f o r  Ven = 11 lan/sec, €Ien = - 3 . 8 O ,  j 

# 



F i g u r e  10.2.17. Dependence 

"max ofi e n t r y  a n g l e  Oen f o r  

sk ipp ing  t r a j e c t o r i e s  wi th  
V = 11 lan/sec; px = 400 

en 2 kg/m 

F i g u r e  10.2.18.  Thermal f l u x  Q 
i n  s k i p p i n g  t r a j e c t o r i e s  f o r  
Ven = l l ' k m / s e c ,  px = 400 kg/m 

2 and d rag  l o a d i n g  p, = 400 kg/m . 
It i s  c h a r a c t e r i s t i c  t h a t  t h e  tempera ture  Tmax i s  observed d u r i n g  

t h e  f i r s t  e n t r y  i n t o  t h e  atmosphere.  wh i l e  t h e  maximal i n t e g r a l  

t he rma l  f l u x  i s  observed dur ing  t h e  las t  e n t r y .  The f l i g h t  a long  

each t r a n s f e r  e l l i p s e  c o n s t i t u t e s  n e a r l y  a  complete o r b i t  around /373 
t h e  Ear th .  The v e h i c l e  descends t o  t h e  E a r t h  a f t e r  making 2 .2  

o r b i t s  around t h e  Ear th .  

The sk ipp ing  t r a j e c t o r i e s  a r e  of i n t e r e s t  because of t h e  

f a c t  t h a t ,  f o r  f i x e d  l a t i t u d e  of t h e  - 1 n t  of e n t r y  i n t o  t h e  

atmosphere ( o r  l a t i t u d e  a t  t h e  p o i n t  n ~ m i n a l  p e r i g e e  p a s s a g e ) ,  

t h e y  permi t  l and ing  i n  a g iven  l a t i t u d e  zone by r e g u l a t i n g  t h e  

f l i g h t  range .  T r a j e c t o r i e s  of t h i s  t y p e  were used f o r  l a n d i n g  

c? t h e  t e r r i t o r y  of  t h e  S o v i e t  Union of SC r e t u r n i n g  from l u n a r  

f lyby  t r a j e c t o r y ,  f o r  which t h e  nominal 2 e r i g e e  p o i n t  was i n  t h e  

sou the rn  l a t i t u d e s .  However, we n o t e  t h a t  descen t  a long  t h e  

sk ipping  t r a j e c t o r i e s  y i e l d s  s i g n i f i c a n t l y  h i g h e r  i n t e g r a l  t h e r -  

mal f l u x e s ,  which l eads  t o  i n c r e a s e d  thermal  p r o t e c t i o n  weight .  

The sk ipp ing  t r a j e c t o r i e s  make it p o s s i b l e  t o  expand t h e  atmo- 

s p h e r i c  e n t r y  c o r r i d o r .  I n  f a c t ,  we s e e  from F i g u r e  10.2.19 t h a t  

t r a n s i t i o n  t o  t r a j e c t o r i e s  wi th  two e n t r i e s  i n t o  t h e  atmosphere 



TABLE 10 . i . "  CHARACTERISTICS OF SKIPPING DESCENT 

TRAJECTORIES FOR Ven = 11 km/sec, €Ien = -3 .B0,  AND px = 400 kg/m 
2 

I 
o r b i t  

1 ,l6 
i n  atmosphere -I 

Second f l i g h t  -2.9 Z50 8.5.104 l ~ e ~  4050 
i n  atmosphere I I I I I I 11.m 

T X - ~ S  fe?, I 1 I I 133M 1 . e l l i p s e  
Third -2,55 2580 14.3.104 9 , l  7150 i n  a t m o ~ p ~ e r e  1 I I I I 1 8 * 1 2 1  

* [ T r a n s l a t o r l s  Note: Commas i n  numbers i n d i c a t e  decimal p o i n t s . ]  

i n c r e a s e s  markedly t h e  e n t r y  c o r r i d o r  hh . .  Thus, i f  we l i m i t  

t h e  load f a c t o r  t o  a value  hmax = 10,  then  Ah,,,, f o r  t h e  3/2* 

boundary i n c r e a s e s  by nea r ly  a  f a c t o r  of two i n  comparison w i t h  

t h e  2/1 boundary. T r a n s i t i o n  t o  t r a j e c t o r i e s  wi th  boundary 4/3 
and h igher  does not y i e l d  such a  l a r g e  i n c r e a s e  of A h x .  The 

maximal e n t r y  c o r r i d o r  width i n c r e a s e  w i l l  occur  f o r  d e p a r t u r e  

from t h e  atmosphere wi th  t h e  p a r a b o l i c  v e l o c i t y  (number of 

e n t r i e s  A'-). 

Figure  10.2.20 shows f o r  t h i s  c a s e  t h e  upper l i m i t  of 

en t ry  c o r r i d o r  he ight  a s  a  f u n c t i o n  of SC e n t r y  v e l o c i t y  Ven i n t o  

t h e  atmosphere and aerodynamic e f f i c i e n c y  K .  The lower l i m i t  

8 N = 3  
312 = --- 

N = 2  
i s  t h e  "capture1'  l i m i t  f o r  two e n t r i e s  i n t o  t h e  

N = 2  atmosphere, 2 1  - i s  f o r  a  s i n g l e  e n t r y .  
N = l  



Figure  10.2.19. Capture l i m i t  
on sk ipping t r a j e c t o r i e s  f o r  
V = 11 km/sec, px en = 400 

kg/m2: 
1- Ahzrnax f o r  t h e  2 /1  l i m i t  ; 2- 
f o r  3/2; 3- f o r  413 

by e n t r y  t r a j e c t o r i e s  wi th  

%ax = 10. F l i g h t  a long t h e  

upper l i m i t  of t h e  c o r r i d o r  
t a k e s  p l a c e  wi th  a  nega t ive  

va lue  of t h e  SC aerodynamid 
e f f i c i e n c y  (SC i n v e r t e d ) ,  whi le  

f l i g h t  a long t h e  lower l i m i t  

corresponds t o  f l i g h t  wi th  

p o s i t i v e  K .  I n  t h i s  case ,  

t h e  SC e n t e r s  t h e  atmosphere 

wi th  t h e  maximal p o s i t i v e  va lue  

of K and then  t r a n s i t i o n s  t o  

an  i so - load- fac to r  t r a j e c t o r y  

wi th  g iven nmax. For f l i g h t  a long t h i s  t r a j e c t o r y ,  it i s  naces- 

sa ry  t o  vary e i t h e r  t h e  d rag  i n  t h e  b a l l i s t i c  descent  case  

( c o n t r o l l a b l e  r e t r o  d e v i c e s ) ,  o r  t h e  l i f t  f o r c e  ( r o l l  ang le  

v a r i a t i o n ) ,  o r  vary both  (change of SC ang le  of a t t a c k ) .  

The skipping descent  t r a j e c t o r i e s  can be used f o r  t h e  

maneuver of SC i n s e r t i o n  i n t o  s a t e l l i t e  o r b i t  around t h e  p l a n e t  
wi th  braking i n  t h e  atmosphere. The "ent ry  c o r r i d o r "  f o r  t h e s e  

t r a j e c t o r i e s  w i l l  l i e  between t h e  2 /1  cap tu re  1 l . m i t  and t h e  
l i m i t  of d e p a r t u r e  with p a r a b o l i c  v e l o c i t y  ( 1 V - t ~ )  . I n  t h e  c a s e  

of e n t r y  along t h e  upper l i m i t  of t h e  c o r r i d o r  ( v e l o c i t y  of 

depar tu re  from t h e  a t -  3sphere c l o s e  t o  V ) dur ing  d e p a r t u r e  
Pa r  

from t h e  atmosphere, c o r r e c t i n g  impulses (one o r  two) a r e  imparted % 

t 
t o  t h e  SC f o r  i n s e r t i o n  i n t o  an  e longated  e l l i p t i c  o r b i t ,  

I n  t h e  c a s e  of e n t r y  along t h e  lower l i m i t ,  t h e  SC i s  

t r a n s i t i o n e d  i n t o  a lcw, n e a r l y  c i r c u l a r  o r b i t  by means of 

c o r r e c t i n g  impulses.  SC landing on t h e  s u r f a c e  of t h e  p l a n e t  

i s  made from t h e s e  in te rmedia te  o r b i t s .  A s  was shown i n  5 2 ,  

448 



' sec 

F igure  10.2.20. Dependence of e n t r y  c o r r i d o r  l i m i t  on e n t r v  
v e l o c i t y  Ven and aerodynamic e f f i c i e n c y  K f o r  px = 500 kg/m2; 
n  max = 10  

Chapter 8 ,  u s e  of such a maneuver pe rmi t s  c o n s i d e r a b l e  r e d u c t i o n  
of  t h e  energy expend i tu re  i n  f l i g h t  schemes w i t h  i n s e r t i o n  i n t o  

APS o r b i t .  Moreover, i n s e r t i o n  i n t o  APS o r b i t  f a c i l i t a t e s  

cons ide rab ly  t h e  problem of  SC l a n d i n g  i n  a g iven  r e g i o n  of t h e  
p l a n e t ' s  s u r f a c e .  However, t h e  r e a l i z a t i o n  of t h i s  f l i g h t  

scheme narrows t h e  SC e n t r y  c o r r i d o r  i n t o  t h e  p l a n e t a r y  atmo- 

sphere ,  which may i n c r e a s e  markedly t h e  requi rements  on accuracy  

of  t h e  SC n a v i g a t i o n  and c o n t r o l  systems bo th  i n  t h e  i n t e r p l a n e -  

t a r y  f l i g h t  segment and i n  t h e  atmosphere.  

5 3 .  SC DESCENT I N  PLANETARY ATMOSPHERES 

D i r e c t  s tudy of  t h e  p h y s i c a l  c o n d i t i o n s  on t h e  s u r f a c e  of  

t h e  p l a n e t s  r e q u i r e s  t h e  l a n d i n g  of s p a c e c r a f t .  The f i r s t  
v e h i c l e s  t o  c a r r y  out  b rak ing  i n  t h e  atmosphere of a p l a n e t  
were t h e  SC of t h e  Sov ie t  Venera i n t e r p l a n e t a r y  s t a t i o n s ,  The 

f irst  l and ing  of a S o v i e t  SC on t h e  s u r f a c e  of Mars w i t h  b rak ing  

i n  i t s  atmosphere has  been accomplished. Development of SC t o  

probe t h e  atmosphere o f  J u p i t e r  i s  under  way. 

From t h e  viewpoint  of SC l and ing ,  a l l  t h e  p l a n e t s  can be 

broken down i n t o  two t y p e s :  



- p l a n e t s  wi th  dense atmosphere,  i n  which the  space 
v e l o c i t y  can  be d i s s i p a t e d  completely ( t h e  SC i s  braked t o  t h e  

e q b i l i b r i w n  f a l l  o r  g l i d i n g  v e l o c i t y ) ;  

- p l a n e t s  wi th  r a r e f i e d  atmosphere i n  which t h e  space  

v e l o c i t y  can be reduced only  p a r t i a l l y .  

The f irst  t y p e  i n c l u d e s  t h e  E a r t h ,  Vznus, and t h e  p l a n e t s  

cf t h e  J u p i t e r  group ( J u p i t e r ,  S a t u r n ,  Uranus, and Neptune); 

t h e  second type  i n c l u d e s  Mercury and some l a r g e  s a t e l l i t e s  of 

t h e  p l a n e t s  of t h e  J u p i t e r  group.  Mars may be cons ide red  an  

i n t e r m e d i a t e  p l a n e t  t ype .  I ts  atmosphere i s  t o o  r a r e f i e d  t o  
d i s s i p a t e  completely t h e  space  v e l o c i t y  of an SC wi th  moderate  

2 drag  load ings  px = 400 - 600 kG/m and l a r g e  atmosphere e n t r y  

ang les ,  but  p e r m i t s  complete b rak ing  of SC wi th  p, = 50 - 100 
2 kg/m (braki , lg  d e v i c e s ,  l a r g e  d e f l e c t o r s ,  and s o  o n ) ,  

SC DESCENT IN MARS ATMOSPHERE 

Let  u s  examine t h e  descen t  of SC e n t e r i n g  t h e  Mars atmo- 

sphe re  d i r e c t l y  from an  i n t e r p l a n 2 t a r y  f l i g h t  t r a j e c t o r y .  I n  

t h i s  case ,  t h e  v e h i c l e  may e n t e r  t h e  atmosphere w i t h  hyperbo l i c  
v e l o c i t y  and e n t r y  a n g l e s  from een = -go0 t o  small a n g l e s  a t  

t h e  l i m i t  of v e h i c l e  c a p t u r e  by t h e  atmosphere.  

F i g u r e s  10 .3 .1  and 10.3.2 show t h e  b a s i c  b a l l i s t i c  descen t  

t r a j e c t o r y  c h a r a c t e r i s t i c s  a s  f u n c t i o n s  of  a tmospher ic  e n t r y  
1 

ang le  Be, and s p e c i f i c  d r a g  l o a d i n g  p,. The g e n e r a l  n a t u r e  of ,! 
Z 

t h e  r e l a t i o n s  a r e  t h e  same a s  f o r  de  ,mt i n  t h e  E a r t h ' s  

atmosphere, however t h e  maximal load  f a c t o r s  nx a r e  cons ide rab ly  4 3 
lower. The i q t e g r a l  thermal  f l u x e s  Q a r e  approximate ly  an  o r d e r  

of magnitude lower.  The i n f l u e n c e  of Mars atmosphere e n t r y  
v e l o c i t y  on t h e  descen t  t r a j e c t o r y  c h a r a c t e r i s t i c s  i s  shown i n  /377 - 



F i g u r e  10 .3 .1 .  Maximal nx and 
L v e r s u s  B e n  f o r  Ven = 6  
km/sec, K = 0 

a r e  t h e  same as f o r  d e s c e n t  i n  

F i g u r e  10 .3 .2 .  Q and Tmax 

v e r s u s  e n t r y  a n g l e  B e n ,  K = O  
I 

E 

F i g u r e s  10.3.3  and 10.3.4 .  The 
g e n e r a l  n a t u r e  o f  t h e  r e l a t i o n s  

t h e  E a r t h ' s  a tmosphere .  

F i g u r e  10 .3 .5  shows t h e  i n f l u e n c e  of l o g a r i t h m i c  d e n s i t y  
g r a d i e n t  p=X? ( v a r i a t i o n  e x p o n e n t i a l  a tmopshere  Q = = Q o ~ - ~ ~  ) on 

R f 

t h e  descen t  t r a j e c t o r y  c h a r a c t e r i s t i c s .  The r a n g e  of  B v a r i -  
a t i o n  was t a k e n  w i t h  account  f o r  t h e  p o s s i b l e  s c a t t e r  because  of  

s e c  

F i g u r e  10.3.3 .  I n f l u e n c e  o f  F i g u r e  10 .3 .4 .  I n f l u e n c e  of 
'en On max and L f o r  px = Ven on Q and T f o r  p, = 650 
650 kg/m , K = 0  kp/m2; K = 0 

incomple te  knowledge o f  t h e  p h s y i c a l  p r o p e r t i e s  of t h e  Mars 
atmosphere .  V a r i a t i o n  of  B h a s  t h e  s t r o n g e s t  i n f l u e n c e  on t h e  
maximal l oad  f a c t o r s  n,,,. The i n t e g r a l  t he rma l  f l u x e s  Q 

d e c r e a s e  somewhat w i t h  i n c r e a s e  of B ,  w h i l e  t h e  f l l g h t  r a n g e  L 
I 



and temperature Tm, change 

very l i t t l e .  Inexact  knowledge 
of the  dens i ty  p o  a t  t h e  sur face  

of t h e  p lane t  does not a f f e c t  
c h a r a c t e r i s t i c s  such a s  nmax, 

Tmax' and Q, but r a t h e r  l eads  

only t o  change of t h e  nmax and 
Figure 10.3.5. Inf luence of 
aerodynamic e f f i c i ency  K on Tmax zone of a c t l o n  height .*  
descent c h a r a c t e r i s t i c s  f o r  

= 650 kg/m2, K = o ,  aen - - px 
- 4 5 O  We see f r  , arial::.:4-s of 

t h e  descent  t r a j e c t o r y  charac- 
t e r i s t l c s  i n  t h e  Mars atmosphere a i t h  en t ry  ve loc i ty  Ven c lose  

t o  t he  escape speed. (V 2 5 lan/sec) t h a t  t h e  condi t ions  of SC 
Par 

descent t o  Mars a r e  considerably l e s s  severe than i n  t h e  case of 
descent  t o  t h e  Earth i n  analogous s i t u a t i o n s .  However, with 
respect  t o  admissible load f a c t o r  (nmax = 1 0 ) '  manned veh ic le  

descent i s  pos s ib l e  only with small en t ry  angles  ( O e n  = 15 - I T 0 ) .  

Figure 10.3.6 shows t h e  in f luence  of t h e  aerodynamic e f f i c i ency  
K on t h e  descent  t r a j e c t o r y  c h a r a c t e r i s t i c s .  We see  t h a t ,  j u s t  
a s  f o r  t he  Earth, t he  aerodynamic e f f ic iency  K reduces t h e  
maximal load  f a c t o r  nmax f o r  low en t ry  angles  but has very l i t t l e  

inf luence on t h i s  f a c t o r  f o r  l a r g e  en t ry  angles.  The v a r i a t i o n  
of t he  temperature Tmax a s  a  func t ion  of K i s  very s l i g h t .  These 

a r e  t h e  bas ic  c h a r a c t e r i s t i c s  i n  t h e  case of descent  i n  t h e  Mars 
atmopshere from in t e rp l ane t a ry  f l i g h t  t r a j e c t o r i e s ,  

Let us  examine t h e  descent  t r a j e c t o r y  c h a r a c t e r i s t i c s  from i 

Mars s a t e l l i t e  o r b i t .  The bas ic  descent  t r a j e c t o r y  cha rac t e r i s -  i 

t i c s  a s  func t ions  of en t ry  angle Oe, i n t o  t he  Mars atmosphere 

* With complete SC braking.  i 

i 
i 



Figure  10.3.6.  I n f l u e n c e  of aerodynamic e f f i c i e n c y  K on descen t  
c h a r a c t e r i s t i c s  f o r  p, = 400 kg/m2, Ven = 6 km/sec 

and s p e c i f i c  d rag  load ing  p, a r e  shown i n  F i g u r e  10 .3 .7 .  The 

q u a l i t a t i v e  n a t u r e  of t h e  r e l a t i o n s  i s  t h e  same a s  f o r  descen t  

from AES o r b i t .  The minimal v a l u e  of t h e  load  ? a c t o r  nmax - ,., 
1.5 ,  while  f o r  t h e  Eart.3 nmax z 8. The i n t e g r a l  thermal  f l u x e s  

Q f o r  descent  from Mars s a t e l l i t e  g r b i t  a r e  lower by approximately 
a f a c t o r  of 20 t h a n  from AES o r b i ~ .  

SC DESCENT I N  VENUS ATMOSPHERE 

The v e l o c i t y  of e n t r y  d i r e c t l y  i n t o  t h e  Venus atmosphere 

from a n  i n t e r p l a n e t a r y  f l i g h t  t r a j e c t o r y  i s  Ven = 10.5  - 11.5 

km/sec f o r  f l i g h t  from t h e  E a r t h  a long t h e  mlnimal energy 

t r a j e c t o r y .  C h a r a c t e r i s t i c s  such as t h e  descent  t ime t and 

f l i g h t  range L d i f f e r  very  l i t t l e  from t h e  same c h a r a c t e r i s t i c s  
f o r  t h e  Ea r th .  Tmax and Q a l s o  d i f f e r  very l i t t l e .  F i g u r e  

10 .3 .e  shows t h e  b a l l i s t i c  the rma l  c h a r a c t e r i s t i c s  as functions 

sf Oen and d rag  load ing  px .  F i g u r e s  10 .3 .9  and 10.3.10 show 

t h e  b a s i c  c h a r a c t e r i s t i c s  of b a l l i s t i c  and g l i d l n g  descen t  /379 

t r a j e c t o r i e s  f o r  e n t r y  a n g l e s  c l o s e  t o  t h e  c a p t u r e  l i m i t ,  We 

s e e  t h a t ,  wi th  i n c r e a s e  o f  K ,  t h e  l i m i t i n g  a n g l e  B e n  i n c r e a s e s ,  
t 



F i g u r e  10 .3 .7 .  Dependence a f  4escen t  t r a j e c t o r y  c h a r a c t e r i s t i c s  
on B e n  and p, f o r  Ven = 3.5 m/sec, K = 0 

F i g u r e  10 .3 .8 .  I n f l u e n c e  of e n t r y  a n g l e  B e n  on b a l l i s t i c  
d e s c e n t  t r a j e c t o r y  c h a r a c t e r i s t i c s  f o r  Ve, = 10.7  km/sec, K = 
6 ,  6 -- " ? I 7  l / l -  

'.J . l U  ( A, IUI .  

j u s t  a s  f o r  t h e  c a s e  of d e s c e n t  i n  t h e  E a r t h ' s  a tmopshere .  The 

v a l u e  of  Q va r4 i e s  i n  t 1 3  same f a s h i o n  f o r  O e n  lim w i t h  i nc rxease  

of K .  The i n f l u e n c e  of t h e  s p e c i f i c  d r a g  l o a d i n g  px on t h e  

maxims1 l o a d  f a c t o r s  nmax, t empera tu re  Tmax, and t i m e - i n t e g r a l  

t h e r m l  f l u x e s  Q i s  shown i n  F i g w e  10 .3 .11 .  We s e e  t h a t  i n c r e a s e  

of  px has  ve ry  l i t t l e  e f f e c t  on nmax but  i n c r e a s e s  T  max and Q 

s i g n i f i c a n t l y .  F i g u r e  10 .3 .12  shows t h e  i n f l u e n c e  of K on nmax 



F i g u r e  10.3.10.  I n f l u e n c e  of 
e n t r y  a n g l e  e,,and aerodynamic 

F igu re  10 .3 .9 .  I n f l u e n c e  of e f f i c i e n c y  K on Q and Tmax f o r  
e n t r y  a n g l e  een and aerodynamic 

Ve, ; 10.7 lm/sec,  px = 400 
e f f i c i e n c y  K on l o a d  f a c t o r  

"max and f l i g h t  r a n g e  L f o r  kg/m , $ = 0.167 l/km 

Ven = 10.7 km/sec, pX = 

400 kg/m2, fi = 0.167 l/lan and Q a t  t h e  c a p t u r e  limit. - /382 

F i g u r e  10 .3 .13  shows t h e  

i n f l u e n c e  of  change of t h e  a tmosphere  parameter  $ on t h e  d e s c e n t  

t r a j e c t o r y  c h a r a c t e r i s t i c s .  I n c r e a s e  o f  B h a s  very  l i t t l e  

e f f e c t  on Q bu t  a l t e r s  n,,, markedly.  

F i g u r e  10.3.11.  I n f l u e n c e  of  
s p e c i f i c  d r a g  l o a d i n g  px on 

%ax and Tmax f o r  Ven = 10.7 

km/sec, K = 0, C = 0.167 l / k m  

F i g u r e  1C.3.12. Dependence of  
l oad  f a c t o r  nmax and t r - m a 1  t 

f l u x  Q on aerodynamic e f f i c i -  
ency K and d r a g  l o a d i n g  px f o r  

t r a j e c t o r i e s  a t  t h e  c a p t u r e  
l i m i t  f o r  Ven = 10.7 km/sec, I 

$ = 0.167 l / k m  i 

455 
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F i g u r e  10.3 .13.  I n f l u e n c e  of  
B on d e s c e n t  t r a j e c t o r - y  
c h a r a c t e ~ i s t i c s  f o r  Ven = 

! d . 7  km/sec, px = 1100 kg/m 2  

Lec u s  examine t h e  

t r a j e c t o r y  c h a r a c t e r i s t i c s  

d u r i n g  descer~i  i ' i = ~ i i i  'Jsniis 

.. s a t e l l i t e  o r b i t .  The n a t u r e  

3 of t h e  cu rves  and t h e  t r a j e c -  
3. 
f t o r y  pa rame te r s  a r e  c l o s e  t o  

F i g u r e  10.3 .14.  Dependence of 
l o a d  f a c t o i *  nmax and r a n g e  L 

on e n t r y  a n g l e  een f o r  Ve, 

10 .7  km/sec, px = 400 kg/m2 

F igune  10 .3 .15 ,  Dependance of 
t h o r m s l  f lu?! 2 s n d  T on drag 

max 
l o a d i n g  p, fol* 13 = 0.16 7 
I/-, Ven = 7.13 km, s e c ,  K = 0  

! t h o s e  f o r  d e s c e n t  from AES o r b i t .  F i g u r e s  10.3.11; and 10 .3 .15  

show t h e  b a s i c  d e s c e n t  t r a j e c t o r y  c h a r a c t e r i s t i c s  a s  f u n c t i o n s  

of a tmos2her ic  s r i t r y  a n g l e  be, m d  s p e c i f i c  d r a g  l o a d i n g  p,. 
'T 
i The minimal l oad  f a c t o r s  nmax a r e  ne . l r ly  t F e  same a s  f o r  t h e  

E a r t h .  The i n t e g r a l  t h e r m a l  f l u x e s  a r e  somewhat h i g h e r .  



§ 4 .  OPTIMIZATION OF SC SOFT L A N D I N G  SYSTEM PARAMETERS 

Let u s  examifia t h e  f i n a l  SC f l i g h t  segment - t h e  segment 

of c o n t a c t  wi th  t h e  s u r f a c e  of t h e  p l a n e t .  I n  t h e  c a s e  of 

descent  i n  t h e  E a r t h ' s  atmosphere,  beginning  2 t  h  = 1 5  - 20 km, 

t h e  SC t r a m i t i o n s  t o  t h e  s t e a d y - s t a t e  v e r t i c a l  f a l l  regime 

( b a l l i s t i c  d e s c e n t )  o r  t o  t h e  g l i d i n g  regime ( g l i d i n g  o r  '!grazingu 

d e s c e n t ) .  The l and ing  (touchdown) system must ensu re  s a f e  SC 
touchd~wn wi th  a c c e p t a b l e  load  f a c t o r s .  The p o s s i b i l i t y  of 

maneuvering i n  o r d e r  t o  s e l e c t  t h e  touchdown a r e a  i s  a l s o  
d e s i r a b l e .  Let us  examine sone p o s s i b l e  SC s o f t  larlding system 

v a r i a n t  e . 

PARACHUTE SYSTEM WITH IMPACT ATTENUATION 

The pa rachu te  system i s  obvious ly  t h e  s i m p l e s t  system, I n  
o rde r  t o  ach ieve  a c c e p t a b l e  load f a c t o r s  upon c o n t a c t  w i th  t h e  

s u r f a c e ,  it i s  necassa ry  t o  use  impact a t t e n u a t i n g  d e v i c e s  

( Iqf la tab1 .e  bags,  wheeled o r  s k i  l and ing  g e a r  wi th  shock a b s o r b e r s ,  
arrd so  o n ) .  I n  t h e  case  of ca rgo  c o n t a i n e r  o r  unmanned bC /383 
ianding ,  t i l e  a c c e p t a b l e  load  f a c t o r s  may be q u i t e  l a r g e  (r, 2 5 0 ) ,  

and impact a t t e n t u a t i o n  of t h e  c o n t a i n e r  wi th  cargo  o r  equipment 

i n s i d e  t h e  SC can be used. For  manned SC l and ing  ( a c c e p t a b l e  

inphct  load f a c t o r  no more t h a n  n  = 15  - 20) ,  i t  i s  necessary  

t o  use e x t e r n a l  a t t e n u a t i n g  d e v i c e s  wi th  l a r g e  t r a v e l  ( l and ing  

g e a r ) .  The work absorbed by t h e  g e a r  i s  

G V Z ~  A _- 
2g 

4- G S -  nGSq, 

where G i s  t h e  SC weight a t   ouchd down; Vtd i s  t h e  touchdown 

v e l o c i t y  ( s i n k  speed) ;  S i s  t h e  s l ~ \ n _ k  a b s o r t e r  t r a v e l ;  r] i s  
t h e  shock absorbe r  e f f i c i e n c y  ( 0  = 0 .5  f o r  s p r i n g  and 0 = 

0 .6  - 0 .8  f o r  pneudra l i c  shock a b s o r b e r ) .  



The load  f a c t o r  w i t h  shock a b s o r b e r  o p e r  

f a c t o r  pDar on  t h e  p a r a c h u t e .  With I n c r e a s e  of ppar, t h e  g e a r  

The r e l a t , i v e  gear weight  can  be c a l c u l a t e d  u s i n g  t h e  formula  

The c o e f f i c i e n t  a  can  be  t a k e n  app rox ima te ly  a s  a = 0.05 - 0.06 

f o r  S i n  me te r s .  The r e l a t i v e  p a r a c h u t e  system weight  can  be  

found a s  

where p  
P a r  

= G/Spar i s  t h e  s p e c i f i c  l o a d i n g  on t h e  p a r a c h u t e  

canopy; Ypar = G /S PS P a r  
i s  t h e   eight of  t h e  p a r a c h u t e  sys tem 

p e r  s q u a r e  me te r  o f  canopy (y  2 = 0.18 - 0.22 kg/m ) .  
P a r  

I n  s e l e c t i n g  t h e  dimensions  of t h e  i n d i v i d u a l  p a r a c h ~ t e  

system c a n o p i e s ,  we must c o n s i d e r  t h a t  t h e  dynamic l oad  f a c t o r  

d u r i n g  canopy deployment 

- 1 (ppa rCx  p a r  n-1 
nd - (ppa rcx  p a r l n  k,  

where c  i s  t h e  p a r a c h u t e  canopy d r a g  coefficient ( c x  par - - x p a r  

0 .5  - 0.81,  and k ,  t h e  dynamic c o e f f i c i e n t  ( k  = 9.7 - 1 . 0 )  

must no t  exceed t h e  a c c e p t a b l e  v a l u e .  

F i g u r e  10 .4 .1  shows t h e  p a r a c h u t e  sys tem r e l a t i v e  weight  

'IP s 
and l a n d i n g  g e a r  r e l a t i v e  weight  p as f u n c t i o n s  o f  l o a d  

l g  

weight i n c r e a s e s  (Vtd  i n c r e a s e s )  b u t  t h e  p a r a c h u t e  sys tem weight  

d e c r e a s e s .  The t o t a l  weight  o f  t h e  p a r a c h u t e  tozchdown l a n d i n g  



wi th  impact a t t e n u a t i o n  IJ = 
PS s 

u p s  + l'lg 
has  a  minimum f o r  

pa rachu te  l c a d i n g  p  :: 6 kg/m 2 
Par  

which cor responds  t o  touchdown 

v e l o c i t y  Vtd z 8 - 10 m/sec. 

With g e a r  shock a b s o r b e r  t r a v e l  

S = 0.75 m ,  t h e  load  f a c t o r  

F i g u r e  10.4.1.  C h a r a c t e r i s t i c s  does  no t  exceed n  = 15.  The 

of pa rachu te  system wi th  s h o c :  weight o f  t h e  op t ima l  pa rachu te  
a b s b r p t i o n  as a f u n c t i o n  of 
pa rachu te  load ing  p  system w i t h  impact a b s o r p t i o n  

Par  m o u n t s  t o  8 - 9% of t h e  

v e h i c l e  weight .  The landing  system i s  q u i t e  s imple  and l i g h t -  

weight ,  however, t h e  i m p a ~ t  l o a d  f a c t o r s  a r e  s t i l l  l a r g e  f o r  

a c c e p t a b l e  shock absorbe r  t r a v e l  v a l u e s .  Moreover, we should  

n o t e  t h a t  l and ing  on g e a r  (shock a b s o r b e r s )  wi th  s i d e  d r i f t  

owing t o  wind (s imple  impact a t t e n u a t i o n  i n  t h e  form of i n f l a t a b l e  

bags)  may cause  t h e  SC t o  o v e r t u r n .  However, t h e  use  of  systems 

wi th  a i r p l a n e  type  shock a b s o r b e r s  ( s t r u t s  and s k i  f o o t p a d s )  

l e a d s  t o  c o x p l i c a t i o n  of t h e  system. 

RETRO SYSTEM 

Landing u s i n g  a palaachute system wi th  shock a b s o r p t i o n  i s  

accompan~ed by h igh  impact load  f a c t o r s  a t  t h e  i n s t a n t  of  c o n t a c t  

w i t h  t h e  surf 'ace.  

Use of a r e t r o  l a n d i c g  system makes i t  p o s s i b l e  t o  ach ieve  

comfor tab le  descent  c o n d i t i o n s ,  r educ ing  t h e  load  f a c t o r s  t o  

p r a c t i c a l l y  ze ro  ( " s o f t "  l a n d i n g ) .  Liquid  r o c k e t ,  s o l i d  r o c k e t ,  

and t u r b o j e t  engines  can be used f o r  t h i s  purpose ,  



1 .-. 

The equa t ions  of motion of S C  w i t h  r e t r o - t h r u s t  l a n d i n g  
system can be  w r i t t e n  i n  t h e  f o l l o w i n g  form ( v e r t i c a l  l a n d i n g )  ? 

4 

--P-G - - -P-1; P=- where AP---- 
G , P i s  t h e  r e t ro -eng ine  t h r u s t .  

G 4 

Q u i t e  s imple  a n a l y t i c  s o l u t i o n  of t h e s e  e q u a t i o n s  can be  ob ta ined  /385 i 
- ,  

under t h e  c o n d i t i o n s :  

- c o n s t a n t  a tmospher ic  d e n s i t y  ( y = c o n s t ) ;  

- c o n s t a n t  r e t ro -eng ine  t h r u s t  (P  = c o n s t ) ;  

- c o n s t a n t  v e h i c l e  weight ( G  = c o n s t ) .  

A l l  t h e s e  c o n d i t i o n s  a r e  e s s e n t i a l l y  s a t i s f i e d  i n  t h e  l a n d i n g  

segment us ing  r e t r o  engines .  A c t u a l l y ,  t h e  braking  segment does 

not  exceed a  few hundred m e t e r s ,  i . e . ,  q=const . The p r o p e l l a n t  
consumption i s  a l s o  not  l a r g e ,  i , e , ,  G = c o n s t .  I n  t h i s  c a s e ,  

I n t e g r a t i n g  i n  t h e  l i m i t s  from V = V t o  V = O and h  from hb 
Pa r  

t o  ze ro ,  we o b t a i n  

S ince  braking  t a k e s  p l a c e  i n  t h e  s t e a d y - s t a t e  v e r t i c a l  descen t  
segment ( f r e e  f a l l ,  where V' = 2pX/e) ,  t h e  express ion  f o r  hb 

P a r  
s i m p l i f i e s  : 



We o b t a i n  t h e  motion t ime  

from t h e  e q u a t i o n  

F i g u r e  10.4.2 .  C h a r a c t e r i s t i c s  - QBm + g~~ 
of  l a n d i n g  system w i t h  l i q u i d  ~ P X  

PO c  ke t eng ine  : I n t e g r a t i n g  from t = 0 t o  t 

Yeng = 0.04, P = 250 s e c  
SP and from V f f  t o  V = 0 ,  we 

o b t a i n  

A check of t h i s  s o l u t i o n  u s i n g  numer i ca l  c a l c u l a t i o n  d a t a  

(w i thou t  t i l e  assumpt ions  adopted above)  made on a  d i g i t a l  compu- 

t e r  showed s a t i s f a c t o r y  accu racy  bo th  when u s i n g  a t u r b o j e t  
eng ine  powerplant  f o r  t h e  l a n d i n g  ( G  v a r i e s  on ly  s l i g h t l y ,  p 

v a r i e s  somewhat more) and when u s i n g  a l i q u i d  r o c k e t  engine  ( p  

v a r i e s  l i t t l e ,  O v a r i e s  more) .  F i g u r e  10 .4 .2 .  shows powerplant  

o p e r a t i n g  t i m e  t a s  a  f u n c t i o n  of t h rus t -we igh t  r a t i o  and d r a g  / 3 8 6  
l o a d i n g  px.  The r e l a t i v e  weight  of t h e  f u e l  and t a n k s  r e q u i r e d  

f o r  SC b r a k i n g  i s  
-d 

The r e l a t i v e  weight  o i  t h e  r e t r o  eng ine  i s  d e f i n e d  a s  



where y i s  t h e  r e t r o  engine  s p e c i f i c  weight (kg/kg t h r u s t ) .  
eng 

The t a n k  weight i s  p r o p o r t i o n a l  t o  t h e  f u e l  weight (at i s  

5 - 10% of t h e  f u e l  we igh t ) .  The t o t a l  system weight ups + 

"f + "eng . Let u s  e v a l u a t e  t h e  c h a r a c t e r i s t i c s  of t h e  r e t r o  

l and ing  system wi th  l i q u i d  r o c k e t  engine  (LRE). For  a n  LRE wi th  

t h r u s t  P = 3000 - 5000 kg, we can  t a k e  y = 0.04. The 
eng 

c h a r a c t e r i s t i c s  of  t h e  LRE r e t r o  system a r e  shown i n  F i g u r e  

10.4.2.  With i n c r e a s e  of t h e  r e t r o  engine  th rus t -we igh t  r a t i o  

fi ,  t h e  r e l a t i v e  weight p i n c r e a s e s  but  t h e  f u e l  weight u, 
eng I 

d e c r e a s e s  because of t h e  reduced descen t  t ime ( g r a v i t a t i o n a l  

l o s s e s  i n  SC b r a k i n g ) .  The opt imal  LRE thrus t -weight  r a t i o  - 2  P = 2. For s p e c i f i c  d rag  load ing  px = 500 kg/m and s p e c i f i c  

t h r u s t  P = 250 c, t h e  LRE r e t r o  system r e l a t i v e  weight prS 
s P  

i s  equa l  t o  15  - 1 6 % .  S o l i d  r o c k e t  e r g i n e s  (SRE) can be used 

f o r  t h e  r e t r o  l and ing  system. Tk,? weight c h a r a c t e r i s t i c s  of 

such a l a n d i n g  system a r e  c l o s e  t o  t h o s e  of t h e  LRE system. 

A drawback of t h e  r e t r o  l and ing  systems us ing  LRE and SRE i s  

t h e  d i f f i c u l t y  i n  p rov id ing  f o r  maneuvering i n  t h e  l and ing  

r eg ion ,  s i n c e  t h e  h igh  f u e l  consumption r a t e  l i m i t s  engine 

oper7 . t ing  t ime ( a d d i t i o n a l  o p e r a t i n g  t ime A t  20 - 30 sec  

when u s i n g  LRE wi th  t h r u s t  equa l  t o  SC weight r e q u i r e s  approxi -  

mately 10% of t h e  SC weight i n  f u e l  s u p p l y ) .  Moreover, t h e  g a s  

j e t s  cause s o i l  e r o s i o n  i n  t h e  c a s e  of  extended SC hover ing  

near  t h e  s u r f a c e .  T h i s  can  be avoided by l o c a t i n g  t h e  l a n d i r g  

powerplant on an e x t e n s i b l e  boom above t h e  SC o r  i n  t h e  pa rachu te  

shroud l i n e s .  

Let us  examine t h e  c h a r a c t e r i s t i c s  of r e t r o  l and ing  systems 

us ing  t u r b o j e t  engines  (TJE) .  The s h o r t  d u r a t i o n  TJE developed 

f o r  v e r t i c a l  t a k e o f f  a i r p l a n e s  have t h e  b e s t  weight c h a r a c t e r i s -  

t i c s .  The c h a r a c t e r i s t i c s  of a l a n d i n g  system wi th  TJE wi th  



F i g u r e  10.4.3.  C h a r a c t e r i s t i c s  
of l and ing  system wi th  TJE 

Yeng = 0.15, CR = 1 kg/kg/hr 

s p e c i f i c  weight y 
eni3 

= 0.15 and 

s p e c i f i c  f u e l  consumption CR = 

1 kg fue l /kg  t h r u s t / h o u r  a r e  
shown i n  F i g u r e  10.4.3. Because 

of  t h e  h igh  engine  weight and 

lower f u e l  weight ,  t h e  op t ima l  
th rus t -we igh t  r a t i o  i s  lower 

t h a n  f o r  t h e  LRE and i s  equa l  - 
t o  P = 1.1 - 1.2 .  The l and ing  
system i s  somewhat h e a v i e r  t h a n  

when us ing  t h e  TJE. However, 

because of t h e  r e l a t i v e l y  low f u e l  consumption, it i s  p o s s i b l e  

t o  maneuver i n  t h e  l a n d i n g  touchdown r e g i o n  wi th  only  s l i g h t  
i n c r e a s e  of  t h e  system weight  owing t o  t h e  a d d i t i o n a l  f u e l .  

Thus, f o r  an a d d i t i o n a l  f u e l  supply on t h e  o r d e r  o f  5% of t h e  
v e h i c l e  weight ,  t h e  v e h i c l e  can  hover f o r  t h r e e  minutes ,  which 

pe rmi t s  range  maneuvering wi th  Z = 2 - 3 km. The maneuver 

range  can  be i n c r e a s e d  by a n o t h e r  1 - 2 h by s i d e s l i p p i n g  i n  
t h e  braking  s e g n e n t  ( t  = 50 - 60 s e c ) .  The p o s s i b i l i t y  of 

micromaneuvering i n  t h e  touchdown r e g i o n  makes i t  p o s s i b l e  t o  

s e l e c t  a n  a r e a  convenient  f o r  l and ing .  The TJE causes  cons ider -  

a b l y  l e s s  s e i l  e r o s i o n  and l and ing  of such v e h i c l e s  on g r a s s  

covered s o i l  i s  p o s s i b l e .  I n  t h i s  r e g a r d ,  t h e  use  of t h e  turbo-  

f a n  r e t r o  engine ,  i n  which t h e  s p e c i f i c  f u e l  consumption and 

p r o p u l s i v e  j e t  d i s c h a r g e  v e l o c i t y  a r e  lower t h a n  f o r  t h e  TJE, 
i s  s t i l l  more i n t e r e s t i n g .  

PARACHUTE-RETRO SYSTEM 

Let u s  examine t h e  combined p a r a c h u t e - r e t r o  l a n d i n g  system. 

The system o p e r a t e s  a s  f o l l o w s .  The SC descen t  v e l o c i t y  i s  

reduced s i g n i f i c a n t l y  by deployment of t h e  pa rachu te  system, 

t h e n  t h e  r e t r o  engine i s  a c t i v a t e d  i n  t h e  immediate v i c i n i t y  

of t h e  s u r f a c e  and t h e  v e h i c l e  v e l o c i t y  i s  reduced t o  p r a c t i c a l l y  



z e r o  a t  t h e  i n s t a n t  of c o n t a c t  
w i t h  t h e  ground. 

The primary weight component 

of t h e  r e t r o  system w i t h  LRE and 

SRE i s  t h e  f u e l  weight .  Prelim- 

t n a r y  b rak ing  of t h e  SC by a 
pa rachu te  p e r m i t s  s i g n i f i c a n t  

F i g u r e  10.4.4.  C h a r a c t e r i s t i c s  r e d u c t i o n  of t h e  l a n d i n g  system - - 

of-the parachute-retro landing weight .  The e q u a t i o n s  of motion system wi th  LRE - 
of a v e h i c l e  wi th  such a  system 

a r e  similar t o  t h e  e q u a t i o n s  of motion of t h e  v e h i c l e  w i t h  r e t r o  0 8 8  
system wi th  replacement  of t h e  SC s p e c i f i c  d rag  load ing  by t h e  

reduced load ing  
m - - ti 

S '  Px red 'xaSa + 'x p a r  p a r  

where cxa; c x p a r  a r e  t h e  drag  c o e f f i c i e n t s  of t h e  SC and para-  

chute ,  r e s p e c t i v e l y ;  Sa; Spar a r e  t h e  f r o c t a l  a r e a s  of  t h e  SC 

and pa rachu te .  

The r e l a t i v e  weight of such a l a n d i n g  system i s  

where p - - 
'eng P i s  t h e  r e t r o  engir!e weight ;  pf = P/P t ( l  + a t )  

eng s P 
i s  t h e  weight of t h e  f u e l  and t a n k s ;  ups  = yp/ppar i s  t h e  

para2hute  system weight .  

The weight of t h e  pa rachu te - re t ro  system w i t h  LRE i s  

shown i n  F i g u r e  10.4.4 a s  a  f u n c t i o n  of  pa rachu te  1oad:ng p - Par 
and r e t r o  engine th rus t -we igh t  r a t i o  P .  We s e e  t h a t ,  i n  t h i s  

.., 

c a s e ,  t h e r e  a r e  op t ima l  v a l u e s  of both  p  and P .  The system 
Par  



weight i s  l e s s  by n e a r l y  a f a c t o r  of two t h a n  t h e  weight of  t h e  

r e t r o  system wi th  LRE. The op t ima l  thrus t -weight  r a t i o  i s  .., 

cons ide rab ly  l e s s  t h a n  f o r  t h e  r e t r o  system arid i s  c l o s e  t o  P = 

1 .2  - 1.3. The descen t  v e l o c i t y  f o r  t h e  opt imal  pa rachu te  
l o a d i n g  p  2 = 20 - 40 kg/m i s  V = 18 - 25 m/sec. I n  

P a r  Pa r  
r e g a r d  t o  weight ,  t h i s  system i s  n e a r l y  e q u i v a l e n t  t o  t h e  para-  
chu te  system wi th  shock a t t e n u a t i o n  and a t  t l .e same t i m e ,  

p rov ides  a s i g n i f i c a n t  advantage - s o f t  touchdown. 

The pa rachu te  r e t r o  system prov ides  a  weight advantage  

on ly  f o r  t h e  LRE and SRE. The weight advantage i n  combination 

wi th  t h e  TJE i s  s m a l l .  The pa rachu te  r e t ro - sys t em wi th  SRE 
was used s u c c e s s f u l l y  on t h e  Voskhod and Soyuz SC, p rov id ing  

r e l i a b l e  and comfor tab le  l and ing  f o r  t h e  crew. 
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APPENDIX 1 
4 -  
1 

BRIEF CHARACTERISTICS OF SOLAR SYSTEM PLANETS 
1 
5 
I 1 

Astronomical  Symbols and N o t a t i o n s  - /389 i 
I 

, 
@ Sun ( H e l i o s )  1 

Mercury (Hermes) 
Q Venus (Aphrod i t e )  

t s o r  (6) E a r t h  ( E a r t h )  
I. 8 Mars (Ares )  
+ 4 J u p i t e r  (Zeus)  I 
2 r. 1 S a t u r n  (Cronus)  

h Uranus (Uranus)  
Y Neptune (Pose idon)  
PL P l u t o  (Hades ) 
c Moon ( S e l e n e )  

y C o n s t e l l a t i o n  Aries, and a l s o  v e r n a l  equinox p o i n t  
of  p l a n e t  

Q'  Ascending node p o i n t .  

The Greek names of  t h e  p l a n e t s  are shown i n  p a r e n t h e s e s .  
t 
f 

Mean Elements of P l a n e t  O r b i t s  

The mean e l emen t s  of  t h e  p l a n e t  o r b i t s  change w i t h  t ime .  

There a r e  fo rmulas  f o r  de t e rmin ing  t h e  mean e l emen t s  of t h e  

p l a n e t  o r b i t s  as f u n c t i o n s  of  t i m e ,  measured i n  J u l i a n  c e n t u r i e s  

from some s e l e c t e d  epoch. For  t h e  p l a n e t s  of  t h e  E a r t h  group ,  

t h e s e  fo rmulas  a r e  g iven  i n  t h e  Astronomical  Almanac* and f o r  

t h e  p l a n e t  J u p i t e r  - i n  Michauxls  book.** These fo rmulas  a r e  

- 

* Astronomical  Almanac of  t h e  USSR f o r  1974, Moscow, Nauka P r e s s ,  
1372-  1 

**  Michaux, L. M .  Handbook of  t h e  P h y s i c a l  P r o p e r t i e s  of  t h e  
P l a n e t  J u p i t e r ,  M i r  P r e s s ,  1970. 



REf'ROWCBILITY OF THE ORIGINAL PAGE IS P O O R ,  w 9 

(J . D.) - (J . D.) 
T== 

36525.0 '* 

where ( J . D . ) O  = 2415020.0 ( J a n u a r y  0 .5 ,  1900 )  i s  t h e  i n i t i a l  

epoch;  J . D .  i s  t h e  c u r r e n t  J u l i a n  d a t e ;  36525.0 i s  t h e  number of 

J u l i a n  days  i n  a J u l i a n  c e n t u r y .  

The mean e l e m e n t s  o f  t h e  o r b i t s  o f  the l a r g e  p l a n e t s  are 
e x p r e s s e d  by t h e  r e l a t i o n s :  

ELEMENTS OF PLANET ORBITS* 

E a r t h  
?.=9Y4 I'48".04-i- 1 LWZ68".13 T+ IW.C89 

n=IOIe13'15",0+61S9",03 T+1".63 f +0".012 Tf; 
R = 0"; 
i=V; 
e -- 0.0 l6:5lO4--O.OOOO1i8O T-O.UOOOOOI26 fi; 

a= I.WOOOOM 

Mars 

J u p i t e r  

* [T rans ! t , u r ' s  Note: Commas i n  t h e  numbers i n d i c a t e  dec ima l  
p o i n t s .  ] 



S a t u r n  
X - F.X033'5I".76 + 4rlnQ63Sa.58lO T+ 1". 168% 77--Ow.021 Ilf 
z- 91c5'53".38+7W.297 T+2".9749 11+0".0166 P; 
R- 1 Ir047'25",40+3143",5025 T4".54785 P-0N.0191 7"; 

i=  2'29'33".07-14".108 T-V'.O557G Ta+O",00016 P; 
e=0,055692324,000~5X T-0,000000728 P + O,OOOOOOOW74 Po, 

a = 9.554747. 

Uranus 

Neptune 
%=84'27'2E1''.78+79158Y,2C)l T+ IN.153i4 T1--0".OCR176 P, 
n =4643'38".37+512R",1G4 7 + 1".4(fi1)4 T2-0".0(n176 P; 
9 = I :P40'52".89+.3!)~h".166 7 + C'.89!152 T3--0".01 G%4 7(; 
i =  i'r6'45".27-31".357 T--0".0328 P; 

e=O.OnWiQI + 0,00000G330 T-0,000000002 P; 
a=30,1057. 

P l u t o  

Here A - Q + ~ + . v  is the mean l o n g i t u d e ,  M i s  t h e  mean anomaly. 

A f t e r  de t e rmin ing  t h e  mean e l emen t s  of t h e  p l a n e t  o r b i t ,  we 

can  c a l c u l a t e  t h e  mean M and t r u e  v anomal ies  and a l s o  t h e  
p l  P l  

p l a n e t  argument of  l a t i t u d e  u from ,. r e l a . t i o n s  
Pl 

x s i n  2Mpl; 

f o r  E a r t h  



SYNODIC PLANET REVOLUTION PERIODS 

The synodic p e r i o d  i s  d e f i n e d  as t h e  t ime i n t e r v a l  between 
two s a c c e s s i v e  co inc idences  of t h e  h e l i o c e n t r i c  l o n g i t u d e s  of  
one p l a n e t  r e l a t i v c  t o  a n o t h e r .  The v a l u e s  of t h e  synodic 
r e v o l u t i o n  p e r i o d s  of t h e  p l a n e t s  i n  t r o p i c a l  y e a r s  a r e  gitren 
i n  t h e  t a b l e .  

MEAN EQUATORIAL GEOCENTRIC COORDINATES OF PLANET'S 
NORTH POLE 

The equatorial g e o c e n t r i c  c o o r d i n a t e s  of a p l a n e t f s  n o r t h  
p o l e  are  aN and 6N, t h e  mean v a l u e s  of which wi th  account  f o r  

p r e c e s s i o n  a r e  de f ined  by t h e  f o l l o w i n g  formulas  [Reference 1, 

p a w s  53, 57, 581 .* 

Mars 

aN~316,8e40-+0,6533*Tt, a,,,= -t53,009°+(i,35420Te, 

J u p i t e r  

aN .- 17h52m10,72' +24,7'TL, IN= f 64°33 '10" ,6 -WT~,  

where 

J.D. is t h e  c u r r e n t  J u l i a a  d a t e ;  (J .D. ) O  = 2433282.4234 (Jar,uary 

0 .5 ,  1950) i n  t h e  i n i t i a l  epoch; 36524.22 a r e  t h e  ephemeris days 
of a  t r o p i c a l  cen tu ry .  - 
* [ T r a n s l a t o r ' s  Note: Commas i n  numbers i n e l  : a t e  dec imal  p o i n t s . ]  
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